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Preface 


“For another hundred years, School will teach children ‘to do’ rather than ‘to think” 
observed Bertrand Russell. This statement is still seen to be true without being even 
remotely contradicted. 

NCF 2005 (National Curriculum Framework) provides a vision for perspective 
planning ofschool education in scholastic and non-scholastic domains. It also em- 
phasizes on *mathematisation' of the child's thought and processes by recognizing 
mathematics as an integral part of development of the human potential. The higher aim 
of teaching mathematics is to enhance the ability to visualize, logically understand, 
build arguments, prove statements and in a sense, handle abstraction. For motivated 
and talented students, there is a need to widen the horizon as these students love chal- 
lenges and always look beyond the curriculum at school. 

Hence, we created this book to cater to the needs of these students. With numerous 
problems designed to develop thinking and reasoning, the book contains statements, 
definitions, postulates, formulae, theorems, axioms, and propositions, which normally 
do not appear in school textbooks. These are spelt out and interpreted to improve the 
student's conceptual knowledge. 

The book also presents *non-routine problems' and detailed, step-by-step solutions 
to these problems to enable the reader to acquire a better understanding of the concepts 
as well as to develop analytical and reasoning (logical) abilities. Thus, readers get the 
‘feel’ of problem-solving as an activity which, in turn, reveals the innate pleasure of 
successfully solving a challenging problem. This ‘pleasure’ is permanent and helps 
to build-in them a positive attitude towards the subject. Developing ability for criti- 
cal analysis and problem solving is an essential requirement if one wants to become 
successful in life. 

No one has yet discovered a way of learning mathematics better than, by solving 
problems in the subject. This book helps students to face competitive examinations 
such as the Olympiads (RMO, INMO, IMO), KVPY and IIT-JEE confidently without 
being befuddled by the intricacies ofthe subject. It has been designed to enable students 
and all lovers of mathematics to master the subject at their own pace. 

We have made efforts to provide solutions along with the problems in an error-free 
and unambiguous manner as far as possible. However, if any error is detected by the 
reader, it may please be brought to our notice, so that we may make necessary correc- 
tions in the future editions of the book. We look forward to your suggestions and shall 
be grateful for them. 

Lastly, we share the observation made by Pundit Jawaharlal Nehru: “Giving 
opportunity to potential creativity is a matter of life and death for an enlightened 
society because the contributions of a few creative individuals are the mankind's 
ultimate capital asset." 

We wish best of luck at all times to all those using this book. 


Vikash Tiwari 
V. Seshan 
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Polynomials 


I.1 PotyNomiAL FUNCTIONS 


Any function, f(x) = a,x" + a, X" | + --- + ax + dp, isa polynomial function in ‘x’ where 
afi — 0, 1, 2, 3, ..., п) is a constant which belongs to the set of real numbers and some- 
times to the set of complex numbers, and the indices, n, n — 1, ..., 1 are natural numbers. 
Ifa, #0, then we can say that f(x) is a polynomial of degree n. a, is called leading coef- 
ficient of the polynomial. If a, = 1, then polynomial is called monic polynomial. Here, 
if n = 0, then f(x) = agis a constant polynomial. Its degree is 0, if a) # 0. If a) = 0, the 
polynomial is called zero polynomial. Its degree is defined as — to preserve the first 
two properties listed below. Some people prefer not to defined degree of zero polyno- 
mial. The domain and range of the function are the set of real numbers and complex 
numbers, respectively. Sometimes, we take the domain also to be complex numbers. If z 
is a complex number and f(z) = 0, then z is called ‘a zero of the polynomial’. 


If f(x) is a polynomial of degree n and g(x) is a polynomial of degree m then 
1. f(x) € g(x) is polynomial of degree < max {n, m} 
2. f(x) : g(x) is polynomial of degree m + n 
3. f(g(x)) is polynomial of degree т. n, where g(x) is a non-constant polynomial. 


Illustrations 


1. хіх e xi-2x4lis a polynomial of degree 4 and 1 is a zero of the polynomial as 
4-1 +1?-2x1+1=0. 
2. y - ix’ + ix + 1 = 0 is a polynomial of degree 3 and i is a zero of his polynomial 


asP—-i-f+i-i+1=-i+i-14+1=0. 


Je > (ЛЗ z J2)x — A6 isa polynomial of degree 2 and “В is a zero of this poly- 
nomial as (V3)? — (V3 - 243 — V6 23-34 V6 – V6 = 0. 


Note: The above-mentioned definition and examples refer to polynomial functions in 
one variable. Similarly, polynomials in 2, 3, ..., п variables can be defined. The domain 


12 


Chapter | 


for polynomial in n variables being the set of (ordered) n tuples of complex numbers 
and the range is the set of complex numbers. 


Illustration f(x, y, 2) = = xy +z + 5 is a polynomial in x, y, z of degree 2 as both ж? 
and ху have degree 2 each. 


о. . "^ k, 
Note: Ina polynomial in n variables, say, хү, x»,..., x, а general term is xj^ «x5 «x, . 


Degree of the term is k, + k, + --- +k, where k; e Nọ, i= 1, 2, ..., n. The degree of a 
polynomial in n variables is the maximum of the degrees of its terms. 


1.2 DIVISION IN POLYNOMIALS 


If P(x) апа ф(х) (ф(х) = 0) are any two polynomials, then we can find unique polynomi- 
als Q(x) and R(x), such that Р(х) = ф(х) x Q(x) + R(x) where the degree of R(x) < degree 
of ф(х) or R(x) = 0. Q(x) is called the quotient and R(x), the remainder. 

In particular, if P(x) is a polynomial with complex coefficients, and a is a complex 
number, then there exists a polynomial Q(x) of degree 1 less than P(x) and a complex 
number R, such that Р(х) = (x — a)Q(x) + R. 


Illustration х? = (x — а)(х + ах + ах? + а?х  a*) + a. 

Here, Р(х) = x, Q(x)- x! c ax? c a +ах+а, 

and R=a. 

Example 1 What is the remainder when x + x? + х2? + х? + x?! is divided by x^ — x. 


Solution: We have, 
xtx +5 кх клх! = (1 tt +58 4385 
=x[(x* - 1) e à - 1) + @*- 1) + (0 – 1) +5] 
= x(x8 — 1) +x (8 — 1) + xo] 1) + x08 — 1) + 5x 
Now, х = x= x(x" — 1) and all, but the last term 5x is divisible by x(x — 1). Thus, the 
remainder is 5x. 
Example 2 Prove that the polynomial x??? + x8888 + 7777 4..-4+x!!"1 41 is divisible 


by x? +x8 e x! xl. 
Solution: Let, 
P= 9999 ү 48888 | 7777 1... yl |] 
О= х? vx ex! ve x4l 
P-Q - x? (x990 —1) + x8 (4,8880 -1) ds xe -peeee (1110 -D 
= x9 [(x19)999 — 1] + x8[(:19)888 — 1] + x! [(x9)77 —1] +--+ x[(x10)1!1 —1] (1) 
But, (x 9)" — 1 is divisible by x° — 1 for all n 2 1. 
RHS of Eq. (1) divisible by x"? — 1. 
P — О is divisible by x? — 1 
As X? +x e +х+1|(х\°—1) 


> »x«x x + +х+1|(Р- O) 
> xxx te txt ЦР 
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1.3 REMAINDER THEOREM AND FACTOR THEOREM 


1.3.1 Remainder Theorem 
If a polynomial f(x) is divided by (x — a), then the remainder is equal to f(a). 


Proof: 
Јо) = (x – a)OQ) + К 
and so, f(a) = (a - a)Q(a) + К = К. 
If R = 0, then f(x) = (x — а)О(х) and hence, (x — a) is a factor of f(x). 
Further, f(a) = 0, and thus, a is a zero of the polynomial f(x). This leads to the fac- 
tor theorem. 


1.3.2 Factor Theorem 
(x — a) is a factor of polynomial f(x), if and only if, f(a) = 0. 


Example 3 /ff(x) is a polynomial with integral coefficients and, suppose that f(1) and 
Ff (2) both are odd, then prove that there exists no integer n for which f(n) = 0. 


Solution: Let us assume the contrary. So, f(n) = 0 for some integer n. 

Then, (x — n) divides f(x). 

Therefore, f(x) = (x — n)g(x) 

where g(x) is again a polynomial with integral coefficients. 

Now, f() = (1 — n) g(1) and f(2) = (2 — n) g(2) are odd numbers but one of (1 — n) 
and (2 — n) should be even as they are consecutive integers. 

Thus one of f(1) and /(2) should be even, which is a contradiction. Hence, the result. 


Aliter: See the Example (41) on page 6.24 in Number Theory chapter. 
Example 4 /ffis a polynomial with integer coefficients such that there exists four dis- 


tinct integer dy, аз, a, and a, with f(a,) = f(a;) = (а) = ал) = 1991, show that there 
exists no integer b, such that f(b) = 1993. 


Solution: Suppose, there exists an integer b, such that f(b) = 1993, let g(x) = f(x) – 
1991. 
Now, g is a polynomial with integer coefficients and g (ау) = 0 for i = 1, 2, 3, 4. 
Thus (x — а))(х — a3)(x — a4) and (x — a4) are all factors of g(x). 
So, g(x) = (x — а|)(х — a5) — a3)(x — a4) x A(X) 
where A(x) is polynomial with integer coefficients. 
g(b) = f(b) – 1991 
= 1993 — 1991 = 2 (by our choice of b) 
But, g(b) = (b — a,)(b — а) — a3)(b — a4) РБ) = 2 
Thus, (b — a4)(b — а,)(Ь — a4)(b — a4) are all divisors of 2 and are distinct. 
(b — a,)(b — a5)(b — a4)(b — a4) are 1, —1, 2, —2 in some order, and A(b) is an 
integer. 
g(b) = 4: h(b) x 2. 
Hence, such b does not exist. 


1.4 FUNDAMENTAL THEOREM OF ALGEBRA 


Every polynomial function of degree 2 1 has at least one zero in the complex numbers. 
In other words, if we have 


1.4 
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f(x) = а,х" + da ajx! +--+ Qx + dg 
with n = 1, then there exists atleast one Л €e C, such that 
a,h" + yh"! Fahr ag =0. 


From this, it is easy to deduce that a polynomial function of degree ‘n’ has exactly n 
zeroes. 


i.e., f(x) = a(x — rix — rz)... x — r,) 
Notes: 


1. Some ofthe zeroes of a polynomial may repeat. 
2. Ifa root а is repeated m times, then m is called multiplicity of the root “О? or @ is 
called m fold root. 


3. The real numbers of the form 43, V5, 42; 427, "EC $3, etc. are called, 


‘quadratic surds’. In general, al a, Jb, and Ja + 4 b, etc. are quadratic surds, if a, 


b are not perfect squares. In a polynomial with integral coefficients (or rational 
coefficients), if one of the zeroes is a quadratic surd, then it has the conjugate of 
the quadratic surd also as a zero. 


Illustration f(x) = x-2x41-2 (х + 1) and the zeroes of f(x) are -1 and —1. Here, 
it can be said that f(x) has a zero —1 with multiplicity two. 

Similarly, f(x) = (x + 2y'(x – 1) has zeroes —2, 2, -2, 1, i.e., the zeroes of f(x) are 
—2 with multiplicity 3 and 1. 


Example 5 Find the polynomial function of lowest degree with integral coefficients 


with V5 as one of its zeroes. 


Solution: Since the order of the surd V5 is 2, you may expect that the polynomial of 
the lowest degree to be a polynomial of degree 2. 


Let, Р(х) = ax’ + bx c; a,b,c EQ 
P(N5) =5at+V5b+c=0 => (Satc)+V5b=0 


But, V5 is irrational. 


So, 
5а+с=0 and b=0 


=> с=-5а and b=0. 
So, the required polynomial function is P(x) = ax’ — 5a, a € Z\{0} 
You can find the other zero of this polynomial to be -45. 


Aliter: You know that any polynomial function having, say, n zeroes 01, Oh, ..., 0, 
can be written as P(x) = (x — o04)(x — 05) --- (x — о„) and clearly, this function is of nth 
degree. Here, the coefficients may be rational, real or complex depending upon the 


Zeroes Oj, A>, ..., Ot. 


If the zero of a polynomial is J5 , then Po(x) = (x – V5 ) or a(x — V5 J 
But, we want a polynomial with rational coefficients. 
So, here we multiply (x — V5) by the conjugate of x — 45 ,Le,x- 45. Thus, we 


get the polynomial P(x) = (x — V5) (x+ V5), where the other zero of Р(х) is —\/5. 


Now, Р(х) = ate 5, with coefficient of v= І, x = 0 and constant term —5, and all 
these coefficients are rational numbers. 

Now, we can write the required polynomial as P(x) = ах? — 5a where a is a non-zero 
integer. 


Example 6 Obtain a polynomial of lowest degree with integral coefficient, whose one 
of the zeroes is 45 44/2. 
Solution: Let, Р(х) = x - (4/5 + 42) = [(x - 5) - J2]. 


Now, following the method used in the previous example, using the conjugate, we 
get: 


P(x) = [x -N5)- 2][G - J5) - V2] 
=(x°-2J5x+5)-2 
=(x° +3 – 24/5х) 
P(x) = [(x? +3) —2V5x][(x? +3) + 24/5х] 
= (х^ +3) - 20 
=х* + 602+ 9 – 20x" 
=х*— 14х°+9 
Р(х) = ax" Max! + 9а, whereae 7,а=0. 


The other zeroes of this polynomial are J5 — 5/3, Вая с +2 E = 42 | 


1.4.1 Identity Theorem 


A polynomials f(x) of degree n is identically zero if it vanishes for atleast n + 1 distinct 
values of ‘x’. 

Proof: Let 05, 05, ... Œ, be n distinct values of x at which f(x) becomes zero. 

Then we have 


Дх) = a(x — x)(x —x5)...(x — x) 
Let о, у be the n1" 
fo) = OAS ul CCAS n 05). * „(0,1 m а,) =0 
AS бу is different from &, 0)... 0, none of the number ,,, — 0; vanishes for i = 
1,2, 3, ... n. Hence a = 0 = f(x) = 0. 
Using above result we can say that, 


If two polynomials f(x) and g(x) of degree m, n respectively with m < n have equal 
values at л + 1 distinct values of x, then they must be equal. 


value of x at which f(x) vanishes. Then 


Proof: Let P(x) = f(x) — g(x), now degree of P(x) is at most ‘n’ and it vanishes for at 
least n + 1 distinct values of x > P(x) = 0 2 f(x) = g(x). 

Corollary: The only periodic polynomial function is constant function. 

i.e., if f(x) is polynomials with f(x + T) = f(x) V x eR for some constant T then f(x) = 
constant = c (say) 

Proof: Let (0) = c 

=> f(0) = (7) = (27) =... = 

=> Polynomial f(x) and constant polynomial g(x) = c take same values at an infinite 
number of points. Hence they must be identical. 
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Example 7 Let P(x) be a polynomial such that x - P(x — 1) = (x 4) Р(х) Vx e К. 


Find all such P(x). 
Solution: Put x = 0, 0 = —4 P(0) 
= P(0)20 
Putx= 1,1. P(0) 2-3 Р(1) 
= P(1)20 
Put x = 2,2 - Р(1) = -2 P(2) 
= P(2)=0 
Put x = 3,3 - P(2) = -P(3) 
= P(3)=0 


Let us assume Р(х) = x(x — 1) (x 2) (x - 3) Q(x), where Q(x) is some polynomial. 
Now using given relation we have 
x(x- D(x - 2)(x – 3)(х - 4)0(x -1) = x(x - D(x - 2(x -3)(x - 4)0(x) 
=> Q(x-D-Q(x) VxeR-(0,1,2,3,4) 
Q(x-1)-Q(x) VxeR (From identity theorem) 
Q(x) is periodic 
Q(x)-c 
P(x) = ex(x - (x - 2)(x -3) 


> 
L— 
> 
> 


Example 8 Let P(x) be a monic cubic equation such that P(1) = 1, P(2) = 2, Р(3) = 3, 
then find P(4). 


Solution: as P(x) is a monic, coefficient of highest degree will be ‘1’. 
Let Q(x) = P(x) — x, where Q(x) is also monic cubic polynomial. 


Q) = P) -1 = 0; O(2) = P(2)—2 = 0; O(3) = P(3) -3-0 
=> Ox) = (х-0(х-2)(х-3) 

=> Р(х) = О(х)+х = (х—1)(х—2)(х—3)+х 

=> P(x)=(4-1)(4-2)(4-3)+4=10 


Build-up Your Understanding 1 


1. Find a fourth degree equation with rational coefficients, one of whose roots is, 


V3 +7. 


2. Find a polynomial equation of the lowest degree with rational coefficients whose 


one root is 3/2 + 35/4. 
3. Form the equation of the lowest degree with rational coefficients which has 


2+ 43 апа 3+ 2. as two of its roots. 

4. Show that (x — 1)? is a factor of x" — nx + n — 1. 

5. Ifa, b, c, d, eare all zeroes of the polynomial (6x? + 5х4 + 45 + 3x7 2x 1), find 
the value of (1 a) (1+ 2) (14 c) (1 * d) (1 + е). 

6. If 1, ол, Ob, ..., 0, be the roots of the equation x — 1 20, n € N, n > 2 show that 
n—(1— œ) (0n — 0,)(1 — a)... (1-0, 3). 

7. If a, B, y, Ó be the roots of the equation x* + px’ + qx? + rx + s = 0, show that 


(1+ 02) (1+ 8) (1+ у) (1+ 52) = (1-9 +5) + (р п). 


8. If f(x) =x" + ax? + b + cx +d is a polynomial such that f(1) =10, Д2) = 20, A3) 
= 30, find the value of 7012) * /(-8) [СМО, 1984] 
10 
9. The polynomial x*+1+ (x + 1)** is not divisible by x? x + 1. Find the value 
ofke N. 
10. Find all polynomials P(x) with real coefficients such that 


(x — 8)PQx) = 8(x — 1)P(x). 


11. Let (x — 1) divides (p(x) + 1) and (x + 1? divides (p(x)-1). Find the polynomial 
р(х) of degree 5. 


1.5 POLYNOMIAL EQUATIONS 
Let, P(x) = a,x" a, x" | +--+ a,x + ag a, #0, п > 1 be a polynomial function. 


Then, P(x) = a,x" a, 1х"! +++ арх + ау = 0 is called a polynomial equation in 
x of degree n. Thus, 


1. Every polynomial equation of degree n has n roots counting repetition. 
2. If ax" +a, X" ++ ах+ау= 0 (1) 


a, + 0 and q; (i = 0, 1, 2, 3,..., n) are all real numbers and if, o + i is a zero of (1), 
then a — if is also a root. For real polynomial, complex roots occur in conjugate pairs. 
However, if the coefficients of Eq. (1) are complex numbers, it is not necessary that 


the roots occur in conjugate pairs. 


Example 9 Form a polynomial equation of the lowest degree with 3 + 2i and 2 + 3i as 
two of its roots, with rational coefficients. 


Solution: Since, 3 + 2i and 2 + 3i are roots of polynomial equation with rational coef- 
ficients, 3 — 2i and 2 — 3i are also the roots of the polynomial equation. Thus, we have 
identified four roots so that there are 2 pairs of roots and their conjugates. So, the low- 
est degree of the polynomial equation should be 4. The polynomial equation should be 


Р(х)=а [x- G — 20][х— (3 + 20][х— (2 + 33] [x - Q.— 3] 20 
a[(x—3) + 4 [x - 27 + 9] 20 

a (x — 3 (x - 2. + 9(x - 3? + 4x - 2 + 36) 20 

a(x’ — 5x + 6) + 9G? — 6x + 9) + 4G? — Ax + 4) + 36) 20 
a (x* — 10x? + 50x” — 130х + 169) 20, ає 01:0} 


ууу] 


1.5.1 Rational Root Theorem 
An important theorem regarding the rational roots of polynomial equations: 


If the rational number P where p,q € Z, 4% 0, gcd(p,q) = 1, i.e, p and q are 
q 


relatively prime, is a root of the equation 
a,x” + apx +- +аух+ар=0 
where ap, а), d»... a, are integers and a, + 0, then p is a divisor of ay and q that of a,. 


Proof: Since Р is a root, we have 


q 
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n n-l 
«(2 taf) oa 4 ay =0 
q q q 


= a,p'*a, qp"! aq"! pagq" =0 (1) 


n 
=> ap" +a, 3p" ?q4 ag" ^ p+ agg”! =- 2 (2) 


Since the coefficients a, |, a, »...., ay and p, q are all integers, hence the left-hand side 
is an integer, so the right- hand side is also an integer. But, p and q are relatively prime 
to each other, therefore q should divide a,,. 

Again, 


a, p" t a, qp" ++ aq" p = ауда" 
n 
=> a,p'-a, 19р"? *--aq'- Be. (3) 
p 
> р|% 


As a consequence of the above theorem, we have the following corollary. 


1.5.2 Corollary (Integer Root Theorem) 


Every rational root of x" + a, ix"! +++ ау;0 << п—1 isan integer, where a;(i = 0, 
1, 2,..., n — 1) is an integer, and each of these roots is a divisor of aj. 


Example 10 Find the roots of the equation x* +? — 19x? — 49x — 30, given that the 
roots are all rational numbers. 


Solution: Since all the roots are rational by the above corollary, they are the divisors 
of —30. 
The divisors of —30 are +1, +2, +3, +5, +6, +10, +15, +30. 
By applying the remainder theorem, we find that —1, —2, —3, and 5 are the roots. 
Hence, the roots are —1, —2, —3 and +5. 


Example 11 Find the rational roots of 2x — 3x" -11x+6=0. 
Solution: Let the roots be of the form E where (p, g)= 1 and q > 0. 
q 
Then, since q/2, q must be 1 or 2 


andp|6 = р= +1, +2, +3, +6 
By applying ће remainder theorem, 


alae 


(Corresponding to q = 2 and p= 1; q = 1, р= -2; q = 1, p = 3, respectively.) 


So, the three roots of the equation are >, —2, and 3. 


Polynomials 
Example 12 Solve: x – З + 5x 15 = 0. 
Solution: х? — 3x? + 5x 1520 > (+ 5)\(x - 3) = 0 
5 x= +4/5 1,3. 
So the solution are 3, 1/51, —\/5 Ї. 
Example 13 Show that f(x) = x1900 — 5% + 4:10 + у 1 = 0 has no rational roots. 
Solution: If there exists a rational root, let it be Ë where (р, 4) = 1, q # 0. Then, q 
q 
should divide the coefficient of the leading term and p should divide the constant term. 
Thus, 411 = q=Ł1, 
And p|l => р=+1 
Thus, P =+ 
q 
If the root P- l, 
q 
Then, f1)=1-1+1+1+1=3#0, 
so, | is not a root. 
it Ë =, 
q 
Then, f(-1)=1-1+1-1+1=1#0 
And hence, (—1) is not a root. 
Thus, there exists no rational roots for the given polynomial. 
1.6 Vieta’s RELATIONS гапе сіз есе 
If б, 00, 05, ..., €, are the roots of the polynomial equation 
a,X, + apx" + i.t tcoecxay-20 (a,#0), 
then, Y diee. У dd = 
1<і<п а, ]xi« j£n а, 
d, na 
Ў, ajaja, =-=, s 059 à, = (CD 2 1540-23 Feb 1603 
Ixi« j<k<n а, а, 
Nationality: French 
If we represent the sum Ya, LOOL, ЕЕ 0,0... о, respectively, as 04, 05, 03, ..., O,» 
(Read it ‘sigma 1’, ‘sigma 2’, etc.) 
then, 0j Anl ,05- 4-2 AR 
an a, 
с, -(-1) Sex... o, =(-1)" 2 


n a 


n 
These relations are known as Vieta's relations. 
Let us consider the following quadratic, cubic and biquadratic equations and see how 


we can relate 01,0 ,03,..., with the coefficients. 


ED 
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1. ax? +bx+c=0, where o and B are its roots. Thus, 
-b с 


с=а+В = — and о =08 = – 
а а 


2. ax’ + bx + сх + d= 0, where о, Band yare its roots. Thus, 


аан. 
а 


С 
олор 
=d 
05 = apy = — 
a 


Here, expressing о = (В + y) + By= £ will be helpful when we apply this prop- 
a 
erty in computations. 
3. ax! +b + с + dx e- 0, where о, D, y, д аге its roots. Thus, 


0, =at+p+y+6 = — 
a 


o; - afl tay ^ a + By + Bó - y = < 
a 


абута quede 


^ 
a 


c4-afiyó == 
a 


Here, again, 0; can be written as (œ + В)(у+ б) + o B + уб and о; can be written 
as op (y+ б) + уб (a+ D). 


Example 14 Іх? +ax+b+1=0, where a, b € Z and b #-1, has a root in integers 
then prove that ad + 2 isa composite. 


Solution: Let, o and В be the two roots of the equation where, œ € Z. Then, 
a t B--a (1) 
a-B=b+1 (2) 
В = —a — cis an integer. Also, since b+ 140, B z 0. 
From Eqs. (1) and (2), we get 
a’ +b’ =(a+ By + (aB—1y 
=O ep opi 
=(1+0°)(1+ В?) 
Now, as œ € Z and В is a non-zero integer, 1 + o? > 1 and 1 + f£» 1. 
Hence, a? + P? is composite number. 
Example 15 For what value of p will the sum of the squares of the roots of 


x = px = 1—р be minimum? 


Solution: If r, and r, are the roots of x? — px + (p— 1)= 0, 
thenrj*r;-p.rp-p-l1 


Py try = (н) 2 =p’ -2p*2-2(p-1 + 1 
and гу + EC is minimum when (p — D is minimum, then p = 1. 
Thus, for p = 1, the sum of the squares of the roots is minimum. 
Example 16 Let и, v be two real numbers none equql to —1, such that u, v and uv are 


the roots of a cubic polynomial with rational coefficients. Prove or disprove that uv is 
rational. 


Solution: Let, x? + ax? + bx + с = 0 be the cubic polynomial of which u, v, and uv are 
the roots and a, b, and c are all rationals. 


uctvctuv--a 


=> ut+v=-a-w, (1) 

uv t иу? + ишу =Ь (2) 

and iy) = с (3) 
From (2) b-uvt uy + йу = иу(1+ vu) 


= иу(1- а = иу) (From (1)) 
= (1— a) uv- иу? 
=(1-а)иу+с 

=> (1-а)иу=Ь-с 


(b-c) 
1-а 
Note Шаїа=1=1+и+у›у+иу=0=(1+и)(1+у)=0=»и=-—1огу=—1,зумсһ is 
not the case. 


Asa#l,uv= and since, a, b, c are rational, wv is rational. 


Example 17 Solve the cubic equation 9х? — 27x? + 26x — 8 = 0, given that one of the 
root of this equation is double the other. 


Solution: Let the roots be о, 20 and f. 


-27 


Now, Mie ved 
э -3ü-o) (1) 
А 26 
2а ИРЕ (2) 
8 
2a2p - 5 3 
a? p 3 (3) 


From Eqs. (1) and (2), we get 


2 
202 +3ох31-а)= = 


=> 6307—810+26=0 
=> (2la-13)\3a-2)=0 


13 2 

So, а = —or — 
21 3 
13 


If a = — 
21 
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. f ( 3 24 8 


21 21 7 
This leads to 2a? = 2x Lu (a contradiction) 
441 7 9 


2 2 1 
So, taking a =—, =3| 1-—|=3x-=1 
Ы 3 p | | 3 


2 4 
Hence, а + 20 + В aia 


menpa ЖЕ / 
9 3 9 
and Йй ae ee E a 
9 9 


4 
Thus, the roots are 2 3 and 1. 


Example 18 Solve the equation бх? — 11x? + 6x - 1-0, given that the roots are in 
harmonic progression. 


Solution: Let the roots be о, D and у. 
Since they are in HP, 


-2r 0) 
Q y 
11 
Now, Rege e (2) 
0; = B(a +у)+ау =1 (3) 
1 
asap ue (4) 


Using Eqs. (1) and (3), we get 


20 х(а+у)+оу =1 
(a * y) 
= 3ay-l 
1 
ay = – 5 
=> y 3 (5) 
From Eqs. (4) and (5), we get 
1 1 1 
= — + — = — 6 
B 6 375 (6) 
From Eqs. (2) and (6), we get 
11 1 8 4 
6 2 6 3 
4 
a=—-y 


Polynomials ШӨ 


3y!-4y«1-0 


1 
навео, 
Thus, the roots аге 1, Bae ү 
23 3 2 


Example 19 /f the product of two roots of the equation 4x‘ — 24x? + 31x" + 6x - 8-0 
is 1, find all the roots. 


Solution: Suppose, the roots are o, D, y, бапа o = 1. 


Now, e =(a+B)+(y +8)=-—= =6 (1) 
o = (a + В)(у -ó) ap * yó E 
> (a+ Py +8) +7 = -1= Q) 


оз = 8a + Варо + B) = 2 


> arpg) 6) 
c4 -afyó = -2 
= e2 (4) 
From Eqs. (2) and (4), we get 
(a+ Xy +0) = 72 (5) 
From Eqs. (3) and (4), we get 
a+ В)+0+8)= 2 (6) 
From Eqs. (1) and (6), we get 
15 
3(a+ B)= т 
5 
or «+ В = 2 (7) 
and оВ = 
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Putting the value of B in Eq. (7), we get 


1 5 
а+— = > 
а 2 


=> 207 -5a+2=0 
=> (20- 1)(0- 2) = 0 
> a= Е or a=2 
2 
1 
Hence, B=2 or B= 7 
В 1 о 7 

Taking a@ = 7 and В = 2, and substituting in Eq. (5), we get y +ô = ` 
We know that уд = —2. 

Again, solving for yand 6, we get 


-1 -1 
=— and 6=4 or 6=— and y=4 
y 2 2 y 
1 -1 
Thus, the four roots are —, —,2, and 4. 


Example 20 One root of the equation х — 5x. + ax? + bx +. c - 0 is 3+ A. If all the roots 
of the equation are real, find extremum values of a, b, c; given that a, b and c are rational. 


Solution: Since the coefficients are rational, where 3+ 4/2 isaroot, so 3— V2 is also 
a root. 
Thus, if the other two roots are o and D, we have 


o, =а+В+3+42+3- 42 = —(—5) =5 
=> а+В=-1 


o» = (0 + B)G4 4243-42) a8 + 34 4208-42) =a 


Or 6(a + B)+aB+7=a 
Or oap-a-1 
оз -aBG- 4243-42) G4 42) - J2)(a + В) 
--b 
=6aB 7 (-1) = —b 
7-b 
or age 


> ap =~ 


Since, we are interested in finding a, b and c, we take œ + B=-l, ap =k. œ and В аге 
the roots of x? - x - = 0. 


Since the roots of the given equation are real and hence, the roots of above equation 
are real, if 
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D20>1-4k20 


Or, ped 
4 


Now fora, k=a-— 1 


So, the greatest value of a is 2. 


So, least value of b will be and for c, take k = _ 


7 
So, maximum value of с will be 4 


For these extremum values of a, b and c, the equation becomes 


The four roots of this equation are 


-1 -1 
3«42,3-42,7,7 (verify this) 


Build-up Your Understanding 2 


1. Find the rational roots of x* — 4x? + 6х2 — 4x + 1 = 0. 
2. Solve the equation x! + 10x° + 353? + 50x + 24 = 0, if sum of two of its roots is 
equal to sum of the other two roots. 

3. Find the rational roots of 6x* + х? — 32 — 9x — 4 = 0. 

. Find the rational roots of 6x* + 3552 + 62x? + 35x + 2 = 0. 

5. Given that the sum of two of the roots of 4x? + ax? - x + b = 0 is zero, where a, b 
€ О. Solve the equation for all values of a and b. 

. Find all a, b, such that the roots of X + ax’ + bx — 8 = 0 are real and in G.P. 

7. Show that 2x5 + 12x? + 30x* + 60x? + 80x? + 30x + 45 = 0 has no real roots. 


A 


© 


115 


116 
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8. Construct a polynomial equation, of the least degree with rational coefficients, 
one of whose roots is sin 10°. 
9. Construct a polynomial equation of the least degree with rational coefficients, one 
of whose roots is sin 20°. 
10. Construct a polynomial equation of the least degree, with rational coefficients, 
one of whose roots is (a) cos 10° (b) cos 20°. 
11. Construct a polynomial equation of the least degree with rational coefficient, one 
of whose roots is (a) tan 10° (5) tan 20°. 
12. Construct a polynomial equation with rational coefficients, two of whose roots are 
sin 10° and cos 20°. 
13. If p, q,r are the real roots of x? — 6x? + 3x + 1 = 0, determine the possible values 
of pq t qr + rp. 
14. The product of two of the four roots of the quartic equation x — 18x? + 2 + 200x 
— 1984 = 0 is —32. Determine the value of k. 
[USA MO, 1984] 


1.7 Symmetric Functions 
The following expressions are examples of symmetric functions: 


(i) a+B+y 

(ii) «+ +7 

(iii) (B-P + (y- ay + (0 – В) 

(iv) (0+ B)oB+ (B+ YBy+ (y+ aya 
(v) (0+ PXB + yy о) 


In the above expressions, you can easily verify that if any two of the variables о, D, 
and y are interchanged, the expression remains unaltered. Such functions are called 
symmetric functions. 

In general, a function f(0, 05, 05, ..., 05) of n variables is said to be a symmetric 
function 1f it remains unaltered by interchanging any two of the n variables. 

Thus, С), O5, 03,..., б, of the previous section are symmetric functions of 01, 05, 
05,..., Ot. 

The functions О], О), O5, ..., С, are called elementary symmetric functions. 

It can be proved that every rational symmetric function of the roots of a polynomial 
equation can be expressed in terms of the elementary symmetric functions and coef- 
ficients of the polynomial. 


Example 21 /fx+y=1 and x* deg" =е, find х +y and х? +y’ in terms of c. 
Solution: We have, x - y = 1 
=> X +y=1-2xy 
and, (х2 +2) = (1 - 2xyy 
> x £y =1+ 4х?у? — 4ху — 22у? 
= 22у? — 4ху+1 (1) 


but, xt +у =с 


So Eq. (1) becomes 2х?у? = 4ху+1-с= 0 
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4t416-8c-8 
So, xy -—————— 


4 


+ 
Жы л ge dts тє. 


1 
апа һепсе, х2 + у? -1-2 18 sa) 
=-1+/2(1+с) 


Еог xy) = (x у) —3ху(х+ y) 
=1-3xy (7 x+y=1) 


2+42+2c 
=1—3х 7 


—2-6£342« 2c 


2 


=-245N2+2c 


Example 22 Find, all real x, y that satisfy x +y =7 and x +y +х+у+ху=4. 


Solution: Let, x + y = & and ху = В and hence, x +y = 00 - 2p. 


Now, @+y)= Gy) - xy + у”) 

= qœ- 3B) 2 7 

= 0-308 =7 (1) 
And, х'+у +х+у+ху=4 


=> о2-2В+а+В=4 
=> &-Bt+a=4 
=> В= +а-4 (2) 
From Eqs. (1) and (2), we have 
о2— Зоо? + à —4)2 7 (3) 
=> f(a) = 200 + 302 -12a47-20 
1) =2+3-12+7=0 
and hence, (o — 1) is a factor. 
So, Қо) = 200 + 307 – 120+7=0 


= (0- 1)(202 + 50-7) =0 
=> (а- 1)(0- (20+ 7) = 0 


50, а= 1ога a 

2 

=7] 19 
When o= 1, then 8 =—2 and when, с ear а 
If we take œ = 1 and B = —2, then x and y are the roots of 


f41—2-0 
=> (t+2)(t-1)=0 
=> t=-—2 and ż=1 
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i.e., x=-—2 and y= l orx= 1 and y = -2. 


If we take a = — 


the discriminant 14? — 4 x 4 x 19 < 0. Hence, there are no real roots. 
Thus, the real values of x, y satisfying the given equations are (2, —1) or (-1, 2). 


Example 23 /f a, P, y, are the roots of x + px + q = 0, then prove that 


and В = Ра then х, у are the roots of 4f + 141+ 19 = 0, and here 


+P ry? aep a? +p? ey 


i 
0 5 3 2 
7 7 ur 5 Б 35 2 29:2 
(ii) а +В +у а +В? +у ,2 + Brt+y 
7 5 2 
Solution: 


(i) Since, œ, D, y, are the roots of 


We have, 


From Eq. (2), 


x -px4q-0. 


a? + pa+q=0 
B+ pB+q=0 
y *py*q-0 


Хо? + p(Xa)43q-20 


=> Yo --3q (-Xa-0) 


Yor = (Yay - 2Yo 


-0-2xp (* Xof-p) 


Multiplying Eq. (1) by x, we get 


x px 


and a, В, у аге three roots of Eq. (5). 


So, 


From Eq. (6), 


or 


+ qx’ =0 


à? + ра? +qa? =0 


B° + pp? + 


qp? =0 


y% + py? +qy° =0 
Yor + præ + qyor = 0 
Yor = (рог + qoc) 


= -[р (34) + q (-2p)] 
= 3pq + 2pq = 5р4 


а) 


(2) 


(3) 


(4) 


(5) 


(6) 


(7) 
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а + В? +у [gem emm (8) 
5 3 2 
(11) Multiplying Eq. (1) by x, we get 
x! + px +ах=0 (9) 
hence, Xa* + рУо + дуо = 0 


> Yo? = —pY or (- Ya=0) 


Again, multiplying Eq. (1) by x’, we get 


x + px? + qx'=0 (10) 
hence, va’ = —pYo? — qo = 0 
or Xo! = -pX.ó + ао 
=-p x 5pq - qYo* 
=-p x 5pq – q (PE) 
=-5p4 - 2p'q 
=-7p°q 
1 7 2 
or 75а =—p°q = pq (p) 
(3205 (22a) 
5 2 
T (gn (eire (eem 
7 5 2 


Example 24 /f œ + В + у= 0, show that 
302 + 8 + Y (о? + В + ү?) = 5(а°+ В? + ү?)(ой + В+ y) 


Solution: Since œ + В + у= 0; о, В апа усап be the roots of the equation 


x +px+q=0 (1) 
a+B+y=0 (2) 

(2+ B+ ү)= («+ В+ ry - 2Yop 
=0—2p=—2p (3) 

and Yor = ЗоВу (as,a+B+y=0) 

=-3q 
Multiplying Eq. (1) by x, we get 

х + px? 4 qx 20 (4) 


Again, о, В and y are three of the roots of this polynomial. By substituting 0, В, y in 
Eq. (4), and adding, we get 
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dat +рХа? +4Ха =0 


= Yol=-plo? =-px-2p = 2р? 


Similarly Yas = - pXa? = аха? 
= 3pq + 2pq = 5pq 
3 (02+ В +P + В + ү) 23x C2p) x (Spq) 


= 5(-34) x (2р?) 
=5( + В+ y) yof + В+ y^) 


Example 25 Show that there do not exist any distinct natural numbers а, b, с, d, such 


that 
а + = с + Ё andatb=ctd. 


Solution: Suppose that а? + b? = с +d anda+b=c+d 
Геї, a+b=c+d=m (say) 

Г (а + by = (с+ dy 

= 3ab(a+b)=3cd(c+d) 
=> ab=cd=n (say) 


If a and b are the roots of a quadratic equation, then the equation is x? — mx +n = 0 


But, a+b=mandab=n 


So, a and b are the roots of this equation. For similar reasons, c and d are also the 


roots of the same equation. 
But, a quadratic equation can have at most two distinct roots. 
Hence, either a= c or a = d, so that b may be one of c or d. 


Example 26 Determine all the roots of the system of simultaneous equations x + y +z 


=3, +y +7 = 3 апад +y 2-3. 
Solution: Let, x, y, z be the roots of the cubic equation 
-af +bt-c=0 
O,=x+yt+z=a 
0,—xytyztzx-b 
=> 2xyt+2yz+2zx=2b 
From Eq. (2), we get a= 3. 
From Eqs. (2) and (3), we get 
2b = 2ху + 2yz + 2zx = (х+у+ 2) – (2+2 + 22) 
=9-3=6 
=> b=3 


Since, x, y and z are the roots of Eq. (1), substituting and adding, we get 


(к +у +22) -a ну ez) e b(x y ez) -3c-0 
=> 3-3acr3b-3c-0 
=> 3-9+9-3c=0 
orc=1 


(1) 
Q) 
(3) 
(4) 


Polynomials 


Thus Eq. (1) becomes 


f—3f+3t-1=0 
=> (1-1) =0 
Thus, the roots аге 1, 1, 1. 

Hence, x = у = 2 = 1 is the only solution for the given equations. 
Example 27 Given real numbers x, у, z, such that x + y+z=3, x £y) n 3; 
x +y? +7 =7, find x! +у +z". 

Solution: We know x? £y? +7 =5, 
5 =? +y + =(х+у+2)^—2ху- 2yz — 2х2 
=9—2(ху +yz xz) 

=> xXy+yz+zx=2. 
We know that 

X +y +2 —3xyz=(x+y+z) +y +z- (xy + yz + xz)] 

=> 7-3xyz=3[5-2]=9 
-2 


Or, xyz = —. 
a 


xt y! £z- (x? + y + z»y = 2[QyY + (у>)? + ex] 
=25 – 2[(xy +yz + 2х}? = 209?z + уг2х + 2х?у)] 
= 25 – 2 [22 – 2xyz(x + y + z)] 


E] 


=25-16=9 


Build-up Your Understanding 3 


1. If wand p are the roots of the equation xe (a+ d)x + ad — bc = 0, show that o? 
and ff^ are the roots of 
y? (а + Ё + 3abe + 3bed)y + (ad — bcy = 0. 
2. Ifatb+c= (a* b cy, prove that а2+Ь?+с = (a+b+ cy. Generalize your 
result. 
. If p, q and r are distinct roots of x — x! 4 x - 2 = 0, find the value of p + q +. 


. Find the sum of the 5th powers of the roots of the equation x? + 3x + 9 = 0. 
. Find the sum of the fifth powers of the roots of the equation x? — 7x? + 4x — 3 = 0. 
. о, В, yare the roots of the equation x? — 9x + 9 = 0. Find the value of 


© чл RU 


«?+В?+у?апдо t+ В+ у. 
7. Form the cubic equation whose roots are 0, D, y such that 
(i) a+ В+ у= 9 
(ii) 02+ В + y? 2 29 
(iii) o8 + [P + y? = 99 
Hence, find the value of (a* + B*+ y^). 
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8. Ifa+B+y=4,0+ B y! 27, + В +y = 28, find o + В + y* and о? + [P 
5 
ty. 
9. Solve: х? +y +2 = d, x y! «zi 2a x у + т = а in terms of a. 
10. If o, D, y be the roots of 2x? +x? +х+ 1 = 0, show that 


1 1 1 1 1 1 1 1 1 16 
p? ш y? "E y? ec p? "E La В? y? t 
11. Find x, y, € C such that x? + у? = 275, x - y = 5. 
12. Find real x such that 31/97 х Ax = 5, 


1.8 Common Roots or POLYNOMIAL EQUATIONS 


A number o 15 a common root of the polynomial equations f(x) = 0 and g(x) = 0, if and 
only if, it is a root of the HCF of the polynomials f(x) and g(x). 

HCF of two polynomials, f(x) and g(x), is a polynomial h(x) of the greatest possible 
degree which divides both f(x) and g(x), exactly. 


Note: The HCF of two polynomials is not unique, because a - h(x) is also a HCF, 
where a # 0 is a constant (either real or complex). The HCF of two polynomials can be 
found by the Euclidean algorithm. 


Example 28 Find the common roots of the polynomials x5 e x! - 2x - 2 and 
x -x-2x42. 
Solution: Find the HCF by using the Euclidean algorithm, 


x xx?-2x-2 |8-x?-2x«2l 


x -x-2x-2 
HAG) 

—2x7+4 |х? +x?-2x-2 x 
x —2x 


(=) (+) 


x?-2 |—2х?2+4|-2 


Thus, the HCF is x? — 2 and hence, the common roots of the given equations are the 
roots of x? — 2 =0, i.e., +40. 


Example 29 Find the common roots of x* + 5x3 — 22x — 50x + 132 = 0 and 
xf e x! — 20 + 16x + 24 = 0, and solve the equations. 


Solution: You can see that A(x? — 5x + 6) is HCF of the two equations and hence, the 
common roots are the roots of x? — 5x + 6 = 0, ie, x 23 огх= 2. 
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Now, x* + 5x) — 22x” — 50x + 132 =0 (1) 
and x* + х2 20x" + 16x +24 =0 (2) 


have 2 and 3 as their common roots. 
If the other roots of Eq. (1) are œ and p, then 


a+ B 5--5, 
=> a+ p--10 from Eq. (1) 
бор = 132 
=> ap=22 
So, a and В are also the roots of the quadratic equation x! + 10x 4 22 - 0. 


-10+ - —104 2. 
,.-10s4100-88 _ -10+2 СЕИ С 


2 2 


So, the roots of Eq. (1) are 2, 3, (-5+ 5/3), (—5 — 4/3). 
For Eq. (2), if œ and В, be the roots of Eq. (2), then we have 


a * j-5-2-1 
a, + p, =-6 
6a,;8,=24 or ap, =4 


So, œ and В, are the roots of 
х2 + 6x+4=0 


6+ — 
"S 6t436 16 _ 34.5 


2 


So, the roots of Eq. (2) are 2, 3, —3 +45, Spes, 


Example 30 Show that the set of polynomials 
P= lp, (x): рих) = ҳк фу +х+1,‚ ke N} 
has a common non-trivial polynomial divisor. 
Solution: If k= 1 
p= +x 44x41 
=P дбав +х+1 
=x- Dro ex +x +x+ 1) 
= {х 1) (x x 4x4 1)+ (x 4 x +++ 1) 
=(х ex +х xl) [xx- 1-1] 
Thus, x + х? + х2 + х + 1 is a non-trivial polynomial divisor оЁр(х). 
р(х) = ger ue (x4 +++ +х+1) 
=x" рее 1] tQ +х txt 1) 
(х? — 1) divides GF = Lax! +x +x +x + 1 divides x? — 1 and hence, x^ — 1. 


Therefore, x^ + х? +x? +x + 1 divides P, (x) for all k. 
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Build-up Your Understanding 4 


1. Find the common roots of the equations 
x! — 333 — Ax + 12 2 0 and x? + 9x? + 26x + 24=0. 
2. Find the common roots of the equations 


хі 5x 42x! +20x-24=0 and 
x* + 7? + 8x" — 28x — 48 = 0. 


3. Ifd,e,f'are in GP and the two quadratic equations ax? 42bx + с = 0 and dx? + 2ex 


d e Е 
+ f= 0 have a common root, then prove that —, "m f are in HP. 
a c 


4. If nis an even and а, f, are the roots of the equation xb px * 9 = 0 and also of the 


equation x?" + р"х" +q” 20 and f(x)= Е 2) where o” + B" z 0, p + 0, find 
Tx" 


the value of а) 
ДЕ 


1.9 IRREDUCIBILITY OF POLYNOMIALS 


An irreducible polynomial is, a non-constant polynomial that cannot be factored into 
the product of two non-constant polynomials. The property of irreducibility depends 
on the set (usually we take Z, Q, R, or C) to which the coefficients are considered to 
belong. 
A polynomial that is not irreducible over a set is said to be reducible over the set. 
Observe the following illustrations to understand reducible and irreducible polyno- 
mials over the sets Z, Q, R, or C. 


1. р(х) = 6x? -19x 415 = (2x —3)(3x—5) 


16 4 4 
2. = x? =| X x+— |, 
noy: r-t) 


3. p(x) = х2 -3 = x- A3) Go V3), 
4. p(x) =x? +4 = (x 2i)(x -2i) 


Over the integers, only first polynomial is reducible the last two are irreducible. The 
second is not a polynomial over the integers). 

Over the rational numbers, the first two polynomials are reducible, but the other 
two are irreducible 

Over the real numbers, the first three polynomials are reducible, but last one is 
reducible. 

Over the complex numbers, all four polynomials are reducible. 


Example 31 Factorize x^ + 4 as a product of irreducible polynomials over each of the 
following sets: 


(i) Q 
(ii) R 
(iii) C 


Polynomials 


Solution: 
(i) Over Q: 
x* +4 = х^ + Ах? + 4— 4х? = (x? +2)? —(2x)? = (х2 + 2x 42)(x? — 2x42) 
(ii) Over R: 
It is same as in Q, 
ie, х* «AS (x? +2х+2)(х2 —2x+2) 
(ii) Over C: 


We need further factorization of х2 +2х+2 and x?-2x-2, for this let us solve 


—2t42?-A4x1x2 


x? +2x+2=0 >x= 2 =®дх=-1+] 


+ 22 – 
Апа х2 2+2=0 x= ААО pati 


Hence, x? +4 = (x (-1+ i)(x- (-1-i))(x - 0 x (1-0). 


Example 32 Check whether following polynomials are reducible or irreducible over Z. 
(i) x44x3-x-1 


(ii) x3 +x? 4x43 


Solution: 

(i) x*-x)-x-12 x! (x1) - (x41) = (x - DG -1) = (x - D(x - D(x? + х+1) 
Hence it is reducible over Z. 

(ii) As it is a cubic, if this is reducible then it would have to have a linear factor 
x—a, hence a root (a € Z). But by integer root theorem о would have to be an 
integer divisor of constant 3, hence would have to be 1, —1, 3 or —3. By direct 
checking we see that none of these is a root, and hence the polynomial is irre- 
ducible. 


Example 33 Show that x* + x? — x +1 is irreducible over Z. 


Solution: As in previous example here also if there were a linear factor then there 
would be an integer root which, since it would have to divide the constant term, could 
be only +1, but clearly neither of these is a root; hence no linear factor. 

To determine whether it factorizes as the product of two quadratics, let us try: 


x^ 4 x? -x l2 (x? + ax b)(x? + ex d) 


Now by equating coefficients, we get a+ c = 1, br ac t d = 0, ad + bc = —1, bd = 1. 
Bearing in mind that a, b, c, d all are integers, we have either 
b=d=1 or b=d=-1. 
In the first case the other equations become a+c = 0, ac = —2, а+с= –1 which is 
impossible. 
And in the second case we obtain a+c=1, ac=2 which has no integer solution. 
Thus there is no factorization, and the polynomial is irreducible. 


Example 34 Prove that if the integer ‘a’ is not divisible by 5, then f(x) = х? —x+a 
cannot be factored as the product of two non-constant polynomials with integer coef- 
ficients. 
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Solution: Suppose f can be factored, then 
f(x) = x-n)g(x) or f(x) = (х2 - bxc) 80) 


In the former case, f(n) = п? —n+a=0. Now п? =n (mod 5) by Fermat’s little theo- 
rem => 5 Q — b?) 2 a, a contradiction. 
In the later case, dividing (х) = х -х+а by x? —bx+c, we get the remainder 


(b^ - 3b2c +c? —1)х + (9c 2bc? +a). Since x? - bxc is a factor of f(x), both 
coefficients of remainder equal to 0. 
That is, 


b* +3b?c +c? -120 (1) 
and 


bc+2bc* +a=0 (2) 
Now b(1) — 3(2) gives 
b(b^ + ЗЬ2с+ с2 —1)—3(b'c + 2bc? + a) = b? -b—-5bc? -3a = 0 
=> За = b5 - b- 5bc? is divisible by 5. 


—5|a which is a contradiction. 


Example 35 Let /(х) = a,x" + a, ух"! +++ ах + ау be a polynomial with integer 
coefficients, such that |ag| is prime and |ag| > |aj| + |a5| +++ |a,|. Prove that f(x) is 
irreducible over Z. 
Solution: Let с be any complex zero of f. 
Case 1: Consider |a|<1, then |а| = |40 +: - a," |< |ау| +++ |а, |, 

which is a contradiction. 
Case 2: Therefore, all the zeros of f satisfies |a|>1. 
Now, let us assume that f(x) = g(x)h(x), where g and Л are non-constant integer 
polynomials. Then ау = f(0) = g(0)h(0). Since |ag| is a prime, one of |g(0)], |A(0)| 
equals 1. Say |g(0)| 2 1, and let b be the leading coefficient of g. 


Let 2,05, ...,@, aretherootsofg,then |a,a...@;| = » <1. (As beEZ\ {0} 2 |b| 2 1) 


But, 04,05, ...,0; are also zeros of f, and from case 1 we have magnitude of each 
о; greater than 1. 


=> |010%2...®| > 1. Which is a contradiction. 


Hence, fis irreducible. 


Note: If a polynomial has integer coefficients, then the concepts of (ir) reducibility 
over the integers and over the rationals are equivalent. This is true because of a Lemma 
by Gauss. 


1.9.1 Gauss Lemma 


Ifa polynomial with integer coefficients is reducible over Q, then it is reducible over Z. 
The following theorem is very useful for deciding irreducibility of some integer 
polynomials over Z. 


1.9.2 Eisenstein's Irreducibility Criterion Theorem 
Let f(x)-a,x" + a, ух" +: + ах + ау be a polynomial with integer coefficients 
and there exist a prime p such that, 
1. pla; for Ox izn-1, 
2. pt ap 
3. р?]аду. 
Then f(x) is irreducible over the integers. 
Proof: If possible let us assume f(x) = g(x)- A(x), such that 
g(x) = bx" +b, Lx" + bx + by, 
h(x) = eqx* + ey ix* + сүх + су, 


where bj, c; eZ У = 0,1, 2,...; ba #0, сь #0; 1< т, k€n-1. 

Comparing leading coefficient on both side we get a, = bm су. 

As р{ а, — pl Бс, = Pt b, and р{ с. 

Comparing constant term on both side we get ay = by cy. AS p|ag and p? { ag 
=> p | Бус but p cannot divide both by and cy. Without loss of generality, suppose that 
p|bọ and р 1 co. Suppose i be the smallest index such that b; is not divisible by p. 


There is such an index i since р { b,, where 1X i € m. Depending upon i viz a viz k 
we have following two cases: 


Case 1: for i< k, a; = bjcg + Бсү +++ boc; 
Case 2: for i >k, aj = bjcg + bjc +++ bin Cm 
We have p |a; and by supposition p divides each one of bo, bi, ..., b; ; > P | bcp. 
But р] су = p|b; which is a contradiction. Therefore f(x) is irreducible. 
Example 36 Prove that 16x? —35x* +105x+175 is irreducible over Z.. 


Solution: This is irreducible by Eisenstein's Criterion with the prime p being taken to 
be 7: for 7 does not divide the leading coefficient but it divides all the others, and its 
square, 49, does not divide 175. Note that using the prime 5 is not valid since 5? does 
divide the constant coefficient 175. 


Example 37 Prove that x? -3x? +3x +22 is irreducible over 7. 


Solution: Let f(x) = x? - 3х2 + 3x + 22. Eisenstein Criterion does not apply since there 
is no suitable prime. Substituting x — 1 for x gives the polynomial x? – 6x? + 6x 4 21 to 
which Eisenstein does apply, with p = 3. Writing f(x) for the original polynomial, we 
deduce that f(x — 1) is irreducible. But a factorization of f(x) would give a factorization 
of f(x — 1), hence f(x) is irreducible over Z. 


Example 38 Let p be a prime number. Show that Ф „(х) = xP- + xP72 E xl is 
irreducible. 

Solution: The given polynomial is called pth Cyclotomic polynomial 

хР—1 


x-1 


Q,(x) = xP] xP? tet x4l- 
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(x+1) -1 _ xP (0) +(5) х2 ee) +(„,)х 


(x*1)-1 х 


— ур [р \уүр-2 [Р \ур-3 р р 
= х? +({)х” +(5)х” ee ses 2) 


Consider Ф ,(x+1) = 


As p|(?) Vi=1,2,3,...,p—1,so all the lower coefficients are divisible by p, and 
the constant coefficient is exactly p, so is not divisible by p^. Thus, Eisenstein’s cri- 
terion applies, and ©,(x+l)is irreducible. Certainly if Ф „(х) = g(x)h(x) then 
®,(x+1)=g(x+1)A(x+1) gives a factorization of Ф „(х+1). Thus, Ф, has no 
proper factorization. 


1.9.3 Extended Eisenstein’s Irreducibility Criterion Theorem 


Let f(x) = ах" +++ ах + ay bea polynomial with integer coefficient. If there exist 
a prime number p and an integer k € (0,1,...,n—1) such that p|do, a), ..., ag рак 
and рар then f(x) has an irreducible factor of a degree at least / +1. 
In particular, if p can be taken so that k =n—1, then f(x) is irreducible. 
Proof: Like in the proof of Eisenstein’s irreducibility criterion, suppose that 
f(x) = g(x)- A(x) such that 
g(x) = byx* + by xt ++ bx bo, 


A(x) =c,x" TE Texto, 


where bj, c; € Z Vi=0,1,2,...; bp #0,c, 20; IEm,r&n-1. 

Since ау = Русо is divisible by p and not by p?, exactly one of bọ, со isa multiple 
of p. without loss of generality assume that p |b) and p 1 c. 

Now, p|a, = bye + bc => P| bc, > p|b. 

Similarly, p | a; = Бус; + yc, + осо — p | boc, = p | b, and so on. 

We conclude that all coefficients by,,,...,b, are divisible by p, 

Now, ар = Бус + Буусу + by 505: — P| gy, but p f арц. It follows that degree 
of е2 k^. 


Example 39 Let, /(х) = x" + 5х"! +3, п> 1 is an integer. Prove that f(x) cannot 
be expressed as a product of two polynomials, each of which has all its coefficient 
integers and degree at least 1. [IMO, 1993] 


Solution: Rewrite the given polynomial as 
f(x) =x" & 5x" 0: x"? 4 0- x" tet 0:x43. 


Now take prime p = 3, obviously3 | aj Vi =0 ,1, 2,..., n-2; 32 ау = 3,31a, = 5. 

Hence by the extended Eisenstein criterion, f has an irreducible factor of degree at 
least n — 1. 

If possible, let us take one factor of degree n — 1 then other must be linear and monic 
(as fis monic) this implies f has integral roots. By integer root theorem this root must 
be an integer divisor of constant 3, hence would have to be 1, —1, 3 or —3. By direct 
checking we see that none of these is a root, and hence the polynomial is irreducible. 


Build-up Your Understanding 5 


1. Prove that for any prime p, polynomial, x” — p is irreducible over Z. 

2. Prove that x7 + 48x — 24 is irreducible over Z. 

3. Prove that x^ + 2x? +2х+2 is not the product of two polynomials x? + ax + b 
and x? +cx+d where a, b, c, d are integers. 

. Prove that x? - 36x^ + 6:3 + 30x? + 24 is irreducible over Z. 

. Prove that x? - 3x? + 5x £5 is irreducible over Z. 

. Prove that x° +5x? +8 is reducible over Z. 


. Prove that if x? + px+ р—1 is reducible for some prime of then p must be ‘2’. 


Son A л Б 


. Let a,x" +a, 4x" +- ax ag is polynomial over Z and irreducible over it. 
Prove that ax" + ax"! 4----- a, ух+а, is also irreducible over Z and use this 
to show that 21x? – 49x? - 14x? —4 is irreducible over Z. 

9. If а,а),...,а, EZ are distinct, then prove that (x —aj)(x —a5)...(x—a,)—-1 is 
irreducible over Z . 
10. Prove that 1-- x? + x2? 4... - x PDP is irreducible over Z. 


| Solved Problems | Problems 


Note: In solving some problems, you may have to use simple trigonometric identities. 
These formulae would be given wherever they are used in solving problems, and also 
given in appendix. 


Problem | Solve for x: 2p(p — 2)x = (p — 2). 
Solution: 2p(p — 2)х= (р -2) (1) 


__(p-2) 
2p(p-2) 


If p 2 0 or 2, the above Eq. (2) is undefined. 

However, if p = 0, then Eq. (1) becomes 0 = —2, which is inconsistent. Hence, no 
value of x will satisfy Eq. (1), and there is no solution for p = 0. 

If p = 2, then by Eq. (1), 0=0. 

Thus, every value from the domain of x will satisfy Eq. (1) and hence, there exists 
an infinite number of solution for Eq. (1), when p = 2. 


(2) 


А І ee 1 
If p #2, p #0; then Eq. (2) is well-defined and the solution is x = on 
P 


Aliter: 2p(p – 2)х=р- 2 
=> 2р(р-2)х-(р-2)=0 
=> (р-2)(2рх-1)=0 
=> p-2or2px-l 


1 
=> p-2or nm 
P 
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Thus, p = 2 guarantees infinitely many values for x, where p = 2 is itself sufficient to 

get (p — 2)(2px — 1)=0 and if, p £2, x= i must be true and hence, p = 0 does not 
P 

satisfy. 


Problem 2 Jf x, and x, are non-zero roots of the equation ax’ + bx + c = 0, and —ax* 


: a 
+ bx + c = 0, respectively, prove that 50 +bx+c=0 has a root between x, and x, 
where a + 0. 


Solution: x, and x, are roots of 


ax’ +bx+c=0 (1) 
and -ax + bxt+c=0 (2) 
We have 

ax,’ + bx, + c=0 
and —ах; + bx, +c =0 
Let, GORE +bx+c. 
This, f(x) = 7" +bx +c (3) 


Fla) = Fay? + bx, +c (4) 
ENS 
Adding pa in Eq. (3), we get 


1 
fei) + ax = ах? +bx,+c=0 


1 
=> оа) = Fax (5) 


Subtracting ax} from Eq. (4), we get 


Гоз) За = –ах2 + bx; +с= 0 


=> f(x) =}. 


Thus, f(x,) апа /(х,) have opposite signs and hence, f(x) must һауе a root between x, 
and x». 


Problem 3 Let, P(x) = x +axt+bbea quadratic polynomial in which a and b are 
integers. Show that there is an integer M, such that P(n) - P(n + 1) = P(M) for any 
integer n. 


Solution: Clearly, P(n) x P(n + 1) is of 4th degree in ‘n’ as P(n) and P(n + 1) are of 
second degree each in n, and so P(n) x P(n + 1) will be a polynomial of 4th degree in 
n with leading coefficient 1. 
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So, if there exists an M, so that P(M) = P(n) x P(n + 1), then M must be in the form 
of a quadratic in л, with leading coefficient 1. 


Let M — n? + cn + d, where c and d are integers. 


Now, 
P(M) = P(r? + cn +d) 
= (п + сп+ dy. + ап + сп+ d) - b 
= n* + 2сп + (с + 24+ a + (2cd + ас)п+ d? +ad+ b 
апа 


P(n) x Р(п+ 1) = (п + ап + Бп tl + a(n + 1) + b] 
= n^ +2 (а + Dy? + [(a +1) + (а + 2b]? + (a + 1)(а + 2b)n + b(a +b + 1) 


Now, comparing the coefficients of n’ andthe constant terms of. P(M) and P(n) x P(n+ 1), 
we get 


2c = 2(а + 1) 
=> с=(а+1) 
апа а +ad+b=ab+b +b 


=> dď-b+ad-ab=(d-b{d+a+b)=0 

=> d=bord=-(a+b) 
Using these values of d = b and c = a + 1, the coefficient of n? and n in P(M) are 

c -2d*a-(a*-l +25 +а 
and 2cd * ac = 2(a - 1) b * a(a + 1) 
= (a + 1)(2b + a), respectively. 
But, these are the coefficients of ^ and n in P(n) x P(n+ 1). Thus, with these values for 
c and d, P(M) = P(n) x P(n + 1). So, the M of the desired property is n? + (a+ 1)n + b. 
Thus, we can verify that d = —(a + Б), c = (a + 1), if P(M) and P(n) x P(n + 1) 


are identical and hence, show that there exists exactly one M for every n which is a 
function of n, 


i.e., М= п) = т + (a+ 0+0 
Aliter: Let Р(х) = х2 + ax + b = (x – о) (x — В), where œ+ В = -а, а: B=b. 
Now, P(n) Р(п+ 1) = (n — о0)(п – B) - (п+ 1 0) (п + 1— В) 
= (п– 0)(п+ 1- В) (п– В)(п+1-– о) 
= (i - (a B-1)n + o — о) (i? + (а+ B — Dn + o — В) 
= (п? + (a - Dn b— о) (и + (a- 1) n b — В) 
- (M - о) (M - В) 
=P(M) where M 2 п? + (a - 1) n * b. 


Problem 4 Prove that, if the coefficients of the quadratic equation ax’ + bx * c 2 0 are 
odd integers, and then the roots of the equation cannot be rational numbers. 


Solution: Let there be a rational root P where (p, q) = 1. Then, 
q 


13711 
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2 b 
P P eso 
q 


=> ap’ + bpq + cq. = 0 
Now, p, q both may be odd or one of p, q be even. 

If both p and q are odd, then ар? + рд + сф is ап odd number and cannot be equal 
to zero. 

Again, if one of p and q is even, then two of the terms of the left-hand side of the 
equation are even, and the third term is odd and again, its sum is odd and cannot be 
equal to zero. 

Hence, the above equation cannot have rational roots. 

11 
b c а+ђЬ+с 


1 
Problem 5 Jf —+ ‚ then prove that 
a 


1 1 1 
+ 
n b^ 


1 
= for all odd п. 


a c" a" +b" +c" 


pc 1 
b c a+b+c 


1 
Solution: We have, — + 
a 


None ofa, b, c and a + b + c are zero. 
DOLO 1l 1 
a b а+Ь+с c 
a+b —(atb) 
ab (а+Ь+с)с 
c(a+b\a+b+c)+ab(a+b)=0 
(a+b)(b+c)(c+a)=0 
a =-—b or b = —c or c = —a 
If a = —b, then a” =—b" for n odd => LM 
а" b" 
1 1 1 1 1 1 
+—+—=—= = 
a" b" c" c" 0+с" a" +b" +c" 
The equality can be proved similarly in the other two cases also. 


Now, 


ууу 4 


So, 


Problem 6 Show that 


a p? e 


ud 0-000 pes 
Solution: We have, — _. = "- -- 
(a-b)(a-c) (a-b\(c-a) 
b3 рз 
(2-а)(Ь-с) (a-bYb-c) 
апа c = =e? 
(c-a)(c—b) (b-c)(c-a) 
У a (b—c)a? - (c — a? +(a—b)c? 


(a- bY(a - c) (a - b(b —cY(c - a) 


Polynomials 


Numerator of RHS is a cyclic symmetric expression in a, b, c in 4th degree and writing 
b=c, we get 0 + (c — a)P? + (a — Б)с = 0. 

So (b — c), and hence (c — a) and (a — b) are factors. Since it is a fourth degree sym- 
metric expression, (a + b + c) is also a factor. 

Thus, we have K(a + b + с)(а — bY(b — cY(c — a) = (b — с)а + (c — a)? + (a — b)? 

Ifa=1,b=-1, c=2, we get on 

LHS =k x 2(2)(-3) x 1 =-12k 

and RHS =-3+(-1)+16=12 => kz-1 


(a+b+c)a—b)(b-—c)(c—a) 


The expression = =(a+b+c). 
(a—b)(b—c)(c—a) 
Problem 7 Let, ay, a5, ..., a, be non negative real numbers not all zero. Prove that 
х" ax e0— d, ха, = 0 
has exactly one positive real root. 
Solution: 
E ay a, jx — a, = 0 
а a a 
EA. =f alee Ae " |=0 
x x x” 
a a a 
Let, f@=t+Ste4+ 4 
x x x” 


f(x) is a decreasing function as x increases in (0, х), f(x) decreases in (~, 0). Hence, 
there exists a unique positive real number R, such that 


and for x = R, we get 


к" | -1+ 4 4.4.4 |=—кК"[—1+1]=0 
R R R” 


Therefore, R is a root of the given equation. 


Problem 8 Let P(x) be a real polynomial function, and P(x) = ах? + bx? + cx +d. 
Prove, if |P(x)| < 1 for all x, such that |x| € 1, then |a| + |b|  |c| + |d| < 7. 
[IMO, 1996 Short List] 


Solution: Considering the polynomials +P(4x) we may assume without loss of gener- 
ality that a, b 2 0. 


Case 1: If c, d 2 0, then 
la| + |b] + |c| + |d 2a - bo c- d p(1) € 1« 7 
Case 2: If d € 0 and c = 0, then |а| + |b| + |c| + |4] 
=a+b+c-d=(a+b+c+d)-2d 
= P(1)-2P(0)<1+2=3<7 
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Case 3: If d20,c «0 


la| + |b] + |6 + |d| 2a - b c d 


4 (р) l рү 1) ВЕ) 
3 3 3 \2/ 3 12 

РЕИС 2 
з зз % 3З 


7 


Case 4: Ifd<0,c<0 
la| + |b| + |c| + |dl=a+b-c-d 


> Pc) Ар) 
3 2) 3 2 
4 21 
+— = — = 
3 3 
Problem 9 A person who left home between 4 p.m. and 5 p.m. returned between 5 p.m. 


and 6 p.m. and found that the hands of his watch has exactly changed places. When 
did he go out? 


PET 72 
3 


Solution: The dial of a clock is divided into 60 equal divisions. In one hour, the minute 
hand makes one complete revolution, i.e., it moves through 60 divisions and the hour 
hand moves through 5 divisions. 

Suppose, when the man went out, the hour hand was x divisions ahead of the point 
labeled 12 on the dial, where 20 < x < 25 (as he went out between 4 p.m. and 5 p.m.). 
Also suppose, when the man returned, the hour hand was y divisions ahead of zero 
mark and 25 « y « 30. 

Since the minute hand and hour hand exactly interchanged places during the inter- 
val that the man was out, the minute hand was at y when he went out and at x when he 
returned. 

Since the minute hand moves 12 times as fast as the hour hand, we have 


у= 12(x- 20) 

and х= 12(у - 25) 
=> у= 12[12(у - 25) - 20] 
= 144у — 3600 – 240 


Or 143y = 3840 
_ 3840 _ 26122 
143 143 


: 122 . 
The minute hand was at y when he went out. So, he went out at = minutes past 
4 p.m. 
Problem 10 If o? = 1 and a# 1, find the quadratic equation whose roots are & + od 
tof cao? + а land od + о «of c a 5a? + ac. 


Solution: Let 
А=а+о oro + о + ог! 
-o о + ой + о? «rac? (у о = 1) 
апі В= о +++ t+ +a 
= o of a + o + ol! 


Polynomials 


А+В= а+о+о + ой o? oc + о + о a? + ol! H a? 
=(1+о+о? ++- +a) 
(a? -1) 
(а=) 
(A x В) = (at * о + a^ + о? + 010 + o2) х (o + о? + об + o + ad!) 
=3(a+ оё + о? +... + o?) 
===: 


Therefore, the required equation is x? + x 3 = 0. 


Problem 11 Determine all pairs of positive integers (т, п), such that 


(+x e x? +++ +”) is divisible by (1 +x +x? + +x"). 


Solution: 


х\тп —1 


1+x” 4x20 4.0.4 yn = 


(verify) 


x! — 


m+1 E 


and 1+х+х? + +х” = ; 
mu 


. Lex" 4 x?" 4-0-4 
We must find m and n, so that 


is a polynomial in ‘x’, i.e., 
1a xxx" 


xUntUn exl ym —] (9 = 1) (x — 1) 
x^ —] ` x-1 (x* ES р(х"! E 1) 


must be a polynomial. 
Now, if k and / are relatively prime, then b = 1) and (x! — 1) have just one com- 
mon factor which is x — 1. For x*— 1 = 0, say 1, wj, ws, ..., wj ,, are all distinct roots. 


Similarly, those of x-121, Wi, W5, ..., Wj., are distinct roots. 


А Ann .. 2пл 
By Demoivre’s theorem, the roots of x* — 1 - 0 are m qol for n 


= 0, 1, 2, ..., k — 1 and those of x — 1 = 0 are cos isin for n = 0, 1, 


2,..., 1— 1. If Z and К аге co-prime integer other than zero, cos IE, isin and 


2пл.. 2nx : к 
cos UR +1511 z3 ‚ will be different. 


Since, all the factors of x 1 are distinct, x , x" — 1 cannot have any com- 
mon factors other than (x — 1). Thus, (m + 1) and ‘n’ must be relatively prime. 
Again, xm) фе ay" te Gey =j. 
So, д” — 1 is divisible by œ” — 1) and, also by (x"*!) — 1 
[x 7 *D7 E ES 25 1) 
2 (x" "m Den An 1) 


n(m+1) _ m+] __ 1 


Thus is a polynomial which shows that the condition (m + 1) 


and n must be relatively prime is also sufficient. 


Problem 12 Show that (a — by + (a — cy = (b — с}? is not solvable when a, b and c 
are all distinct. 
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Solution: We have, (a — by + (а – cy =(b- cy 
=> 2а? —2ab-2ac * 2bc 2 0 
= a — a(b * c) - bc 0 
=> (а- Б)(а- с) = 0 
=> a=bora=c 
Thus, the equation has no solution, if a, b and c are all distinct. 
Aliter: Leta—b=xanda-c=y 
=> b-c=y-x 
Hence, given equation becomes 
xL y? z(y-xy) => 2xy=0 
=> x=0 or у=0 
=> a=b or а=с 


Problem 13 /f P(x) is a polynomial of degree n such that P(x) = 2* for x = 1, 2, 3,..., 
n+ 1, find P(x +2). 


m m m m 
Solution: 2" = (1 + 1)" = + + Tec form=1,2,...,.n+1. 
0 1 2 m 


Now, consider the polynomial 


= x-1 x-1 x-1 x-1 
FOOSE s JE p Pos mS 
M _ (x-D(G-2)..(x- r) 


r 


where | 


r! 


Clearly, f(x) is of degree n. 


Mbit ex). CU (7) 
а 0 1 B r-l r Е п 
wherel<r<n+l 


-1 
But, A | = 0 for all К> r — 1 where kand r are integers 


So fir) = 2-2"! 22^ forallr2 1,2, ...,n41 
Thus, f(x) is the required polynomial 


fosa (rte 
0 1 


= 2[27*! 1] EM 2n*2 2 


Similarly, p(x42)22*? -2, 


Problem 14 /f a, b, c, d are all real and а? +b? + e+ Ё =abt+he+cdt da, then 
show thata=b=c=d. 


Polynomials 
Solution: We have, 2(а? +b’ +e + Ф) — 2(ab + bc + cd + da) = 0 
=> (a – 2аЬ + 2) + (02 +  - 2bc) + (° +a —2cd) + (d? + а? — 2da) 20 
=> (a- by * (b- cy * (c- dY + (d- a =0 
=> a-b,b-c,c-d,d-a 


=> a=b=c=d. 


Problem 15 Determine х, y, z € IR, such that 
2x3 e y! + 227 – 8x + 2y — 2xy + 2xz — 162+ 35 = 0. 


Solution: 2? +y +22 – 8x + 2y — 2ху + 2х2 — 162+ 35 = 0 
=> (х- у) + (х +z +22 162 8x + 2у +35 = 0 
=> (х-у- 1) +(х+2- 3) +22 102+ 25 = 0 
=> (х-у- 1) +(х+2- 3) + (2 5) = 0 

Thus, х= у= 1, х+2= 3,2 = 5 and hence, х= -2, y=-3. 

Thus, the solution is x = —2, у= —3 and z = 5. 


Problem 16 Find all real numbers satisfying x? £y = 8xy- 6. 


Solution: We know x? gg + 6 = 8xy. 
= x andy must be of same sign, otherwise LHS > 0 and RHS < 0 
Moreover (x, y) is a solution < (—x, —y) also МОС x, y>0 


Now x8 +y8+ 11114110 2 8xy 
By AM-GM inequality. 


хё + уЗ +1+1+1+1+1+1 


> 8x 8x8 x yx DxbxbxIx xxl 


> 8х 8х5 x y? 28|x y| 


But, by hypothesis, equality holds. Hence, all the 8 terms are equal. Therefore, 
x= y. =1. 
Hence, (x, у) = (1, 1), (-1, —1) is the solution set. 


Problem 17 Solve the systems of equations for real x and y. 


1 1 
5x| 1+ = 12, 5у| 1- = 4 
| zs of =] 


Solution: Given that 


25x? = —— — — —— (1) 


1.517] 
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And similarly, we can find by the second equation 


ar (2) 


Sr 
х? + у? 


By adding Eqs. (1) and (2), we get 


144 1 
25(x? + у?) = 7t - 2 ы 
+t] Jy t 
x+y? х? +)? 
1 >, 2_1 
Let, — ——— =t so that x^ + y^ =-. 
х? + у? t 


25 144 16 
= + 
t +)? (1-0)? 
= 144(1-0°+160(1+0)^=25(1—-7)” 
=> 3205? – 81+ 5) = 25(#– 27+ 1) 


Now 


Dividing both sides by Ё, we get 


te^ 


Putting у + : = о in the above equation, we get 
t 


6 26 
250° – 1600+ 156=0 = а= = 
1 6 26 
=> {і+-=а = or 
t 5 5 


=> 5f-6t+5=0 or 52- 26#+5=0 


Since the discriminant of 5? — 6t + 5 = 0 15 36 — 100 < 0, there is no real root. 


5? 261+ 5 = 0, the roots аге 5 and = 
1 
Thus, x? + у? = 5 orx +y =5 


1 
If x? + y? =5,then sr =12 and 1-2) =4 


Thus, by solving, we get 
x=2 and у=1 


If х2 +y? = еп Sx(1+5) =12 and 5y(1- 5) = 4 


Thus, by solving, we get 


The two solution are x = 2, y= 1 and x - y=. 


Aliter: Let z=x+iy > x?+y?=|zP =2-7 


. x-i : 
NowEq.(l)-iEq.(2) = (ern 


E СЕЗЕ => 5:2 -(12+40)2+5=0 


2:2 
12+4і+ (12-4) -100 12+ 41+ 28. 2x 481 
a 2(5) 10 
| 12«4i*464-36-2x8x60 12+4i+(8+6i) 
10 10 
EE 
5 


А 2 -1 
> x, = 2,1 Di s2 a 
(х,у) = (2,1) | sus | 
Problem 18 Solve the system 
(x у)(х+у+2)=18 
(y+z\(x+y+z) = 30 
(2+х)(х+у+2) = 20 interms of L. 
Where х, у, z, Le В* 
Solution: Adding the three equations, we get 
2(x y +z} - 48 2L 


Or х+у+т = 424+ 1. 


Dividing the three equation by x+ y+z=./24+L, we get 


18 30 24 
х+у= wWtz= ‚2+х= : 
24+1, 24+1, 24+1, 


Also, by solving, we get 


pa NMA LY -30 1-6 
J24+L J244L' 
_(24+1)—21,_ 24-1, 
JL  V244+L° 
_244+L-18 1+6 
J24-L — V244L 


and where 6 « L « 24 


Problem 19 Solve: 
x+y-z=4 
ж? -y + =—4 
xyz=6 

Where x, у,2є R 


(1) 
Q) 
(3) 


Polynomials 
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Solution: From Eq. (1), (x 2) = (4 — y) 
— x —2xz+7 =16-8y+y 
=> (х2 + 2 —y’) – 2xz + By – 16=0 
=> х2=2(2у- 5) (7 x £z -y =-4) 
From Eqs. (3) and (4), we get 
ух 2(2у- 5) =6 
=> 2y!'-5y-320 
=> (Qy-«D(y»-3)20 


1 
=> ing ie 


Putting the value of y — E in Eqs. (1) and (3), we get 


х-2=45 and xz = –12 


2 
(х+ 2)2 = (x-zy + ж =(42) –48 <0. 


So, y = 3 is the only valid solution for y. 
x—-z-l,xz-2 
=> (x +z) =(x—z) + 4xz=9 
=> х+2= +3 


Solving Eqs. (5) and (6), we get 


x-2 and z=1 or x--1 and z=-2. 


So, the solution is x 22, y = 3 and z = 1 
ot, x—--l,y-23,z--2. 


Problem 20 Solve: 


3x(x + y — 2) = 2у 
y(x*y-1)29x 


Solution: 3x(x +y- 2) = 2у 
у(х+у- 1) = 9х 
Multiplying Eqs. (1) апа (2), we get 
3ху(х + y - 2)x +y- 1) = 18xy 
=> 3xy[x*y-2)x*y-1)-6]20 
=> 3y[G +) -3(y)-4]-0 
=> Зху(х+у- 4)(х+у+ 1) = 0 


80, х= Оогу= О огх+у= 4 ох + у= –1. Putting x + у = in Eq. (1), we get 


бх = 2у 
=> у= 3х 
=> х= 1,у=3 


(4) 


(5) 


(6) 


(1) 
Q) 


G) 


Polynomials 


Putting x + y 2 —1 in. Eq. (1), we get 


| -9x 
an 
2L (Asxt+y=-l) 
pud pe 
7 7 


Also,x=0 © у=0 


Thus, the solutions are (0, 0), (1, Je 2) 


Problem 21 Solve: 
xy+x+y=23 
yz+y+z=31 
zx+z+x=47. 


Solution: We know 


xy+x+y=23 (1) 
yztyt+z=31 (2) 
zx+z+x=47 (3) 


Adding 1 in both sides of Eq. (1), we get 
ху+х+у+1= 24 


=> (х+1(3+ 1) = 24 (4) 

Similarly, we get 
(y * 1)(z+ 1) = 32 (5) 
and (2+ 1)(х + 1) = 48 (6) 


By multiplying Eqs. (4), (5) and (6), we get 
(x + DP(y + 1) (к + 1? 224 x 32 x 48 
=> (кх+1)(у+1)(@+ 1) = +(24 х 8) 


Since none of (х + 1), (y + 1) and (z+ 1) is zero, we get 


2+1= +8 
х+1=+6 
у+1=+4 


Thus, we have two solutions x = 5, y = 3, z = 7 and x = —7, y = -5,z = —9. 


Problem 22 Find all the solutions of the system of equations у = 4x) — 3x, z= 4y? —3y 
and x = 42 — 3z. 
Solution: If x > 1, then y =x + 3x(x —1) bx Sa 1, 
z=4y -3y=y +3" — l)>y>y> 1 
and x = 42 —3z=2° + 3x7 —- 1) » Z2 »z»1. 
Thus, z > y > x > 2, which is impossible, = x € 1 and, again, x < —1, and lead to 
x>y>z>x,sox2-l. 
So, |x| < 1, | < 1, |z| € 1. 


And hence, we can write x = cos@, where 0 < 0 € л. 
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Now, у = 4 соѕ0 — 3 cos Ө= соз 30,2-4y — 3у=4 cos! 30—3 cos 30= cos 3 x 30 
= cos 90 and x = 425 — 32 = 4 cos? 90 — 3 cos 90 = cos 3 x 90 = cos 270 
Since trigonometric functions are periodic, it is possible. 
Thus, 
cos Ө = cos 270 

=> cos@—cos 270=0 

=> 2sinl40sin 130=0 

= sin 140=0orsin 130= 0 


so 3 where k = 0, 1, 2,...,12,13 
ог o- where k = 1,2, ...,13 


and the solution is (x, y, 2) = (cos0, cos 30, cos 90) where Ө takes all the above values. 


Problem 23 Let, x = р, y=q, z т апа w = s be the unique solutions of the system of 
linear equations x + ay + a2z * a?w = a? ,i—1, 2,3, 4. Express the solution of the fol- 
lowing system in terms of p, q, r and s. 

xta?yt+atz+aow = аё,і=1, 2, 3,4 
Assume the uniqueness of the solution. 
Solution: Consider: the quadratic equation 


р+фі + + = Ё 


or f — sP – pre qt — p — 0. 


Now, by our assumption of the problem, a, a, a4 and a, are the solution of this equa- 
tion and hence, 

0 =4; +a, +43; +а= 5 

Оо» = (a, + a) (а; + a4) + ауа» + 404 = -F 

0; = 214) (ау + a4) + ауа, (a + Ay) =q 

O4 = 41034344 = -P 
The second system of equation is 

2\4 233 2\2 2 
@ у — w(t)? -zü^) -y^)-x-0 


Putting f = и, we have 


4 3 2 
и —ум — 2и —yu-x-0 


and the roots can be seen to be a2, a2, a2 and aj 


and o = а2 +a? +a? +а? =w 
2 2 
= ”=(Уа) -2У да; = +27 
i<j 
0, = >. aa? --z 
i<j 


2 
or Ze -J aa? = Р) + 2(У а) S ajajar — 2a,05d304 


i<j i<j i«j«k 


22, 22,022, 22, 22, 22 
[As (ат ay + ат аз + атал + аз аз + Ay Ag + аз а) = (ауа + ауаз + AyAg + ааз + аза 
2 
+ аа,” — 2(ay + a, + a,  aj)(a,a5a5 +аа,а + ajaa + 50404) + 2a,050344] 
2 
and hence, z = —^ + 2qs + 2p, 


== 02 Оу? 22.2 222 2:42:42. = 
03 =4 4503 + агазад + ay azaz + а5а5а4 = у 


y = (аа»аз + аүаза + азад + d5d504 )? 


— 2(a145a3a4 )(ааз + ауаз + did4 + ала» + d504 d азал) 


=4?—-2рг 
Finally, сд = аѓаѓа?а2 = –х 

_ РРО AEN 0 
ог x —-(ajasa$d4) = -(аазазаа) = —p 


х=-р?,у= 2 —2pr,z=-r? +245+2р 
and w= s? + 27 is the solution. 


Problem 24 Find out all values of a and b, for which 


xyztz-a (1) 
xyz +z=b (2) 
and № +y +2 =4 (3) 


has only one solution. 


Solution: You may observe that both (x, y, z) and (—x, —y, z) satisfy the system. Since, 
by the condition of the problem, there must be just one solution, we get x = y = 0 and 
so,2-4 = z=+2 by Eq. (3). 

But, by Eqs. (1) and (2), z= a or z = b. Since, there should be only one solution, 
either, a=b=2 ora=b=-2. 

Ifa=b=2, we have 


xyz+z=2 (4) 
xyz +z=2 (5) 
x-y-2-4 (6) 


Eq. (5) — Eq. (4) gives 
xyz(z - 1) = 0 either x, y or z = 0 or z = 1. If z = 0, from Eq. (4) 0 = 2, contradiction 
Ifz = 1, then x, y are not zero = More than one solution of the system 


Hence, a = b = 2 does not satisfy the condition. 
Ifa- b = –2, we have 


xyztz--2 (7) 
хуг +2=-2 (8) 
ж№+у+2=4 (9) 


Ба. (8) – Eq. (7) = худ(2- 1) = 0 = anyofx,y,andz=0orz=1. 
For z = 0, Eq. (7) becomes 0 = —2, contradiction. 
Ifz=1,thenxy+1=-2 = xy=-3andx +y =3 
(x+ yy =x + y + 2xy = 3 — 6 = —3 cannot be true for any real x, y and hence, z + 1. 
If one of x, y is zero, say x = 0, then 
z--2 
x y? +22=4 
=> 0б+у+4=4 
=> y=0 
Thus, for a = b = —2, the given system has a unique solution, namely, (0, 0, —2). 
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Problem 25 Given, a, b, and c are positive real numbers, such that 
b? b? 
a? Tees. e 25, — +c? = 9, с? +са+а? =16. 
Find out the value of ab + 2bc + 3ca. 


2 2 
Solution: Let, A7 d! cab o - 25 B= ct = 9 and C=C +са+ d? = 16. 


Hence, 25=4=9+16=B+C 
p ge 
= арай oc EO HE арыр 
> 2c*+ac-ab=0 
=> ab=c(2c+a) 
ab 
а+2с=— 
ё (1) 
Again, A-B+C=25-9+4 16=32 
= 2a +ab+ca=a(2atb+c)=32 
=> дребна (2) 
а 
If S=ab+2be+3ca 
then, S= b(a + 2с)+ 3ca 


_bxab 
c 


ЕЁ i 
=—|—+c 
6e i3 


_ 34,9 27а (3) 
C © 


+3са [from Eq. (1)] 


But, S can also be written using Eq. (1), we get 


S=ab+2bc+3ca 
= 202 + ас + 2bc + 3ca = 2с? + 2bc + 4ac 
=2c(c+ b+ 2a) 


dat bre=— (4) 


C 
From Eqs. (2), (3), and (4), we have 
32 _ 27a | 1 27a 


a c 2с 2c? 
a? _ 64 
c 27 


But, by Eq. (3), 
$ =27х == 2445 
C 
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Aliter: Let b= 4/3 k then system of equations becomes 


a’ + 43 ak+ =25 ога? + — 2ak cos150° = 5? 

К +с'=9 ог 2 + с? – 2kc соз90° = 3” 

c * ac * а? = 16 — а? + с^— 2ac соз120° = 4? 

Now consider a AABC of sides 3, 4, 5 and a point P in it such that AP = a, BP = k, 
СР= е 


Now consider ab + 2bc + 3ca = avV3 К+ 24/3 kc + Зса (1) 


Area of AABC = 2+ Žac sin120° + sak sin150? = x3x4 


-—" 
2 


= 24 3kc +3ca+ akV3 = 2445 
— ab+2be+3ca = 2443. (as 43k = Ь) 


Bac 
4 


Pigs 
4 


Problem 26 Solve: log,(log, x) + logj4: (logy) y) = 1 
xy? =4 
Solution: We have, log,(log,x) + (log, 3: log,;,y) = 1 
=  log,(log,x) — log,(log,;,y) = 1 


= log; E х | =1 = logs =3! 


logi; y logi; y 


— log; =3log,,y 

= log, х =—3log,v --log, y 
= log, xy =0 

=> xy? =] 


But, we have xy =4. So, by using the above equation, we get y = - and x = 64. Which 


satisfy the parent equations. 


Problem 27 Solve: 
log, x + log, у + logy z= 2 
log, y + logyz + logy = 2 
log, z+ log; x + log), y = 2 


Solution: 
We know that, log,x = 1орү„лу(х”) 

2 2 
So, logyx = logz2x" = logy x", 


log; у = 10832 у? = log, y" 
log, 2 = logy Z2 = logy, 2” 
So, log;x + logy + 10842 = 2 
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= logy xyz =2 


=> xyz=4=16 (1) 
Similarly, yxz = 81 (2) 
and гху = 256 (3) 
Hence, xyz x y*xz x гху = 16x 81 х 256 


— (xyz) -22'x3'x4 
xyz=24 asx,y,z>0 
Dividing Eqs. (1), (2), and (3) by xyz = 24, we get 


1681 - 256 
24° 24 24 
2 27 32 

> == рас 
3 8 3 


Problem 28 Find all real numbers x and y satisfying 
log,x + log, y = 2; 3* — 2” = 23. 
Solution: By observation one solution is x = 3, y= 2 
As log;3 + log,2 = 2 and 3? – 2? = 23 
If x < 3, then log,x < 1. Since, log,x + log;y = 2, log;y > 1 and y 2. 
Hence, 


3'«3'-27 and 27>22=4 
=> 3°-2'<27-4=23 

So, x cannot be less than 3. 

If x > 3, then log,x > 1 and log;y < 1 and so y < 2, 3° > 3° = 27 and 2" < 2? - 4. 

So 3%- 2? >27-4=23 

So, x cannot be greater than 3. 
Hence, x = 3 
=> y=2 
Here, the only solution for the given equation is x = 3 and y= 2. 


| Check Your Understanding | Your Understanding 
1. Find the val jede d. - e 220 
. in =. EE — t 
UT ај 8 2-4 2-5 


444445 x 888885 х 444442 + 444438 
444444? 


2. Find the value of 


3. Solve: yx? -4Ax 4 3 2 2- x. 


4. Let a, В, ybe the roots ofx^ —3?— 1=0. Then find the value of 


using algebra. 


1 
+a 1+В ley 
1-а 1-8 1-у 


т+1 


5. Show that (x — 1)? is a factor of x"*! — x" — x + 1. 


6. Find all real solution x of the equation x'? — x? + 8x° — 24x* + 32x? — 48 = 0. 


10. 


11. 


12. 


13. 


14. 
15. 
16. 


17. 


18. 
19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


. Solve 2x?? 3x98 +2x97 (3x96 +:..+2х+3=0 in В. 


. Prove that 1 +x!!! + х222 + 399 + x4 divides 1 4 x!!! + 322 + 999 +..-+х??. 


А А ii 1,1 1 
. Іх, y, zare rational and strictly positive and if — + — = — show that ./x? + y? + 22 
X y z 


is rational. 
1 
If a? + b’y? +02 =p, ax = Ьу? = cz? and LU = —, find а + УЬ + Мс 
X yz p 
only in terms of p. 


ТЫК! 
If ax? = b? = cz and куз prove that ŝ/ax? + by? +cz? = 3a +3/b + 3/с. 


Prove that, if (x, у, 2) is a solution of the system of equations, x + y + z = a, 


1 1 ] I| : 
—- —-— = —. Then, at least one of the numbers x, у, z is ‘a’. 
X y z a 


If one root of the equation 2x? - 6x - k 2 0 is ja + 5i) where Ё = -lkaemR, 
find the values of ‘a’ and ‘k’. 


itx + px +9 = 0, where q + 0 has a root of multiplicity 2, prove that 4p? +279 = 0. 
If f(x) is a quadratic polynomial with A0) = 6, 61) = 1 апа 2) = 0, find A3). 
Show that, if a, b, c are real numbers and ac = 2(b + d), then, at least one of the 
equations x? + ax + b = 0 and x? + cx + d= 0 has real roots. 

Given any four positive, distinct, real numbers, show that one can choose three 
numbers A, B, C among them, such that all the quadratic equations have only real 
roots or all of them have only imaginary roots. Bx +x+C=0; Cr’ +x+A=0; 
Ax! 4 x 4 B- 0. 

Show that the equation x хі 6 — 2x + 9 = 0 cannot have negative roots. 

Ifa, b, c, d e R such that a < b < c < d, then show that, the roots of the equation 
(x — a)(x — c) +2(x — b)(x — d) = 0 are real and distinct. 

Find the maximum number of positive and negative real roots of the equation 
x*- x + —х—1= 0. 

If Px) = ax’ + bx +c and O(x) = ах? + bx + c, where ac 0, show that the equa- 
tion P(x) - O(x) = 0 has at least two real roots. 

Let f(x) be the cubic polynomial x xd suppose g(x) is a cubic polynomial, 
such that g(0) 2 —1 and the roots of g(x) = 0 are squares of the roots of f(x) = 0. 
Determine g(9). 

If p, д, ғ, se R, show that the equation 


4 


(x? + px +3q)(x? + rx + q(—x? + sx + 2q) = 0 has at least two real roots. 


1 1 
If t, denotes the nth term of an AP and, =—,t4 =—, then show that ¢,, is a root 
q P 


of the equation (p + 2g — 3r)? + (q + 2r - 3p)x + (r + 2p —3q) = 0. 
If p and q are odd integers, show that the equation x^ + 2px + 2q = 0 has no ratio- 
nal roots. 
Show that there cannot exist an integer n, such that n° — n + 3 divides 
3,42 
mtn tn-2. 
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27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


2 n 
If s, = 1 +а+4ф + tee +q” and Sa ae (Es) ex 


+1 +1 +1 +1 
prove that | " |” s+ " Sg odes " Sp = 2°8„. 
1 2 3 п+1 


Solve for х, у, z, the equations 
a = = p= = ,and c= = (a, b, c #0) 
x+y ytz х+2 


Solve and find the non-trivial solutions 
x xy +xz=0 
y +yz+yx=0 
Z +zx+ 2у = 0). 


Solve: 
xb xy + y =7 
y +yz+ 22= 19 
т +х+х = 3. 
Determine all solutions of the equation in К, 


(x? + 3x — 4) + (2х2 5x - 3! = (3x2 - 2x - 1 

Show that there is no positive integer, satisfying the condition that 

(n^ +20 +212 + 2n + 1) is a perfect square. 

Find the possible solutions of the system of equations: 

d = (х+у+2) а =(xty4+z), а = (х+у+ =)“ 

If a and b are given integers, prove that the systems of equations, x + у + 22 + 2t 
=a апа 2х – 2y +2 – t= b has a solution in integers x, y, 2, t. 

Show that 2x° — 4x” + x — 5 cannot be factored into polynomials with integer coef- 
ficients. 

The product of two of the four roots of the equation 
x" + Tx? — 240x° + kx + 2000 = 0 is -200, determine А. 

The product of two of the four roots of х — 20 + 2 + 590x — 1992 = 0 is 24, 
find k. 

Let a, b, c, d be any four real numbers not all equal to zero. Prove that the roots 
of the polynomial f(x) = хб ax? + bx? + cx + d can not all be real. 

If a, b, c and p, q, r are real numbers, such that for every real number x, 

ax +2Ьх+с>0 and px? + 2qx + r > 0, then prove that арх? + Бах + cr > 0 for all 
real number x. 

Find a necessary and sufficient condition on the natural number n, for the equa- 
tion x" + (2 + х)" + (2 — х)" = 0 to have an integral root. 

Given that a, D, and yare the angles of a right angled triangle. Prove that 

sin 0 sin В sin (œ — D) + sin D sin ysin(B — y) + sin ysin esin(y— о) + sin (œ — p) 
sin(B — y) sin(y— о) = 0. 

For a given pair of values x and y satisfy x = sin &, у = sin В, there can be four 
different values of z = sin (œ + D): 

(i) Set up a relation between x, y, and z not involving trigonometric functions or 

radicals. 
(ii) Find those pairs of values (x, y) for which z = sin (œ + В) takes on fewer than 
four distinct values. 


43. 


44, 


45. 


46. 


47. 


48. 
49. 


50. 


Suppose, a, b, and c are three real numbers, such that the quadratic equation 
x! - (a b с)х (ab + bc ca) = 0 


has roots of the form a + iB, where o > 0 and f = 0 are real numbers [here, i = 
N= ]. Show that 


(1) the numbers a, b, and c are all positive. 
(ii) the numbers Va A and Jc , form the sides of a triangle. 


Find the number of quadratic polynomials ах? + bx + c, which satisfy the follow- 
ing conditions: 

(i) a, b, c, are distinct 

(li) a, b, c e (1, 2, 3,..., 999} 
(iii) (x + 1) divides (ax? bx + c) 
Show that there are infinitely many pairs (a, 5) of relatively prime integers (not 
necessarily positive) such that both quadratic equations x! ax 4 b - 0 and 
x? + 2ax + b = 0 have integer roots. [INMO, 1995] 
If the magnitude of the quadratic function f(x) = ах? + bx + c never exceeds 1 for 
0 < x < 1, prove that the sum of the magnitudes of the coefficients cannot exceed 
17. 
Suppose that —1 < ax’ + bx - c € 1 for -1 €x € 1, where a, b, c are real numbers, 
prove that —4 € 2ax + b < 4 i 1<х<1. 
Find the polynomial р(х) = xb px + 9 for which 2 | P(x)| is n 


Find real numbers a, b, c for which lax? +bx+c|<1YVYj|x|<1 and 8 ~a? +212 is 
maximal. 3 

Let a, b, c, ЄК and a « 3 and all roots of x? + ах” + bx +c — 0 are negative real 
numbers. Prove that b+ c < 4. 


| Challenge Your Understanding. Your Understanding 


oo -1 A A 


. Let р(х) = x* «x 


. xp(x—-1) = (x -30)p(x) Vx € R, find all such polynomial р(х). 
. Find a polynomial р(х) if it exist such that xp(x — 1) = (x +1) р(х). 


. Let f(x) be a quadratic function suppose f(x) = х has no real roots. Prove that 


f(f(x)) = х has also no real roots. 


; I£7 (ax* + bx? + cx? + dx + е) Vx є Z where a,b,c,d,e e Z. Prove that 7 | à, 7 | b, 


71e, 714,7 |e. 


. Prove that a? + ab- b? >3(a+b-1) Va,b € R. 


? c x? e x &1. Find the remainder on dividing р(х?) by р(х). 


. Find the remainder when x??? is divided by (x? +1)(x? + x +1). 


. IfA, B, C,..., a, b, c,..., К are all constants, show that all the roots of the equation 


A В? C2 H? 
* + Ф 
x-a x-b x-c x- 


=x+ K are real. 


. Prove that there does not exist a polynomial, p(x) = ag + aux ax? +: ax", 


such that p(0), р(1), p(2),... are all prime numbers. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 
19. 


20. 


21. 


22. 


23. 


Solve the following equations for real ‘x’ depending upon real parameter ‘a’: 


(a) х+уа+ух =a 
(b x?-Ja-x-a 


(с) Va-Va+x =x 


The polynomial ax? + bx? + сх+ 4 has integral coefficients а, b, c, d with ad odd 
and bc even. Prove that all roots cannot be rational. 

If roots of х“ + ax? + bx? +ax+1=0 has real roots then find the minimum value 
ofa +b’. 

If the coefficient of x* upon the expansion and collecting of terms in the expres- 


2 
М 2 
sion ( (c ay 2) 2) m " is az, then find dp, 4, а, a} anda. 


n times 


Prove that the equations 
х2 – Зху+ 28 +х-у= 0 and x? — 2ху+ y? — 5х + 7у= 0 
imply the equation xy — 12х + 15у = 0. 
If a and Б are integers and the solutions of the equation 
y-2x-a-0and y! -xy « x3 - b-0 
are rational, then prove that the solutions are integers. 


Solve the following system of equations for real numbers a, b, c, d, e: 
За = (b c а), 3b - (c d ey, 3c — (d e ay, 
3d = (е + а + by, Зе = (a b cy. [INMO, 1996] 

Solve for real numbers x апа у, simultaneously the equations given by 
x? = 152+ 17ху + 15у? апа xy = 20x" + зу”. 
Solve the system of equations in integers: 3- 3xy + y =7, 2x — 3xy + 2у? = 14. 
In the sequence ay, a5, d3, ..., а„ the sum of any three consecutive terms is 40; if 
the third term is 10 and the eighth term is 8; find the 2013th term. 
A sequence has first term 2007, after which every term is the sum of the squares 
of the digits of the preceding term. Find the sum of this sequence upto 2013 
terms. 
Find a finite sequence of 16 numbers, such that 
(a) it reads same from left to right as from right to left 
(b) the sum of any 7 consecutive terms is —1 
(c) the sum of any 11 consecutive terms is +1. 
A two-pan balance is inaccurate since its balance arms are of different lengths and 
its pans are of different weights. Three objects of different weights А, B and C are 
each weighed separately. When they are placed on the left pan, they are balanced 
by weights А, Ву, and C, respectively. When A and B are placed on the right pan, 
they are balanced by A, and B,, respectively. Determine the true weight of C in 
terms of А, В|, Cj, A, and B,. 

[USA MO, 1980] 
If a and b are two of the roots of x^ + xX — 1 = 0, prove that ab is a root of 

6, ML 2 р 

x +x +x -x —1-0. 

[USA MO, 1977] 


24. 


25. 
26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


If P(x), Q(x), R(x), and S(x) are all polynomials, such that P(x?) + xO”) + R(x) 
= (x4 tx ax +х+ 1) S(x), prove that (x — 1) is a factor of P(x). 

[USA MO, 1976] 
The generalization of the above problem is: if P(x), Р(х), ..., Pu, 3) (x), n 2 3 and 
S(x) are polynomials, such that 

Py") + хРу(") & x"? Py yo") = QI ex"? +. +х+ 1)5(х) 

then (x — 1) is a factor of P, (x) for all i. 
Іх x? + x =a, prove that x° > 2a — 1. [INMO, 1994] 


The solutions x,, x, and x, of the equation х? + ax + a = 0, where a is real and 


2 2 2 
a+0, satisfy 21-22 +23 =-8 find x,, x», and x. [AMTI, 1994] 
y p 3 
X) B X 


Let p(x) be a polynomial with degree 2008 and leading coefficient 1 such that 
р(0) = 2007, p(1) = 2006, p(2) = 2005, ..., p(2007) = 0; determine p(2008). 


If P(x) denotes a polynomial of degree n, such that 


1 
P(k)= 7 for k=1,2,3,....0+ L, determine P(n + 2). 


k 
If P(x) denotes a polynomial of degree n, such that P(k)= $e for k=0, 1, 2,..., 
+ 


n, determine P(n + 1). [USA MO, 1975] 
Let a, b and c denote three distinct integers and let P denote a polynomial having 
all integral coefficients. Show that it is impossible that P(a) = b, P(b) = c and P(c) 
=a. [USA MO, 1974] 


Let, а, i= 1, 2,..., n be distinct real numbers Б, b,,..., b, be real numbers, 


such that the product [](a;+5;) is the same for each i. Prove that the product 
j=l 

П(а; +5;) is also constant for all 7. 

i=l 


In the polynomial P(x) = x" + ax"! +. +a, x+ 1, the coefficients ај, ау,..., 
а, , are non-negative and it has п real roots. Prove that P(2) 2 3”. 

Determine all polynomials of degree n with each of its (n + 1) coefficients equal 
to £1, which have only real roots. 

Let p(x) be polynomial over Z and at three distinct integers it takes +1 value, 
prove that it has no integral root. 

Let о, D be the roots of x? — 6x + 1 = 0. Prove that a” + В"є 2 Упє No, also 
prove that 5 f (a" + B") УпєМ,. 

Let P(x) be a polynomial with real coefficients such that P(x) 2 0 for every real x. 
Prove that 


Р(х) = ЛО)? + БО) +--+ f. Gy 


[Putnam, 1999] 

Is it possible to find three quadratic polynomials f(x), g(x), h(x) such that the 
equation f(g(A(x))) = 0 has eight roots 1, 2, 3, 4, 5, 6, 7, 8? 

[Russian MO, 1995] 
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38. 


39. 


40. 


41. 
42. 
43. 


44. 
45. 


46. 


47. 
48. 


49. 


50. 


Let P(z) - а? + bz) + cz + d, where a, b, c, d are complex numbers with |а| = |b| 
= |с = |d| = 1. Show that |P(z)| = V6 for at least one complex number z satisfying 
Е 1. 

Consider two monic polynomials f(x) and g(x) of degree 4 and 2 respectively over 
real numbers. Let there be an interval (a, b) of length more than 2 such that both 
f(x) and g(x) are negative for x є (а, b) and both are positive for x < a or x > b. 
Prove that there is a real number ‘œ such that f(œ) < g(a). 

Let P\(x) = x’ — 2 and Рх) = РР, 1(х)) V j= 2,3, .... Show that for any positive 
integer n, the roots of the equation P, (x) = x are real and distinct. [IMO, 1976] 
Find all polynomials f satisfying foe *tf(x)-f(x*1)20 VxeR. 

Find all polynomials P(x), for which Р(х). P(2x?) = Р(2х + x)Vx € R. 

Find all polynomials f(x) such that f(x): f(x -1)- f(x? - x 1) 20 Vx e R. 
Find all polynomials f(x) such that f(x): f(-x)— f(x?) = 0 Vx eR. 

Prove that if a polynomial of degree 7 over Z is equal to +1 or —1 for 7 different 
integers then it is irreducible over Z. 


Prove that (x-a) (x-a, )?...(х — а„)? +1 is irreducible over Z. 
Prove that (х+12)(х+ 2?)...(х + n?) +1 is irreducible over Z. 


Let a,45,..., à, € Z aredistinct, findthem for which (x — aj)(x — a5)...(x—a,)*1 
can be expressible as product of two polynomials with integral coefficients. 


Let р(х) be a polynomial over Z such that |p(a)| = |p(5)| =1 fora. b € Z, a < b; If 
+b 

р(х) = 0 has rational root a, then prove that a—b=1 or 2 and a= Ea 

Letaj,a5,..., a, and b, b2,..., b, be two distinct collections of n positive in- 

tegers, where each collection may contain repetitions. If the two collections of 

integers a; +a;(1<i< j<n) and b; c b;(1X i « j € n) are the same, then prove 

that n is a power of 2. 


Hardy could be named ‘the father of the Discipline of Inequali- 
Ch apter ties’. He was the founder of the Journal of the London Math- 
ematical Society, a proper publication for many papers on 
inequalities. In addition, together with Littlewood and Polya, 
Hardy was the editor of the volume /nequalities, a book that 
was the first monograph on inequalities. The work on the book 
started in 1929 and it was issued in 1934. The authors con- 
fessed that the historical and bibliographical accounts are diffi- 
cult “in a subject like this, which has applications in every part 
of mathematics but has never been developed systematically" 


Godfrey Harold Hardy 


7 Feb 1877-1 Dec 1947 
Nationality: United Kingdom 


(Hardy, Littlewood, & Polya, 1934). Their contribution was to track down, document, solve 
and carefully present a volume comprising of 408 inequalities, and to officially write the first 
page of the history of inequalities. One of the interesting aspects of the book is the philosophy 
inequalities, presented in the introduction: generally an inequality that is elementary should be 
given an elementary proof, the proof should be “inside” the theory it belongs to, and finally 
the proof should try to settle the cases of equality. This introductory chapter is recommended 


Inequalities 


reading with ideas that are still applicable today. 


2.1 Basic RULEs 


2.1.1 Transitivity 


The transitive property of inequality states: 
Ifa >b and b >c, then a >c. 
More generally, if a, > dy, ау > d3,...,d,_1 > 4p then a, > a,. 


2.1.2 Addition and Subtraction 
A common constant c may be added to or subtracted from both sides of an inequality: 
Ifa > Б, then for every c,a+c>b+canda—c>b-c. 


2.1.3 Multiplication and Division 


For any real numbers, a, b and non-zero c, 
If c is positive, then multiplying or dividing by c does not change the inequality: 
If a < b and c > 0, then ac < bc and a/c < b/c. 
If c is negative, then multiplying or dividing by c inverts the inequality: 
If a < b and c <0, then ac > bc and a/c > b/c. 


2.1.4 Addition and Multiplication of Two Inequalities 
Ifa, > Ьу, a, > bp,..., a, > bp then a, + a, ++ a, > b + by tet b,. 
Ifa, > Ьу > 0, ау > b, > 0),...,а, > b, > 0, then a, а»... a, > biba- b,. 
2.1.5 Applying a Function to Both Sides of an Inequality 


Any monotonically increasing function may be applied to both sides of an inequality 
(provided they are in the domain of that function) and it will still hold. Applying a 
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monotonically decreasing function to both sides of an inequality means the opposite 
inequality now holds. 

If the inequality is strict (a < b, a > b) and the function is strictly monotonic, then 
the inequality remains strict. If only one of these conditions is strict, then the resultant 
inequality is non-strict. 

A few examples of this rule are: 


1. Taking reciprocal of both side of an inequality: 
1_1 
If0<as<hb, then —2 —» 0. 
a b 


| О! 
Ifa<b<0, then 0>—2-. 
a b 


1 1 
Ifa< 0< b, then —«0«-—. 
a b 


2. Exponentiating both sides of an inequality by r > 0, when 0 < a < b, then a” < b 
anda” >b”. 
Similarly for r > 0 and 0 <a < 1 <b, then 0 «a «1«a " andücb" «1«p.. 
3. Taking the natural logarithm to both sides of an inequality when x and y are posi- 
tive real numbers: 
If b > 1 and x > у> 0, then log,x > log, y, 
Ifü «b « 1 and x> y > 0, then log, x < log, y 
These are true because the logarithm is a strictly increasing (or decreasing) function 
for base ‘b’ greater (or less) than 1. 


102013 4] 103013 +1 


Example | Show that, — > —~_— 
102014 +1 103014 +1 


Solution: Let а = 109? and b= 10100. then we need to prove that, 


а+1 ы ab«1 
10a «1 10ab 41 
This is equivalent to (a + 1)(10ab + 1) > (10a + 1)(ab + 1) 
This holds only iff 10825 - a-- 10ab 4-1» 10a?b 4 10a - ab - a 
i.e., 9ab > 9a € b»1 


Since, b = 10/999. b> 1. 
Hence, it is true. 


l+a+a? +---+ а") 
Example 2 /f a > b > 0, which of the two numbers Zeta T7 and 


2 j l+a+a? 4a" 
l+b+b eb" 


12b D? e pn 


is greater? 


Solution: 
1+а+а? +- a 
Let, A= 5 
1+а+а“++а" 
I- b D? ++ br 
and = 


1+ b D? +--+" 


1 1І+а+а? +---+а" а" 1 
= =1+ =1+ 
A 1+а+а? +---+а"! 1+а+а? 4a" 1+а+а? +... + а") 
а" 
1 
=1 
y l + l + l Lee 
а" а") а"2 а 
эм: 1 
Similarly, ———1 
? тү 1 
— + ++ 
b” pr b 
As a>b 
= a‘ > b^ for all ke N 
= ] 1 
a% pk 
2.1 “1 
> —<>)— 
ma mao 
1 1 
> 
= Н м 
iaa ka bt 
1 1 
=> —>— 
А В 
=» A<B 


2.2 WEIRSTRAS’S INEQUALITY 


For positive numbers a, ,@,,..., a,(n > 2) we have 
(1+4) (1+0,) + (1+а,) > 1+а+а +--+а, 
If ay, aj, ..., a, are positive numbers less than unity, then 
(1-а) (1-а) (1—-a,) » 1 - (ap + a) 9 a,). 


Build-up Your Understanding 1 


1. If aj, а», аз, ..., a, are n positive real numbers, then prove that (1 + aj) (1 + a5) = 
(1+a,)>1+a,+a)+---+a, огп 2 2. 

2. Let a, b, p, q are positive reals such that a < b and q <p. Then prove that 
(а? + b')(a* — b^) < (a! + b')(a? — b^). 

3. Ina right angled triangle ABC, which is right angled at C, prove that a” + b” < c" 
for all n > 2. 

4. For positive real numbers a, b and c, prove that a^ ^p^" < (ас). 

5. For positive real numbers a and b, prove that 


a+b a b 
< + ; 
l+a+b l+a 1+b 


2 3 n 
3 (3 3 3 
Я = let 4, = + -+ (7177! , and B,=1-4A,. 
6. Forn= 1,2,3, ..., let 1 B 5) (=) B and B, 


Find the smallest natural number n, such that B, > А, for all n 2 ng. 


Inequalities 2.3 


Karl Theodor Wilhelm 
Weierstrass 


ЗІ Oct 1815—19 Feb 1897 
Nationality: German 
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2.3 Moputus INEQUALITIES 
x if x20 
е -x if x<0 
Also, note that |x| = max{ —x, x}. Modulus function is also called distance function. 
It denotes distance of x from origin. 
1. —|а|<а<|а| for each a e К. 
2. If bz 0, then |x- a| b ifand only if a-b x x a- b. 
3. Ja b| € |a| - |b|. More generally, |a, + a+: -+ a,| € la| + [a2] ++ |а„|. 
4. |la|—|d|| < |a — b| 
The above inequality (3) explain that in a triangle, sum of lengths of any two sides is 
greater than the third side. Equality holds when both x and y have same sign or atleast 
one of them is ‘0’. 
Similarly inequality (4) explain that in a triangle, difference of lengths of any two sides 


is less than the third side. Equlity holds when both x and y have same sign or atleast 
one of them ‘0’. 


2.3.1 Triangular Inequalities 
Let a, b, c be sides of a triangle, then we have following equivalent results: 


1. a+b>c,b+c>a,ct+ta>b 

2. Ifcis maximum, thena+b>c 

3. a>|b-c|, Б> |с-а|, c» |а — | 

4. ja-—b|<c<atb 

5. (a+ b-cY(b*c-ay(cct a—-b)»0 

6. a=yt+z,b=z+x,c=x+y, where x, y, z € R* 


Example 3 Let 4,454, and B,B;B, be triangles. If p = A,A, + A544 + АА + BB, + 
B,B, + B4B, and q = A,B; + A;B, + A;B} + A,B, + A,B,+ A,B, + A,B, +4,B, + А,В, 
prove that 3p € 44. 
Solution: Note that, 4B + BC => AC 
Now 

АВ, + Bi A, > АА 

A,B, + BA, = АА 

A,B, + By A, 2 44 

A,B, + В) A; = АА 

АВ, + ВА 2 АА, 

A,B; + В, А; > АА 


6 ineqaulities 


Similarly write six inequalities starting with each of 45, Аз, В|, В,, B4 and add all 36 
inequalities to get 
8(4,B, + A,B, + A,B; + A,B, + A,B, + А,В; + А,В + А,В, + А,В) > 6(44,45 + A43 + 
АА, + ВВ, + В,В, + B3B,) 

=> 8q 2 бр 

= 4q > Зр. 


Inequalities 


Example 4: Let n 2 3 be a natural number and let P be a polygon with ‘n’ sides. Let 
а, а), A3, ..., a, be the lengths of the sides of P and let p be its perimeter. Prove that, 


a a a a 
1 + 2 + 3 si n 


p-a P-a р-а р-а, 


< 2. 


Solution: 


m r 
Lemma: Let ‘r’ and ‘s’ be two positive real numbers, such that r < s or — «1. Then 
E 


r Ex aye 
— < — for any positive real x. 
S sx 


r r+x 
Proof: — < Sr(stx)<s-(r+x)Om<sxor<s 


S S+X 


By polygon inequality, 
а < ay + а3 eta, 


=> 2а <а +0 +:-+а, = р 


Similarly Vi,2a, < p> a; < р-а > — «1 
р-а 
а; d; +a; 2а; ; А 
= < g for alli=1,2,3,...,n (By applying Lemma) 
pra; (р-а)+а; 
Summing up this inequality over i, we get, 
а + a» 4 a3 RS a, 22а 
р-а р-а р-а р-а, р 


_ (a, +a tacta.) _ 2p zi 
р р 


Example 5 Jfa, b, and c are the three sides of a triangle, and a + b + c = 2, then prove 
that à? + + с + 2abc < 2. 


Solution: We know that a+ b + c = 2. By squaring, we get 
4=(atb+cP =a P + с +2(ab + be + ca) 
= а +b + с” =R- ab- Ьс – са) 
Adding 2abc to both sides, we get 
а + 52 + с^ + 2аЬс = 2(2 — ab — be — ca + abc) 
To prove a’ +b + с? + 2abc < 2, itis enough to prove that 
2(2 — ab — bc — ca + abc) < 2 or 2+ abc - ab - be - ca < 1 


Or ab * bc ca - abc-1»0 
as a+b+c=2s=2 
= p=] 


Now, 1(1 — a)(1 — 6)(1— с) > 0 as the expression on the left is the square of the area of 
the triangle with sides a, b, c. 
But, this implies 
P — (а+ b c) + (ab + bc * ca) — abc» 0 
Or 1-2 +ab + bc * ca — abc 5 0 
Or ab + bc + ca — abc — 1 > 0 as desired. 


2) 
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Example 6 Show that for any AABC, the following inequality is true 
a beg а? +b? +02 -V3(a2-c?2)>0 
where a, b, and c are the sides of the triangle in the usual notation. 
Solution: Without loss of generality, we may assume a > b 2 c, so that Ic - a| = 
is the maximum of la? - p, |b? - c and |с” - а. 
It is enough to prove that a? +b? + с? — J3(a2 — с?) > 0 
Now, 
a? +b? +c? ~J3(a? = с?) > а? +(а- с)? +c? – J3(a? -c) 
(as b 7 a—c, by triangle inequality) 
= 2a? + 2c? -2ac - V3a? + Зе? 
= (2 43)а2 + (2+ V3)c? - 2ac. 


But, (3-12 22(2-43) and (4/341? = 2(2+ V3) 


So a? +b? «c? —V3(a2 - c2) > 16/3 а? саа 


= „ЫЗ -Da- (3+ Def > 0. 


and hence the result. 


2.4 Sum or Squares (SOS) 


Let x be a real number then we have x? > 0. This seems “trivial” but is the basis for 
every other inequality! 

In general sum of squares of real numbers is non negative. 

That is, Xx? > 0. 


Example 7 Prove that x +y +2 > xy +yz +2х V х, у,2є R. 


Solution: Inequality is equivalent to 
1 
50 7X +07— 2)? +(@-х)° 2 0, which is true. 


Example8 /fx, y, zarereal and unequal numbers, prove that, 2016x? + 2016y? +62? > 
2(2013xy + 3yz + 3zx) 


Solution: We have, (x у)? > 0;(y-z)? > 0; (2-х)? >0 
This implies that, 


x? + y? > 2ху (1) 
y? +22 >2yz (2) 
2? +x? > 225 (3) 


Multiply Inequality (1) by 2013 and Inequalities (2) and (3) by 3, then we have 


Inequalities 
2013x? +2013y? > 2(2013xy) (4) 
3y? +322 > 2(3 yz) (5) 
32? +3x? > 2(3zx) (6) 


Adding Inequalities (4), (5) and (6), we get the desired results. 
Example 9 Find all real numbers x and y, so that, 
1 
x? +2у? ы € х(2у+1) 
Solution: Multiply the given inequality by 2 
Then, 2x? + 4? + 1 < 2x(2y + 1) = 4xy + 2x 
i.e., (4 +х?— 4ху) + (х2 —2x+1)<0 
ie., 2y- x} + (х— 1)°<0 
But, by trivial inequality, а? 2 0 V real ‘a’. 
1 
Hence, (2y-x)2(x-1)20 => x=land y= р 
Example 10 Three positive real numbers a, b, c are such that, а? + 5b? + Ac? —4ab 
—4bc =0. Can a, b, c be the lengths of the sides of a triangle? Justify your answer. 
Solution: Now, 
a? + 5b? + 4с? - 4аЬ - Abc = (а? + Ab? —4ab)+ (b? 4c? – Abc) 
= (a 26)? € (b - 2c 
7. Expression = (а 2b)? -(b-2c) 20 = a-2b=0 and b-2c 20 or a=2b 
and b = 2c 
<. a= 4с; this impliesa:b:c=4:2:1. 


Now, (b + с): а= 3 : 4 the triangle law is violated. 
-. a, b, c cannot form a triangle. 


Example 11 For x, y € R, prove that 3(x+ y + 1) + 1 2 3ху. 


Solution: 3(x + y + D? +1-3xy20 
LHS = 3х2 + 3? + Зху + 6x + 6y +4 


| 2 (4 2 
=3|х+—у+1| +|>y+1| 20. 
| 2^ | E | 


Example 12 For x, у, 2, € R such that ху + yz + zx = —1. Prove that x 5y? 4 82524. 
Solution: х2 + 5y? +82 —4=х + 5y? + 822 + 4(ху + yz + zx) 
=(x+2y+2z) + (y-2z2) 20 
=> х2 + 5? + 822 > 4. 


Example 13 For x, у, z e R’, prove that 


2 2 2 
х + yz +20 25 +х 

> +” + Yoxtyptz. 
ytz ztx x+y 


2v 
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2 2 2 
. X^ + yz + 2х ZX 
Solution: Consider ae -у+ ns 
ytz 2+х x+y 


2 


_ х?*—(у+®х+у: у? -—(Е+х)у+2х z!-(x*y)txy 


yrz z+x x+y 

.G-»(x-z) (Q-zXv-x) G-x€z-») 
ytz zt+x x+y 
G3 = yO? —2)+ (0? =P? = а?) 42? - 7? - y?) 
(x у)(у+2)(+ x) 

xt y! 422 —x2y2 o y2z? — 225? 

(х+ у)(у+2)(+ х) 
_ (х2 — у?)?° +(у? — 22)2 + (2? — х?)? sd 

2(х + у)(у+2)(2+ х) 


Example 14 Let а;, a4, ..., 5995, 42006 be real numbers with азу * 0. 
Prove that there are not more than 2004 real numbers x such that, 


2 3 4 2005 2006 _ 
LAX AX + gx" + а@,Х tec Aggy 5X + d509gX =0. 


1 
Solution: Replace x by — in equation and multiply by х20%, we get 


x 


2006 2005 2004 2003 
X X X X 


T T + A, Tec 5006 — 0 


Now Уа =-1 У оа; =1 


1172006 
2006 \2 
As Уе?-| Уа -2 У аа; 
i=l 1<i< £2006 
=(-1)? -2(D--1 


= Уо? <0 which is not possible if all о, are real. 


Hence, at least two non-real roots — at most 2004 real roots. 
Example 15 Let a, b, c, d, e, f be real numbers such that the polynomial 
P(x) = x5 — Ax! + 7х + ax? + bx + cx? + dx’ ex +f 


factorises into eight linear factors x — х, with x, > 0 for i = 1, 2,..., 8. Determine all 


possible values of f. 
8 
Solution: Ух =4 (1) 
i=l 
and У, җх,=7 (2) 


Inequalities 


8 
Now У (х-х;)2=7:У 2-2 У xx; 
1<i< j<8 k=l 1<i< j<8 
=7x2-2x7 
=0 


— 


From Eq. (1) 


> Х| X5 X3 X4 Xs Xg X3 Xg 2 


=> f = X1 X2: X3: X4: X5 Xg X7 Xg =— = : 
28 256 


Example 16 Let a, b, c > 0 satisfy abc = 1. Prove that 


MEME ВЕ 
| 1 1l | 1 1 | 1 1 
b+—+ с+—+ а+—+ 
a 2 b 2 c 2 


Solution: a, b, c > 0 and abc = 1 


Let a= 


Given inequality becomes, 


Ы 1 1 
У 2 x 
+ + 21 
E RARU RAL 3 
+= + ++ += + 
2 х у x y 2 y z x 
1 1 1 EE 
Let, —= p, —=q,—=r and let us also normalize it with p +q+r=1 
x ВА 
Given inequality becomes, P gja 4 -— 
2-p 2-9 2-r 
Now 
u 
Claim: >и Vu»0 
N —u 
Proof: ||." e >p 
\2-и 2-и 


< 12 (2-и) (as и> 0) 
«и? -2и+1>0 
< (и-1)2 20 which is true 


О 
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Hence, 


Add all, pi, [L2 +f 4 > p+q+r=l1. 
2-p 2-9 2-r 


2.4.1 Quadratic Inequality 


If x e R, and Ax’ + Bx + C=0, then B? -44C > 0 


If A4C — B > 0 and x is real, then A(X + Bx + C) 2 0 for all real x. Converse also 
true. 


Example 17 Ifa, b, сє R, such that а > b 2 c. Prove that 
a +ас+ 2 3b(a — b 4 c). 
Solution: Rewrite as quadratic in 5, as 
35 – З(а+ c)b à? ac à 20 (1) 
D = 9а + с)? - 12(а + ас + c?) 
=3(a-cř <0 
=> Inequality (1) is true V a, b, c ER. 


Build-up Your Understanding 2 
1. For every natural number n, prove that n” > 1:3: 5.::(2и — 1). 
a b c 


3 
2. Ina triangle ABC, prove that — € t + «2. 
Б Р 2 b+c c+a a+b 


3. If a, b, c be the length of the sides of a scalene triangle, prove that (a + b + с)? > 
27 (a+b-c)(b+c-a)(c+a-b). 

4. Ifa, b, c are positive real numbers representing the sides of a scalene triangle, 

X. 3 а? +Ь? +c? 

prove that ab + bc + ca < a^ + b^ c^ < 2(ab + be + ca) or 1 « —— —— —— 


^ 


ab * bc ca 
and hence prove that 3(ab + bc + ca) < (a + b + cy < 4(ab + be + ca) or 


(a b cy 
ab + bc + ca 


<4. 


2 2 2 
5. Ifa, b, c are distinct real number, prove that | = | « 5 | « s | >2. 
b-c с-а a-b 


6 


6. Let a, b, c € R^, such that abc = 1, prove that 1+ 2 г 
а+Ь+с ab+bc+ca 


1 1 2 
7. Letx, y € R^, prove that а, 
(1-x) (1+ у) 1+ху 


1 
8. Let x, y € (0, 1), prove that ad > ; 
l-x* 1-y»^ 1-xy 


2.5 ARITHMETIC MEAN > GEOMETRIC MEAN > HARMONIC MEAN 


Given апу n positive real numbers a), а), ..., а„ the positive numbers A, G and H, defined 


1 1 if1 1 1 
by A=—(a, +a) +---+4,), G =(a,@,..., a)!” and — = | +— ++ Jare 
n H nia a а, 


called respectively the arithmetic mean (AM), geometric mean (GM) and harmonic 


mean (HM) of a,, a5, .... Ap 


Note: A, Gand Н all are lie between the least and the greatest of a,, a», ..., а 
Equality holds in 42 G > H, only when all the a; are equal. 


n 


2.5.1 Derived Inequalities from AM > GM > HM 


The following inequalities derived from AM > GM > HM, will be very useful for 
problem solving: 


3 
e х?+у?+ху> т «+ y (Sophie Inequality) 
• х? + у ху 2 ху 
ox +y 2 ху(х + y) 


ab <2+6 
a+b 4 


a+b? a+b а? +02 +c? atbt+e 
a+b | 2 ° atb+e 3 


, etc. 


Example 18 /f'a, b, c, d are any four positive real numbers, then prove that 


a b c d 


—+—+—+—> 4, 
b cd a 
. . . abc d 
Solution: We use AM-GM inequality for the four numbers Bod and —. 
c a 
аЬ с 4а 
b c d a , 8 b c d 
4 “Vb c d a 
or е RES 
b c d a 


Inequalities 


Pall 
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Example 19 Jf a, b, c, and d are four positive real numbers, such that abcd = 1, then 
prove that 


(1 a)(1 * b(1  ceY1- d) 2 16. 
Solution: We know that (1 + a)(1 + b)(1-- с)(1+ d) 


=1+(a+b+c+d)+(ab+ac+ad+ bc * bd + cd) 
+ (abc + acd + abd + bcd) + abcd 


= 1 + abcd + (a+ bed) + (b + acd) + (c + abd) + (d + abc) + (ab + cd) + (ac + bd) + 
(ad + bc) 


=1+1+ a + b t eus t put 
a b с а 
[ae (ae [o 
ab ac ad 
But, for all real k>0,k+222 Hence 


(1+ а)(1+ Б)(1+ с)(1+ 4) 
=24{a+ (o Je СЭ 
а b c d 
[a nn) 
ab ac ad 


>24+2x7=16 
Aliter: AM 2 GM 
1+а> Wa 
1+b 2 24b 
14 c2 24е 
14d 2 24d 
=> (1+а)(1+2)(1+ с)(1+ а) > l6Vabcd =16. 
Example 20 /f р, Б,,..., b, is a permutation of the n positive numbers ay, d», ..., A, 
then, „2 +...„% >, 
b, b, 
4 4 Т a a» an 
Solution: Applying the AM—GM inequality on n numbers nus эъ? we have 
2 n 
Waa Ey. |> а„@„ x dn =Й 1 
п b b, b, by n 
aj a» a 


Example 21 Ifa, а,,..., an are all positive, then 


Jaa + Jaa; t aa, + Jana; + Jara, t Rasa, Feet fay, 40 + {Ay 105 


n-1 
++ а, ла а + Мала, < x (aj +a, += a, ). 


Solution: By AM-GM inequality, 


a + Ay 
2 


аа» < 


а +a 
ааз sad a 


аа„ 


аа, ES 


дай) РЕТ 
аа, = (Where i +j, i, 2 1, 2, ..., п) 


а +a 
a, 1a, «zn F n 


There are inequalities. On the right-hand side, each a; occurs (n — 1) times. 


n(n—1) 
2 
Adding these inequalities, we get 


а ttd 
М9) + ауа» Tesla; Tea, ;a, € (n ní UM 7 n) 


-1 
= = + Ay teca). 


Example 22 /fa, t à; t a4 -- +а, = 1, а; > 0 for all a, show that 


n 


pre n^. 


i=1 Ci 


Solution: (a — by. 20 


=> а? +b’ > 2аЬ 
= 81555 
b a 


a +0 +аз +: +а = 1 (1) 


Inequalities 


PAB 
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Dividing Eq. (1) by aj, a5, аз,..., a, successively and adding, we get 


4] 


and — 4-4 4..-4 +1= 


А а; n 1 
Adding 1+1+1+---+1+ > =. => ES 
——————— 
nterms 1si, jen Tj i=l Gi 
і} 


а; ; а; as » а; а; 
In 22—-, there are n(n — 1) fractions ^. are all distinct. Pairing “ and —, there are 
aj aj aj а 
— А : a; Aj 
nc pairs of fractions of the form — + —, 
di 


aj 


a d; 
But, each — 4 — > 2 


aj а; 
z1 n(n-1 
Big ED op 
i=l Gi 2 
n 1 
=> У >п+и -п= п? 
і=1 i 


Equality holds when all ai, are equal, i.e., each is equal to 1 


Aliter: By AM-HM inequality 


is, ИЕС. E = Fir. 
а 


> 1 > 


Example 23 А and В are the AM and GM between two positive numbers a and b; 
(a- by 


prove that, B < 8A B) 


tb 
Solution: Let А = ш and B= Jab; 


a+b) —-_ a+b-2Vab du zi 


Now, А> B as | — |-Nab 
2 2 


and as A, B are positive, we have shown A > B. 


(a-b) | (a—b)?(A+B) 
Я can be written as ————————— 
8(A— В) 8( A? — B?) 


.. (a-b? er A+B | 
^" A-B) 8 |4-B 


Also 


Now ag (Seer "m (a-b)? 


4 4 
(a-by  (a-by , (4B) 4. A+B 


8(A- В) 8 (а– by 2 
As А> B, 
= В < а <А 
EV) 
B« i) <A 
8(A- В) 
Example 24 Let a, b, c, d be distinct positive numbers in HP. Then prove that 
(i) a+d>b+c (1) ad > bc 
Solution: 


: a+c 
(i) AM > HM > E >b&a+c>2b 
similarly, b + d > 2c 
Adding Inequalities (1) and (2), we get 
a+b+c+d>2(b+c) 
Sa+td>b+c. 
Gi) GM > HM = Vac > b and Vbd > c 


Multiplying, > Vabcd > bc = Vad > Ус 
squaring, — ad > bc. 


(1) 
Q) 


Example 25: /f'a, b, c are positive real numbers that satisfy а + + с = 1, find the 


minimal value of 


ab? bc? gg 
+ + 


En c? a? p 
212 2,2 
Р a‘b- рс 1 
Solution: z toz А а2Ь2 du - Е 
2 с? а? 
212 2,2 
Or І a‘b- рс a 
2\ c а? 
1( b%c? cg 
Similar! = > с? 
ы 2\ а? b? 
ca? qe 
and — > а? 
21 22 с? 


(1) 


Q) 


G) 


Inequalities 
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Adding Inequalities (1), (2) and (3), we get 


ab? bc? с2а? 
2 2 T b2 


>а? +b? +c? >] 


1 
Equality holds when à? = b? = с? = —. 


Example 26 Given that the equation xf + px + qx? +rx + = 0 has four positive roots, 
prove that 

(1) pr — 16s 2 0, 

(ii) q? — 36s 2 0. 


Solution: Let o, B, y, 6 be the four positive roots of the given polynomial. Then, 


а+В+у+ӧ = -р (D) 

op + ау+ ad+ By+ BO+ yô=q (2) 
оВу+ «8б + оуб + Вуд = -r (3) 
оВүб = s (4) 


(1) Using AM-GM inequality in Eqs. (1) and (3), we get 
а+В+у+д apy *aó +ауб + Dyó 


4 4 
> 4оВуб Чо? B5y36? = aByd = s 


= =e ie 
4 44 


=> pr2i6os or pr-— 165> 0. 
(11) Applying AM-GM inequality in Eq. (2), we get 


= sfa? 837353 zu 


= 42 365 or q^ — 36s > 0. 


Example 27 а, b, c are real numbers, such that a + b + c = 0 and a +b’ + cà = 1. Prove 
1 
that, a?b?c? < —. 
54 
Solution: If one of a, b, c is zero, the result is trivial. 


Since a+ b + c = 0, without loss of generality assume that a > 0, b > 0 and c < 0 (asa 
+ b + c = 0, two terms must have the same sign and one term the opposite sign) 


с= -(а+ b) (1) 
Now, 12a? +b? +c? = а? +b? +(а+ b. = 2(à? c ab b?) (2) 
=a? +ab+b? = (3) 

By AM-GM inequality, (a? + b?) - ab > 3ab (4) 


а= > ab< 1 (5) 
2 6 


1 
Equality holds only when а = b = —= (6) 


v6 


1 1 1 2 
Now, c) -(a-by = а? +02 +2ab=—+ab<—+-—= 
id np 2 2 6 3 


2 
5 qp? 2 = (ab? .с? «(z) 21 


ie. a?b?c? < L as desired. 
54 


1 2 
Equality holds, iff a = b = — andc-—-—— (asc=- (a+ b)) 


v6 v6 


1 : 
If the sign restriction is removed, we have two of them are + б and the third as 


T Te 
Example 28 Jfa, b, and c are positive real numbers, such thata+b+c=1, then prove 
that (1 + а) + Ь)@1 + d) 2 8(1—a)0 — 6) о). 
Solution: We know that a - +с= 1 
= l+a=1+1-(b+c)=(1-b)+(1-c) 

Since, a + b + c = 1 where a, b, and c are positive real numbers, so 1 — b and 1 — c 
are positive. 

Applying AM-GM inequality, we get 


1+a=(1-b)+(1-c)>2J0-4)d-c) (1) 
Similarly 1+ b =(1—a)+(1-c) > 2(1-a)(1-c) (2) 
and 1c - (1- b)0-a) > 24— by — a) (3) 
Multiplying Eqs. (1), (2), and (3), we get 

(1 +а)@+Ь)(1 + с) 2 8(1 — a(l- by с). 
Example 29 Let a, b, c be real numbers with 0 <a, b, c < 1 and a b+ c =2. Prove that 


a c 
—— 28. 


a.b 
1-а 1-b 1-с 
Solution: Неге, we use AM > GM 


a= dmi ud Сав а > (a4 b-c)Ya-b-c) 


2 
ь-®+а-9+@Ф а+д), (Б+а—с)(Ь-а+с) 


c S Cac Bt (c- ab) 


> (e+ a- bYc— a4 b) 


| UE mak: 
abc > 
(c+a—b)(c—a+b) 


= (а+Ь- с)(Ь+с- а)(с+а- Б) 
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Le.,a:b:cZ(a*t b—-c)(b-*c—ay(c-cta- b) 
-(2-2c)2-2a)2-2b) [asa b- c-2] 
-8(1—a)y1- bY1- с) 


1 1 1 
Example 30 /f/—+—+—=1 for x, y, z > 0, prove that (x — 1)(у - D(z - 1) 2 8. 
X y z 


1 1 1 
Solution: —-—-—-l; x,y,z>0 
x 


yz 
Let, geh yal get => at+bt+c=1 
a b с 
1 1 1 
Also (x-D(y-D(z-Dz8 eb Ene 
a b e 
€» (1— a1 — b)(1— c) 2 8abc 
€» (b+c)(c+a)(at+b) = 8abc 
Now a*b22dab 
Similarly b+c 2 2x bc 
and ct a2 24 ca 


=> (а+Ь)(Ь+с)(с+а) > 8ађс. 


+ : l <l. 
l+a l+b l+e 


Prove that, (1+ a? 31+ b?y1-- c?) 2125. When does equality holds? 


Example 31 Let a, b, c be positive real numbers, such that, 


Solution: Now 


1 1 1 1 1 1 a 
<1 + «I ; 
l+a 14+b l+e 1+b 1+с l+a 1+а 
a . 1 + 1 (1) 
І+а 1+b 1+є 
b 1 1 
Similarly —— 2 — + — 2 
чк, 1+b 1+с l«a e 
d NS 1 " 1 (3) 
n [с 
и l+c lea 1+6 
Apply AM-GM fi : + : 
E of + 
PPY l+b l+c 
1 1 2 a 2 
+ > => > (4) 
l+b 1+с J(+d)(1+c) lea | J(+b)0 +c) 


b 2 с 2 
Similarl 2 and > 5 
"iss Jd+od+a) ise Jade S) 


Inequalities 


Multiply the results of Inequalities (4), (5) to get 


(Sees m зе) (6) 


=> abc28 (7) 
Expand F = (1 + а2)(1 + Б2)(1 + с?) to get 


Е =1+ (a? +b? +c7)+(a*b? + Б2с2 + с2а?) + a*b?c* 


1 1 
Le. F »1-- (3(a2b2c2)3 +3(a*b4c4)3 + (a2b?c?) 


ie, F 21 (322) - 3(2*) + (8)? (as abc > 8, from Inequality (7)) 
i.e., F21+124+48+ 64= 125. 


Example 32 x and y are positive real numbers; prove that 
4x4 c 4y) + 5x? + y 412 12xy. 
Solution: Now, 4x^ -12 4x? (AM-GM inequality) 
and 45? + y > 4y? (AM-GM inequality) 
and hence, 


4х - Ay) - 5x? + y 12 4x? - Ay? e 5x?, ie., 9x? Ay? 


Again, taking AM-GM, 9x? +4y? > 245632? = 12xy. 
= 4x44 4у + 502 +у+ 1 2 12ху. 
Example 33 Prove that, for all x, y, z > 0, x? + xy? + хуг? > Axyz - 4. 
Solution: x? + xy? + xyz? 2 Axyz - 4. €» x? + xy? + xyz? +4 > 4ху2 
Now by AM-GM for x? and 4; x? +42 4x 
AM-GM for 4x and xy?; 4x * xy? 2 4ху 
AM-GM for 4xy and xyz?; 4ху + xyz? > 4xyz 
=> xl-xy^-xyz)e424xyz => х? + ху? + xyz? > 4xyz—4. 
Example 34 Given real numbers a, b, c, d, e, all greater than unity, prove that, 
а? p? e d? e? 


+ + + + >20; 
с-1 4-1 e-l a-l b-1 


Solution: We know that (a—2)* 2 0, i.e., a? —4a +42 0 


i.e., а? > 4(a-1) (1) 
P. 
Since, a » 1, we have = 24 (2) 
а— 
b2 c2 d? e 
Similarly, —— 2 4; 24; >4; >4 3 
perennial = d-1 pul 9) 
By applying АМ-СМ inequality, we get, 
a b2 с? 4? е? а?Ь?с?4?е? 
+ + + + 255 
с-1 4-1 c-1 b-1 b-1 (a - (b - 1)(с– (4 0(е- 1) 


254/4-4-4-4-4 2 5x4 = 20. 
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Example 35 /fx, y, z are each greater than 1, prove that 


x4 y! z4 


BUY Gr gu 


Solution: Put (х – 1) = а, so that x =a+ 1; similarly y=b+1;z=c+1 (1) 
4 4 4 4 4 4 
Thus, en ut 7 _ (atl _ +) ,C*D 
(y-1? (z-1? (2-1)? b? с? а? 
+1)* (+ 1)* = i 
Apply AM-GM to the quantities, c j ‹ 5 ) aC n we get (2) 
с 
1 
-D^ (b+1)4 +1)* 1^ (b +1) (с+1)* |3 
Жыга быр cae CTS шы T 
b С а b^c 

Also apply AM-GM fora+1,5+1,c+ 1; 

Thus, а+1> Wa , so that (a+1)* > (2Ja)* = 16а? 

Similarly, (b+1)* 2165? and (с+1)* 216c? (4) 

1 
16-a? -16-b? -16-c? |3 
Thus the given expression 2 pese =3 x 16=48. 
a*b*c 

Example 36 Let a), a5, ..., a, be positive real numbers, and let S, be the sum of the 
products of ay, a5, ..., a, taken К at a time. Show that 


2 
519,4 > a aa»... Ay 


Fork-21,2, ...,n— 1. 


Solution: S, = Xa,a5a,...d, 


n n-i 
Note: Number of terms in S, is Ө and also a, is present in Ё | terms. Similarly 


. (n-1 
>, аз, ... each one present in | | terms. 
k-1 


Apply AM 2 GM 


1 
ааа B), (а i) n) 
piah | (fl) 
б 
=> sa jon at 
k 
-(" Joe а! 


п-к 
п жек 
Similarly, Sas" С ае sequ.) 


(1) 


Q) 


Inequalities 


Multiply Inequalities (1) and (2), we get 


2 
Sy E Sk > Ө аа аза, 


Example 37 Let a, b, с be the lengths of the sides of a triangle. Prove that 
Vatb-c+Vb+c-at+Vet+a—b € ab Nc. 
Solution: Let a = x + y, b =y +z, c =Z + x; x, y, Z > 0, inequality becomes 


М/х +y + УМ) < fxty+Jytztvz+x 


xy 224xy (By AM 2 GM) 
= 2(х+ у)> х+ у+2./ху = (Ух + Ју)? 
=> \З}х+у>ух+үу 


- Je» 2 Ee dy) qm 
X3. 
Similarly J4y*z2 qw Jz) (2) 


and Verne (+) (3) 


By adding Inequalities (1), (2) and (3), we get 
Jxty +ytz +Vz+x > V2 (vx ey +z). 


Example 38 Let a, b, c be positive real numbers. Prove that 
a b c at+b+e 
1+—||1+—||1+—|>2|1+ Я 
| | dp 
+ 212) Sex e 

1+ 

3 

b 


Now, 


Solution: 


a с dà m с a+b+c 
›2+—+—+—+—+ 2242 
b c a c a u^ abe 
a b c_a+b+c 
Let us prove that, +—2 (1) 
ae abe 
a b c, а+Ь+с 
d +—+-> 2 
an ag БЕ Рт (2) 


2 3 al 
. a b a b a3 3a 
For Inequality (1), ш bo А =3 ec —— 


3b а 2 " a. 3c 
Е * Tob c a b abe 
Add all three to get Inequality (1) 
Similarly we can prove Inequality (2). 


b 
Similarly, d^ з 
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Build-up Your Understanding 3 


12. 


13. 


1. Ifay,a),...,4,arenpositiverealnumbers,showthat. naja» ...a, S aj" +d)" +++ as". 
2. Prove that if a, b, с> 0 then a^ (b + с) + Ь (с + a) + c(a + b) > babe. 
3. If a » 0, prove that (a +a +а+ 1) > 160. 
ie E b+c cta a+b 
4. Ifa, b, care three distinct positive real numbers. Prove that + b + >6 
a с 


or, bc(b + c) + ca(c + а) + ab (a+b) > 6abc. 


. If a, b, с are three distinct positive real numbers, prove that a (1+ p) +B 


(1+ с) + с2 (1 +a’) > баЬс. 


. Ifa, b, c, d are distinct positive real number, prove that 


a*(1-4- b5) + Ь®(1 + сб) + 81+ a+ d aS > 8а P Og. 


. Ifx, y,z» 0and x c y * z = 1, prove that 


1 
(а) x yz 3 


(b) xyz < E 
64 


. Их+у+2=6б(х,у,2 > 0). 


(a) Find the maximum value of xyz. 
(b) Find the maximum value of xyz. 


. Show that, if a, b, c, d be four positive unequal quantities and з= а + РЬ + с + а, 


then (s — a) (s - b) (s— c) (s — d) > 8labed. 


. If a, b, c, d are distinct positive real numbers, such that 3s = a + b + c + d, then 


prove that abcd > 81(s — a) (s — b) (s — с) (s — d). 


. Prove that (a + 1)! (6+ 1)! (с+ 1)» T a‘ b^ сё, where a, b, ce В. 


п-1 


For every natural number greater than 1, prove that 2n — 1 2 .n- af, 


Let a, b, c, d € R* such that a + b + c+ d= 1. Prove that 
a? p e d? 1 
E + + >, 
b+c c+d d+a a+b 8 


2.6 WEIGHTED MEANS 


Given any n positive real numbers a), a», ..., а,, with their positive weights, у, Wz, ..., 
w, respectively the positive numbers A*, G* and H*, defined by: 


A 


С* = (aj) аў? T а” уи, and Н* = 


QW, +09 tct Ap Wn 


D 


Wi Wjt:tW, 


1 
Wi + У) е We 


w w w 
DX uo 2 yp gp n 
aq а) а, 


аге known as weighted AM, weighted СМ and weighted HM respectively and we have 


A* > G* > H" 


Equality holds in A* 2 G* 2 H*only when all the a; are equal. 


Inequalities 2.23 


ah a+b 
Example 39 Prove that (=+) >а? -b*, a,be R^;azb. 


Solution: Let us consider a with weight b and b with weight a 


Then WAM > WGM baci | 
= LIT „(а®ьауа+ь 
+Ь 
1 

= ешр 

+Ь_ 2ab 
Now, 227247 (AM > HM) 

2 a+b 


| ad | AN 
—|—— >a? b", 
2 
Example 40 Jfa, b, o and D are positive real numbers, such that a+ В = 1, then prove 
that aot + bB > а. bP . When does equality hold? 
Solution: Consider a with weight œ and b with weight В. Now by weighted AM = 


1 
> (аЬ? yeh 


weighted GM, we have PIE 


аа +В >а. bP. 
Equlity holds when a = b 
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1. For every positive real number a #1 and for every positive integer n, prove that 
l+na = 3 
>a". 
l+n 
ab 27 


2. For a and b positive real, prove that ————7 < ——. 
eee р (a+b) 256 


2 2 а+Ь 
3. Prove that (2) >a“b?. 
a+ 


x24 y2 422 y 7 xtytzY 77 
4. Prove that | $2 +7 >x* yz? (===) Е 
х+у+2 3 


5. By assigning weights 1 and л to the numbers 1 and | 1+ z) respectively, prove 
n 


n+l n 
that if x > —n, inen( 1+ (3 . 
п+1 п 


1 1 

ES n 1 
6. If n is a positive integer, prove that ((1-- 1)! j»! <1+ zo a | 
п 


1 п 1 п+1 
7. If n is a positive integer, show that С = 1) < С - m я 
п п+1 


+i l. XP QT * 
8. Letp, qe R^, —+—=1. Prove that +—2xyforVx,ve К. 
P dq P d 
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2.7 Power MEAN INEQUALITY 
Let a, ау, ..., a, be n positive real numbers with their positive weights wj, Wz, ..., W 
respectively and let m be a non-zero real number, then 


1 
way" + way’ +++ w,ar | 


WPM,, = 
Wi + Wa +e + Ww, 


Now weighted power mean increases with increase in ‘m’, i.e., for p > q, we have 
WPM, > WPM, 
Equality holds when a, = a) = ++ = a). 
Note: т = 1, then WPM, = А“ (weighted AM) 
m — 0, then WPM, = G (weighted GM) 
m = —1, then WPM_, =H" (weighted HM) 
m = 2, then WPM, = QM" (weighted quadratic mean). 
=> А* < G* < H* < OM* 


Example 41 Prove that a v Бъ с > abc(a * b + c), [a, b, c > 0]. 


Solution: Using PM, > PM, inequality, we get 


1 

a b «c (acbecy ab b 4c (а+Ь+сү 
2 => = 

3 3 3 3 


at+b+c\(atb+c) _(atb+e ip 
- ^ 3 > s [(abc)3 (С> AM > GM) 


a^ + b* + c* (ze 
2 abc 
3 3 


% a^ 4 b^ 4 c* 2 аЬс(а + Ь+ с). 


Example 42 a, b, c, d and e are positive real numbers, such thata+b+c+d+e=8 
and à + xd +e = 16, find the range of e. 


Solution: Using PM, < РМ», we get 


=- erae (1) 
4 4 


But, a+b+c+d=8-eandad +b +e +d 216-8 
So, Eq. (1) becomes 


(8) сё 
4 4 


Inequalities 


e 
> — (5e-16) <0 

16° ) 
= 5e — 16 € 0, since e > 0. 
Thus, oces, 


S M 


5 9 
Example 43 Prove that + 2 "E ifs=at+b+c, [а, b, c» 0]. 
5 


+ 
-а s-b s-c 


1 PC 9 
b+c cca a+b 2(а+Ь+с) 


Solution: We have to prove that 


1 
a+b b+c cea 


Using PM, 2 PM , inequality for variables , we get 


(a+b)! +(b+e)!+(c+ay! a[arbebeeren ay” 
3 Б 3 


1 1 1 9 
or, + + 2 : 
b+c c+a a+b 2(a+b+c) 


Aliter: AM > HM 
_, (at b) (bt c)*(e va)... 3 
3 1 1 1 
+ + 
a+b b+c c+a 


1 1 1 9 
+ + > ; 
a+b b+c c+a 2(a+b+c) 


Example 44 Find all non-zero real number triples (x, y, z) which satisfy 


3(x? + y? +22) =1; x2y? + y?z? +225? = xyz(x y zy. 


. х2 +y? +z? (х+у+= 
Solution: Now, 2 


2 
3 | (Power mean inequality) 


=> 3(х2 +у2 +22)>2(х+у+х)2 
і.е. 12(х+у+2)2 or(x+y+z} <1 
=> xyz(x- yz) < xyz(x* yz) 
(As xyz(x + y + 2) is non-negative) 
x?y? + y?z? e z?x? € x? yz e y? zx + z?xy 
(xy — yz)? + (yz 2х)? + (zx - xy <0 


ху = yz = zx 


ууу} 


X=y=Z 


DE 
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111 -] -1 -1 
-. Solution is given by (x, y, »- [4.5 1) апа (=. $3) 


[urere oio jt ato э х= к 
3 3 9 3 


When x = y =z. 
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1. Leta, b, сє R* and а + 2 + с? = 27. Prove that а? + b? + с? > 81. 
2. Fora, b, c, € R^, prove that 8(а? + b? + с?) > 9(а2 + bcy(D? + са)(с? + ab). 


2.8 REARRANGEMENT INEQUALITY 


Consider the followings illustration: There are five boxes containing $ 5, 310, 320, 350, 
3100 bills respectively. From each box you are allowed to take 2, 3, 4, 5 and 6 bills. 
How do you act to maximize the money you obtain? 

Obviously you would take six 7100 bills, five 750 bills, four 320 bills, three X10 
bills, and two 35 bills and you will get 6 x 100+ 5 х 50+4 x 204+3 х 10 +2 х 5 = 
3970. 

Suppose you want to minimize the amount. In this case, you will take least possible 
number of units of highest denominations and you will get minimum 


2х 100+3 х 50+4х 20+ 5 10+6 x 5 = 510. 


In rearrangement inequality we аге using the same Idea. 
Let ај, a, d3,..., a, and b,, b, ..., b, be sequences of real numbers in ascending 
order and bj, Ё,,..., bin is some permutation of b4, b», Ёз, ..., b, then 


72 in 
ab, + ab, у + tab Saba + аЬ +++ tab, Sab + ab, + + аЬ 


n— піп пп 


Let us define a notation for sum of product of corresponding terms of two sequences 


as, 
а a» аз "t аһ 

= qb + ab, +--+ aub, 
h hs deu d 1b, + a5b; a 


Example 45 Prove that a’ + 2 +c’ > ab + bc + ca. 
Solution: Leta<b<c 
Ms b AED b e] 
' а b c| |Ь с а 
> а ++ с> ар+Ьс+са. 


Example 46 Prove that а +0 + с> адЬ+ с+ ea for positive real numbers а, b, с. 


Solution: Let 0 <a <b <c >&@ <b’ < с? 

a b e a pc 
Now, > 

a b c b c a 


Эа ++ с> аЬ + Рс+ ea. 


Inequalities 2207 
КЕ Ss 
b+c cta a+b 2 


1 1 1 
Solution: Let 0 < a < b < c => < < 
b+c c+a a+c 


Example 47 Prove that 


fora, b,c e В. 


a b с а b с 
Now 1 1 1 |> 4 1 1 (1) 
b+c cca a+b c+a a+b b+c 
a b с а b с 
also 1 1 1 |>| 1 1 1 (2) 
b+c cca a+b a+b b+c c+a 
Adding Inequalities (1) and (2), we get 
( ш + b + 2 Эз 
b+c с+а a+b 


This is called Nesbitt’s inequality. 


abe 
Example 48 Let a, b, сє R^, such that abc = 1. Prove that b +—+—2atbte. 
c a 


Solution: Let 


= 
= 


1 
2\3 3 23 
ORD] 
b c a bc ca bc 
a+b+c. (usingabc- 1) 


2.9 CHEBYSHEV’S INEQUALITY Pafnuty Lvovich Chebyshev 
Let x, y;€ RVi=1, 2, 3, ..., n such that 


ху<х,<х €... £x, and y, £y; € у, <... y, then 


XM Vn t X2yga ctt X40 = Em (atn ED 


n n n 
АЛ t X2ya t t Xi yn 
n 


If one ofthe sequences is increasing and the other decreasing, then the direction of the 
inequality changes. 


16 May 1821-8 Dec 1894 
Corollary: Taking a; = Б, from right hand side inequality, we get Nationality: Russian 


жазаа, \ atata, 
a Ta 4 | < TH an 


which is known as QM inequality. 
n 


n 
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аў +Ь% 4 c? 
a.p. 
Solution: Applying Chebyshev's inequality, we get 

3(a? + Б + c5) > (af + Ь° + с°)(а? + Ь° + с?) 
> За? b e (а +b + с) (By AM-GM) 


> За? (ab + Ьс+ са) (Rearrangement) 


1 1 1 
Example 49 Ifa, b, c € R^, prove that Pup += 
а c 


a@+b8+c8 _ ab+bc+ca 1 1 
33353 DROIT 
abc abc a b c 


Example 50 /f'a, b, and c are positive real number, prove the inequality 


ab + bc ca < X(ab + be + ca) 
a+b b+c cea  2atb+t+c) 


Solution: Leta <b < c 
>a+b<a+c<b+c (1) 
1.1 


1 
also we have — < — < 
c b 


a 


ab <_< be 
a+b atc b«c 
Using (1) and (2) and by applying Chebyshev’s Inequality we get 


or 


(2) 


За). Har +040] 
a+b a+c b+c 


авнаа ко) ab ac be | 


+ + 
a+b a+c b+c 
3(ab+ bc + ca) < ab Р bc "n 
2(a-b-c) a+b b+c с+а 
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: 43 3 
, "e sin’ x cos’ x л 
1. Find the minimum of ——— +——,,x €| 0, — |. 
cosx sinx 2 


2. a, b, c € R^, prove that a^ + b^ + c^ 2 abe + Ь°са + cab 
a? p? c а?+Ь?+с? 
is 
b+c c+a a+b 2 
а2 +02 2 +с2 с? +а? 


4. а,Ь, сє R^, prove that + + >a+b+c. 
2c 2a 2b 


3. a,b,ce R^, such thata+b+c=3. Prove that 


5 bce Rt gu EE VE VE RE PEE „+ 
. a,b,c , prove that —  — + — 2 —— — : 
P bc ca ab 2c 2a 2b 


6. a,b, c € R^, prove that (a? + b? + (à) + PP с?) < 3(а? + Ь° + c). 


7. If a, b, and c are the lengths of the sides of a triangle, s its semiperimeter, and 


n n n n-2 
n > | an integer, prove that T y 2 к (2) att 
b+c cta a+b «X3 


2.10 Caucuv-Scuwanz INEQUALITY 


Ifa), a, ..., a, and Ьу, bz, ..., b, are 2n real numbers, then 


9 On 


(a,b, + аЬ) ++ a, b,) € (ay? + ау aD) (bi + b +--+ D.) with the equal- 


Hb uL E ecce 


b b b, 
Proof: Let a,, a», ..., a, and Бу, b», ..., b, be real numbers. For every real x, we have 


f(x) = (ax — by + (ах — by) +- + (a,x – by. 20 


ity holding if and only if, 


= (Xa y! -Zab x+ Xb,20VxeR 
=D<0 
= 44161) —4У а УЬ <0 
= (aj? + a Tec a, (bj? + b’ tec b,) 2 (a, bi taba, by. 


b b 
Also equality holds, when x = RN п. 
a ay аһ 


Corollary: An alternate form of Cauchy-Schwarz inequality usually known as Titu's 
inequality, is as follows: 
For ху, Ху, X4,..., x, € R and а), @,...,@,, є IR^, we have 


2 2 2 2 
Xr ok x XX ++ 
1 ER 2 ай > 1 2 » 
a, о? Q, о +Q)+--+a, 
: X x x 
Equality holds when == 2 =... =". 
a, 9 an 


Proof: Take a; = — and b; = Jai and apply Cauchy—Schwarz inequality. 
Qi 
Example 51 /fa, b, and c are positive real numbers, prove that 
2 
а bit. (a+b+c) 


b c a ab+bc+ca 


Solution: 


(By Titu's inquality). 


2 p2 „2 2 
b c a b ‚© > (at btc) 
c 


a ab bc ca ab+bc+ca 


Inequalities 229) 


Augustin-Louis Cauchy 


21 Aug 1789-23 May 1857 
Nationality: French 


Karl Hermann 
Amandus Schwarz 


25 Jan 1843-30 Nov 1921 
Nationality: Prussian 


Titu Andreescu 


12 Sep 1956 (age 60) 
Nationality: Romania 
Presently in USA 
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Example 52 If p,, р»›,..., Роуд be an arbitrary rearrangement of 1, 2, 3, ..., 2014, 


prove the inequality: 


1 1 1 1 2013 
+ + ++ > 


Pit P2 PtP Р»+Р4 P2013 + P2014 2016. 


Solution: By Cauchy-Schwarz inequality, 


{(р + Pr) + (na + рз) +: + (роз + P2014)] 


| І + : eL Jean? 
Pit+P2 P2+ P3 P2013 + P2014 
1 к 1 то 1 is (2013)? 
Pit+P2 P2+ P3 P2013 + Род 2001 + Pa ++ руа) Pi 7 P2014 
(2013? " (2013? 
(2014)(2015)- pj - poy4.. (2014)(2015) -1-2 
s 2013 
(2014)(2015) + 2014 - 2015-1 
Е (2013? .. (2013)? 
(2014-1)(2015—1) (2013)(2016) 
_ 2013 
= ae’ 
Example 53 Find all positive real numbers x, y, z, such that 
2x e ;2у 274 l 22 hae : : 
z 2016 x 2016 y 2016 


Solution: Now, 2xz -2yz +1 = a 


2016 
d 2yx-2zx412 —— 
dn 2016 
and 22у-2ху+1= —— 
2016 

Adding Eqs. (1), (2) and (3), we get 

_2+х+у 
2016 


i.e., x+ y +z = 3(2016) 
Similarly by adding given expressions, we get 
1 1 1 3 


x y z 2016 


1 11 
Now by Cauchy-Schwarz inequality, (x + y +z) Е += + 1) > (3)? 
X y z 


ie, 2016) lllo = 1,1,1, 93 , 3 
E = x y z 32016 2016 


(1) 


(1) 


Q) 


(3) 


(4) 


(5) 


Inequalities 


1 1 1 3 
But, —+—+—=—— (From Eq. (5)) 
x y z 2016 
Hence, equality should hold > х= у= 2 


As, x + y + z = 3(2013) > x = 2016; y = 2016; z= 2016. 
Example 54 Jfa, b, c are positive real numbers, prove the inequality: 


ab? + b? + са? > аЬс(а+Ь+с) 


ab b саў 
Solution: Now, — +——+—— 2 (a+b +c) 
abc abc abc 


Р 
Le, —+—+—2(at+b+c) 
a b 


2 2 22 2 
Naw uas - 2 NOSE. > (bera) 
c a b c+a+b 


=(a+b+c)= RHS. 


(Titu’s inequality) 


Example 55 Jfa, b, c, and d are positive, then prove that 
(a^ b + Ўс + с°а + Раа? + Бс + ed? + da’) 2 16(аЬсау. 
Solution: Applying the Cauchy-Schwarz inequality 
ab = ар ,Ь3с = аў,с?а = а{,4®а = а 
and sb mh. bè Hb, uw В.да =Ь], 
we get, a,b, = а, а,Ь, = b^ ab, = ed, аЬ, = Фа?. 
> (adb«bcecd-dayab + be ecd + da) (db +b c eg day 
Now, applying AM-GM inequality and taking square, we get 
(а?Ь?” + 222 + Р + Фа?) > (ANatb*c*d*y 

=l6abed. 

Hence, (a°b + bc + са + d^ay(ab? + Бе? xcd + da’) 2 16(abcd)’. 


Example 56 Given that x +y +27 = 8, prove that 


E 
x € у .z2216]1-. 
3 

32 32 3 1/2 12 12 


Solution: Applying Cauchy-Schwarz inequality with x ^, y ^,z ? and х!?, q^ EU. 
we have 


ty +2)” < о? y +@)(х+у+) 
Again, x+ytz=xxl+yxl+zx1l 


So, (х+у+2)2 < ey +2002 +12 + 12) 


1 1 
+у+2) < ү3х8 > ———2—— 
Б " 9) ME VEZ 2416 


23111 


252 


Chapter 2 


Hence, 
(x? +y? +z?) _ 64 
(x yz) 246 


2 
=> мунар, 


Example 57 м? +? +y? +23 = 10, show that w^ + х y^ + z“ > 3/2500 


(х + у +23) > 


Solution: Applying the Cauchy-Schwarz inequality for w°, x?, y^, z and w, x, y, 2, we 
get 

(м? +? +y + zy < (w* +2“ £y! + Aw +х? +y +2) (1) 
Again, by applying the Cauchy-Schwarz inequality with w^, x^, y’, z and 1, 1, 1, 1, 
we get 

(w? +x +y + zy < (w* +2“ £y + gy 

=> (иг x y! + 2) < (wi e x* y! +)” (2) 
(иЗ +х? + у? +23) 


(и e x* + уќ +24) > 
(w? +x? + y? +27) 


(by Eq. (1)) 


(ми +33 + y3 +23)? 
Е 2(w* +x4 + у“ +24)12 


1 
— (wx xy ez? ~ =50 


(by Eq.(2)) 


=> wr+xt+y44+z4>5023 or 3/2500. 


Build-up Your Understanding 7 


1. (a) Ifx,;>0, (i= 1,2, ..., n), then prove that 
(x, +X, +... +х,) ЕЕЕ > n. 
а 2 Xn 
(b) If ay, a5,..., a, are n non-zero real numbers, prove that 
2 


(фи? у> —. 
: "0 abp-eÉa 
2. Ifa<0 for all i= 1,2, ..., n, prove that 
1 1 1 2 
(а) (atat ta) —+—+--+— |» 5. 
а ay a, 


(b) (l—a,+a,’)(1—a,+a,")... (1—a,+4,”) > 3'(a, ay... a,) (where n is 
even). 
3. If none of Ру, b,,..., b, 15 zero, prove that 


2 
|а.) < (а? teca (b? vb?) 


1 
4. If 3x + 4y = 1 for some x, y € R. Prove that x? + у > z 


2 di 2 b 2 
5. Fora, b, сє R, prove that: = + 3 + 6 (5 | : 


6. Fora, b, c e IR^, prove that: 
і + : + | > 4 : 
1+а 146 lec 3+a+b+c 


7. a,b, c, d e R^, prove that Ja b)(c--d)z (Vac t vba). 


2 2 2 9 
8. x,y,z, e R*, prove that + + > . 
x+y yz ztX х+у+т 


ышк GOS A 9 us 

а +05 be +с с +a 

9. а, b, c, є IR^, prove that + + >a+b+c. 
a+b b+c c+a 


2.11 HOLDERS INEQUALITY 
X 1 1 1 
(аР * aj +-+ ap )P (bi +b] +---+b7)4 > (ajb, +а,Ь, +++ a,b,), where —+— 
p, 4 > 0; and aj, b; are non-negative real numbers. А. 
This can be generalized to k set of variables: 
(а di ++ ay)" (а +а ++ a5, ^ (agi + ago ++ apn)” 


> („Ааай ...a* алала qg% 4.4 qhqh gh... à) 
> (ad ada aki + 015055035 Aka FF 01505503, Uy 


where, a; > 0, A;>0 and XA; = 1 
Another form of Hólder: 


(а djs dba) (art dos ds) "(da Tag tau) 


k 
k k kf 
2 (Гала, ад + аза сак + FY An dn ам) 


Example 58 Let a, b, сє R^, prove that 


a? b? e _atbt+e 


Gab? ed? Grey 4 


Solution: Applying Hólder's inequality, we get 


a p? e 


ОО СОИ 


3 
>| 3(а+ Б)? a t 3/(b 4- cy p + 3/(c +a)? e 
(a+b) (b cy (c ay? 


= (a4 bo cy 


аў p e а+Ь+с 2 
+ + > ‚ (dividing by 4 b+ 
CUT Gee бы ee 


(a4 by? omm» ау 


Inequalities 2.33 


Otto Ludwig Holder 


=, 


22 Dec 1859-29 Aug 1937 
Nationality: German 


| 
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Example 59 Let a,b,c € В“, prove that 
eb 25. 1 Lb 
++ >+. 
D oO! gdg abe 


Solution: Applying Hólder's inequality, we get 


3 
1 1 11 1 1 a2 p c 11а? 118 Jll æ 
+—+ +—+ +— + АЕС ЕЕЕ ЕЕ 
a b ca b cAD с æ aa b bbe cc а? 


2 b ogg (| 1 1 11 1Y 
=> — +—+— 2| ++ |. | dividing by} —+—+— 
Dog а E b J | : 1 b 3 


А 1 1 1 
Example 60 Рога, Б, сє К anda+b+c=1, prove that | 1+ — т 1+ = |> 64. 
а c 
Solution: Applying Hólder's inequality, we get 
3 
1 1 1 111 à 1 
e ez et) Viigo | =|1+ 
a b с abc E 
(abc)? 


1 
Now it is sufficient to prove | 1+ > 64 or abc < m 


(abc)à 


1 
By AM > GM, C > (abc)3 


1 
= 1 1 
> (abc) <-> abc € —. 
3 27 
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1. a, b, c € IR^, prove that (1 + oL + by + c) >(1+ abc)’. 
2. a, b, c, d € R^, prove that (1 + a*)(1 + Б®)(1 + c*)(1 + d) > (1 + abcd)’. 
3. Fora, Б, сє Rp prove that 

(а2 + ab + Dy? + Бс + с)? + са + а?) > (ab + be + cay, 


4. Fora, b, c € IR^, prove that 3(a?b + b?c + c?a)(ab? + bc? + са?) 2 (аЬ+Ьс+са)?. 
9 24 


5. к ЫР a, b, € R*, prove that à? +b? > 9(4+ 5/9)2. 
a 


2.12 Some GEOMETRICAL INEQUALITIES 


2.12.1 Ptolemy’s Inequality 


For any four points А, В, C, D we have, AB: CD + AD: BC 2 АС · BD. 
Equality occurs if and only if, ABCD is cyclic. 


2.12.2 The Parallelogram Inequality 


For any four points A, B, C, D not necessarily coplaner, we have, АВ? + BC + СР? + 
DA? > AC? + BD”. 
Equality occurs if and only if, ABCD is a parallelogram. 


2.12.3 Torricelli’s (or Fermat’s) Point 


For a given triangle ABC, the point P (In the plane of the triangle) for which AP + BP 
+ CP is minimal, is called Torricelli’s (or Fermat) point. When all angles of AABC are 
less than 120° then at this point P all sides of the triangle subtends 120° angle. When 
any angle of the triangle is more than or equal to 120° then P is at that vertex 


2.12.4 The Erodos—Mordell Inequality 


Let P be a point in the interior of AABC and L, M, N projections of P onto BC, CA, AB 
respectively. Then PA + PB + PC 2 2(PL + РМ + PN). 
Equality holds iff, AABC is equilateral and P is its centroid. 


Proof: 

Let the sides of AABC be a opposite A, b opposite В and c opposite C; also let PA = p, 
PB = q, PC =r, dist (P; BC) =x, dist (P; CA) = y, dist (P; AB) =z. 

Claim: cr 2 ax * by. 


c(r ^ 2) m ax * by * cz 
"n Bc 
The right side is the area of triangle ABC, but on the left side, r + z is at least the height 
of the triangle; consequently, the left side cannot be smaller than the right side. 
Now reflect P on the angle bisector at C. 
We find that cr = ay + bx for P's reflection. 
Similarly, bg = az + cx and ap 2 bz + cy. 


—r2(alc)y + (b/c) x, (1) 
and q = (a/b) z + (c/b) x, (2) 
and p > (b/a)z + (с/а)у. (3) 


Adding (1), (2) and (3), we get 


peers (at e ( £525: > 2(х+у+х) 
c b c a a 


b 


Inequalities 235 


Claudius Ptolemy 


c.AD 100-c.AD 170 
Nationality: Greek 


Evangelista Torricelli 


15 Oct 1608-25 Oct 1647 
Nationality: Italian 


Paul Erdós 


26 Mar 1913-20 Sep 1996 
Nationality: Hungarian 


Louis Joel Mordell 


28 Jan 1888-12 Mar 1972 
Nationality: British 
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Gottfried Wilhelm 
Leibniz 


| July 1646-14 Nov 1716 
Nationality: German 


Johan Ludwig William 
Valdemar Jensen 


8 May 1859-5 Маг 1925 
Nationality: Denmark 


(As the sum of a positive number and its reciprocal is at least 2 by AM—GM inequality) 
Equality holds only for the equilateral triangle, where P is its centroid. 


2.12.5 Leibniz’s Theorem 


Let P be any point in the plane of the AABC and G be centroid of the AABC. Then 


AP? + BP? +СР? = (ав? + ВС? +CA*)+3PG? 
The point Р for which АР? + ВР? + СР? is minimal is the centroid of the triangle. 


2.13 JENSEN’s INEQUALITY 


Let f be a real valued function, f defined on an interval Z c R, is called convex if for 
all ху, x; € 7 and for A € [0, 1], we have 


fO + (1 =A) x5) 5 Мо) + (0. — A) Ло) 


If fis convex over Гапа x}, x;, x4, ..., x, € І, then 


(em + WX, IE Wi CU PLU) eer Wa in) where w,e R* 


Wi Wa +++ УР, Wi twt ЕИ» 


Equality holds for x, =x, =... = X, 
In case of f concave, direction of inequality will change. 


Note: For double differentiable functions, convex (or concave) < f" (x) 2 0 (or € 0). 


b [s 3 
+ > -. 
b+c cra a+b 2 


Example 61 Let a, b, сє IR^, prove that 


Solution: Let us normalize, the inequality witha+b+c=1 


a b e 3 
> + + 2 
1-а l-b 1-с 2 


Consider, f(x) = с x €(0,1) 
=x 


, 1 " 
> о) тж f= 


2 
>20 f is convex 
1- xy? f 


( 


By Jensen’s inequality, 


(=s f(a)* Р) + f(o) 
3 i 3 


Inequalities PIS 


Build-up Your Understanding 9 


If A, B and C are the angles of a triangle, prove the following: 


1. sin( 4 sin # )sin( ©) < l : 
2 2 2 8 


3 
3. cosÁ + cosB + cosC € З, 


4. tan? (2) + tan? (2) + tan? (S) 2]. 
2 2 2 


343 


5. SIDERIBUS 


sinA sinA sinC 9/3 
+ + < | 
А В C 2л 
7. Let a, b, c denote the measures of the sides of a triangle. Prove that 
a^(-a + b 4 c) + P(a — b c)  c(a4 b — c) > 3abc 
a " b " с 
Ма2 +8ьс МЬ?+8са Vc? +8ab 


u p? 1\9 119 10% 
9. a,b,c ER’, prove that @+—| +|Ь+—| +с+—| 25>. 
a b с 3 


6. In acute angle AABC, prove that 


8. a, b,c € R^, prove that 2]. [IMO,2001] 


1 
a tàjt-d - 
10. a; € R^, prove that LL CÓ » (ama). 


| Solved Problems| Problems 


Problem 1 Jfa, b, с, d, e, f> 0, prove that 
ab cd " ef <(а+с+е)ф+а+ f) 
a+b с+а e+f a+b+c+d+e+f 


cd < (9+) +а) 
a+b ced a+b+c+d 


Solution: Claim: 


Proof: Our claim is equivalent to, 
[ab(c+d)+cd(a+b)|(a+b+c+d)<(a+c)(a+b\(b+d)\(c+d) 

< (cd+ab)(at+b)\(c+d)+ab(c+dy + са(а+ Б)? < (ab cd * ad + bc)(a- b)(c- d) 

«€ ab(c+d)* & cd(a- b)? € (ad + Ьс)(а + Ь)(с +4) 

€» а(с+ d)[d(a- b) -b(c - d)] - c(a* b)[b(c- d) - d(a b)] 2 0 

€» a(c-4 d)(ad — bc) + с(а+ b)(bc — ad) > 0 

€» (ad Ьс)[ас+аа - ac - bc] 2 0 

< (ad—-bc) 20 (which is true) 


2.38 Chapter 2 


Now, 
ab cd " ef <(а+0)(+а) ef <(а+с+е)ф+а+ f) 
a+b c+d e+f atbt+ctd e+f atbtctdter+f 


Problem 2 Jn an acute angle AABC, it is given that, У tan A tan B = 9. Find the size 


of ZA. 

Solution: Let us first prove that cot A + cot B+ cot С> үз (1) 

Now, (cot A + cot B + cot cy = cot? 4 + cot? B + co? C+ 2(cot A cot B+ cot B cot C 

+ cot C cot A) (2) 
i.e., (cot A + cot B + cot су = (cot? A + cot? B + cot) C — cot A cot B — cot B cot 

C — cot C cot A) + 3(cot A cot B+ cot B cot C+ cot C cot A) (3) 
But, X cot А cot = 1, if A + B + C = л, (why?) (4) 


> (cot A + cot B+ cot C) = 5 leot 4 сог В) + (cot B — cot C? + (cot C cot 4? ]-3 


(5) 
— cot A-- cot B+cotC > V3 (6) 
Dividing throughout by cot A cot B cot C, 
cot A cot B cot C 


> (V3)tan Atan B tan C (7) 
cot Асо BcotC | cot 4cot BcotC cot Acot B cot C 


i.e., tan BtanC + tan C tan A+ tan Atan B > (V3)tan Atan B tan C (8) 

But, Xtan A tan B = 9 (given) 
= tan Atan BtanC < 343 (9) 
But tan Atan B tan C = tan A+ tan B + tan C > 343. (why?) (10) 


From Eqs. (9) and (10) we conclude that all inequalities are equalities. 
Thus, 4- B = C => ZA = 60°. 


Problem 3 Find all real numbers in x, such that 


x? vx-l x-l 1 x? 


УХ 1+ 2 gc + 


X 


2 x1 
Solution: Let = а; Nx-l = b; Ш 


x-1 x? 
2 des 
Now oes 1х х1 — ађс=1 (1) 
AX 7 x 


-. The given equation becomes, 


Hc 


1 1 1 
а+Ь+с=—+—+— 
abe 


іе., а+Ь+с = CER orfa thre) =(ab+bc+ca)(as abc = 1) (2) 
abc 


We have, 1 — (a+ b + c) + (ab + bc + ca) - abe = 0 (3) 
іе., (1-а) (1-р) (1-с) = 0 = a-2lorb-lorc-l (4) 


Inequalities 


x? 2 . 
Thus, PEE 1=> х5 —x+1=0= no real root possible (5) 


Nx-1212» x-121-» x = 2, which satisfies the parent equation (6) 
X4x-1 

L =1>vVx-l =x? >x-l=x > хі -х+1= 0 = no real root possible 
X 


(7) 


Thus the only solution to the above equation is x = 2. 


Problem 4 Prove that, for all a, b, c > 0, 


atbte | 8abc 4 
Jabe | (a-byb-cY(c-a) ` 


3 
G*bte hen gia t oto 1 abc 


Solution: Let & = : 3 3 
Yabe abc о? (a+b+c) 


(1) 


(a* b) (b c) - (c d) 
3 


3 
Also, (a+ b)(b+c)(c+a)< | | (бу АМ-СМ) 


i.e., (а+Ь)(Ь+с)(с+а)< fac +b+cp 


8abc 2 (8 )(abc)(27) _ 2 abc _ 27 Q) 
(а+Ь)(Ъ+с)(с+а) (а+ь+ с) (а+Ь+с)? ) a? 


27 
Thus we have to prove that, а + — 2 4. 
a 


Problem 5 a, b, c, d are all positive reals. Also, its true that, 


1 2 1 ü 1 " 1 
l+a* 14+b* ]|ec^ 1+а* 


=1. Prove that, abcd > 3. 


1 1 1 
- ‚= ; 
1+54 1+с* f 


(1) 


1 
Solution: Put x = 15У 
l+a 


Then, it is given that x+y +z+f=1 (2) 


1 1-a^ 1 
=x> =-> 


Similarly, 5^ = E ict = 
у 


1 1 1 1 
~. We need to prove that, a*b*c*d4 -( 3l 3i 3! £) >81 
x y z f 


2.39 


2.40 
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co (HEL stent (eer n septs ous 
x y 2 f 


Apply AM-GM for these four terms on LHS individually, 


1 1 
Lus; OOA] yA? || G9 || 0923 |у 
Xx 


2 y / 


> аЬса>3. 


Problem 6 Jfa, b, c, d, and e are real numbers, prove that the roots of x + axt + b 


+ сх? + dx + e = 0 cannot all be real if 2a? < 5b. 


Solution: Let 0 05, 05, Ол and a; are the all real roots of the given equation. 


Then, Xo; = —a 
Maa; =b 
i<j 
ay =e 
= Хо? +2 Yaa, = а? 
i<j 
or La? =a*-2b 


By the power mean inequality, we have 


(Ха;)? < 52a? 
= а? < 5(@ — 2b) = 5a? — 10b 


or, да? 210b or 2à? 2 5b 


(1) 


(from Eq. (1)) 


But, it is a contradiction because it is given that 2a” « 5b. Hence, all the roots can- 


not be real. 


Problem 7 /f x and y are real, solve the inequality log;x + log,2 + 2 cos y € 0. 


Solution: Here, x » Oand x z 1 
Let, Іов, x -pasx £ l, p +0. 


1 
The given inequality becomes p * — +2 с05 yx 0 
p 


р? +1+2pcos у 


р 
Case 1: When р > 0 


That is, <0. 


р + 1+ 2рсоѕу<0 
= (p 1) + 2p(1 + cosy) < 0 


Since p > 0, 1 + cos y > 0, and (p – 1y20 
The only way Inequation (1) will be satisfied, when 


(p — 1} = 0 and 2p(1 + cos y) = 0, 


p-landcosy--1 
у= (2п+1)л 


Solution set is x = 2 and y = (2n + 1)л 


(1) 


Inequalities 


Case 2: When p < 0, 

р + 1+ 2рсоѕу> 0 

(p + 1)2 – 2p(1— cos у) 20 
Which is true for all p < 0 as 1 — соѕу2 0 
=> Logx«0 => 0<х<20 = O<x<landyeR. 


Problem 8 The positive number a, b and c satisfy a 2 b 2 c and a +b + c € 1. Prove 
that à? 353 5c? < 1. 


Solution: As, а+Ь+с<1 


> (a+b+cf}<1’=1 

or 1> (a+b+c =a +b + с” + 2ab + 2be + 2са 

or Lee +b $e 408 2065420 (Since, a=b2>c>0) 
=a +302 + 5с? 

ог а? +32 + 5с? < 1. 


Problem 9 Jfa, b, c, and d are four non-negative real numbers anda+b+c+d=1, 
1 
show that ab + bc + cd € 2 


Solution: (a4 b c4 df - 4(ab + bc + cd) 
= а? +2 + с + Ф —2ab—2be —2cd + 2ac + 2ad + 2bd 
=a — 2ab 4 b + с + d? —2cd—2be + 2ac + 2ad + 2bd 
= (a — by. + (c а) + 2(a — b)(c — d) + 4ad 
= [(a — b) + (c - d). + 4ad 2 0 (+: a, b, c, d, 2 0) 


=> 1 — 4(ab + bc + cd) 20 
=> 4(ab + bc + cd) < 1 
=> ab bc ed <= 


Aliter: The above problem can be solved by using AM-GM inequality, 
(at+c)+(b+d)=1 


= 24 (a+c)(b+d)<(a+c)+(b+d) 
> 2A(a-* c)(b- d) <1 

=> A(at+c)(b+d)<1 

> ab ad + bc + ed < + 

= ab+be-+ed <—~ad 

=» ab+ bc ed < + (-a,d 20) 


А 1 
Equality holds for еве and d=0 ог а= 0, cbe. 


Problem 10 For n e N, n » 1, show that 


1 1 1 1 
+ + Tee 
n n+l n+2 n? 


2.41 


2.42 
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Solution: We have, Lo : + : Te : 1 | + : + : Te =| 
n n 


ntl n+2 п? ps п? n? 
(12 — n)terms (1? — n)terms 
2. 
1 1 1 pou t n lj 1 L 
n n+l n+2 n n n? n n 


Problem 11 What is the greatest integer n, for which there exists a simultaneous solu- 
tion x to the inequalities k « x «ka 1,k=1,2,3,...,n. 


Solution: If k=1;1<x<2 (1) 
k=2;2<x <3 (2) 
k23;3« <4 (3) 
k24;4«x' «5 (4) 
k-25;5«x «6. (5) 


Consider the inequality 2 < x^ < 3, then x should lie between V2 and V3 


i.e., 42 «x« 43 
Now, 1< 42 < x < J3 < 4/4 = 2 and hence, satisfies Eqs. (1) and (2) of the inequalities 


V2 «x«43 


= (V2) < x3 < (43) 
=> 242 « x? < 3V3 
as WI ang and 4«343 


Common solution of (1), (2), (3) are solution of (3) 

From (3), 3<x3 <4 

=> 43 < x< 34 

= 35 « 43 < 45 

From Inequality (4), 49 ae 55 

Hence common solution of Inequalities (1), (2), (3), (4), is 

34 < х1 < 53 

= Уз <х<%5 

= 35 < x^ < 4515 


But from 5th inequality we get 5 < х!* 26. 

As 6° = 216 < 243 = 3°, common solution of (1), (2), (3), (4) has no solution com- 
mon with (5), hence, the greatest n for which the rows of the given inequalities holds 
is 4 and for any x, such that B<x< 475 will satisfy these inequalities. 


Problem 12 Determine the largest number in the infinite sequence; 1, \/2, 


3/3, M4, .... In. 


Inequalities 


1/3 


Solution: By checking the first four values, we find 3 ° to be the largest number. We 


will prove that (1!/"), n > 3 is a decreasing sequence. 
n!” > (n 4 1)/ +9 


e nls (n 4 1)" 


Gal 
e п>|1+— 
п 


Now, jst cign UD. : es І Te 
n n 2 n? 6 m 


dud 1 І РЕ. 1 | 1 _ prosledi Ежи 
2 nj 6 n n 2 4 8 


If n 23, пп > (п+1)п+!\ 


i.e., (п!) is decreasing for n > 3. 
But, 3!? is also greater than 1 and 2". 


Hence, 3!” is the largest number. 


Problem 13 Jfa, b, and c are positive real numbers, such that abc = 1, then. prove that 


ab bc ca <1. 


+ + < 
а +Ь%+аЬ_ Ь?+с?+Ьс Oc) rca 


When does equality hold? 


Solution: 
а? + = (а + Б)(а — ab + ab’ — ab? +b’) 
= (a + Б)(а + ab’ + b^ – abla +b’) 
= (a + D)[(@ + ab + Б2)(а? — ab + 22) — ab(a’ + ab + D?) + à? P^] 
= (a + b) [(а2 + ab + (à? — 2ab + b°) + à? P^] 
= (а + b) [(а2 + ab + Ь”у(а — by + аЬ] 


> (а + Б) хар? [^ (a — b} (a? + ab + b°) > 0] 
i.e, а? b? > a! b (а + b) 
and equality holds, if а = 5. 


ab 2 ab 
а -b rab a*b*(a+b)+ab 
1 
ab(a+b)+1 
1 
ab(a- b)+ abc 


Thus, 


2.43 


2.44 
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Е 1 
ab(a+b+c) 
_ с 
(a+b+c) 
-— bc a 
Similarly, ———— —— x ———— 
Ь?+с?+Ьс atbt+e 
ca b 
and < 
с?+а?+са atbt+c 
ab be ca с а b 
5 | L5 CR: Cem < T + 
а?+Ь?+аЬ Ь?+с?+Ьс с?+а?+са а+Ь+с a+b+c atbti 
_4+%+с _, 
a+b+c 


and the equality holds, if a = b = c and since, a- b-c = 1, a = b = c = 1 implies equality. 


Problem 14 /fa, 2 a5 >... 2 a, be real numbers, such that ak + ak +---+ ak > 0 for all 
integers k > 0 and p = max [|а\|, |a;]..... |а], prove that p = |а| = a, and that 
(x—aj)(x—aj)...(x-aj)€x'-a. 


Solution: Taking k= 1, since 
ar +ak +---+ak >0, 


and for k= 1, we have 


а+а + +а, 2 0 (1) 
and since, a, 2 a, 2а; 2 =- Zapa 20 (2) 
and, if all aj, і = 1, 2,..., n are positive, a, is the maximum of all a,’s 
p=|a|=4, 


Suppose that some of the a,’s are negative and p + a,, then a, < 0. 
Hence, 


p - la, 
Let, r be an index, such that 


Ay = Ay = = Ay <a, Sa S09 S а 


k 


r-l 


Then, af +ak +---+a* cal at 


where the value of the second bracket is taken as X. 
а 


а) 
а 


Since, , өө are all less than 1, so their Ath powers are all less than 


n an 


these fractions and by taking А sufficiently large, which would make X > 0 and Xat< 0 
for k odd, a contradiction and hence p = a}. 


n 


Inequalities 


Let, x > a,, then by AM—GM inequality, 


n-l 


(x — aj а)ба) ба) <| #— 
етра E ? | 
«| =_= А Уа>0 
n-l i=l 


Е Е T Y п-1 | 
<x" bg xt? ag tx" ap exar nee we have use soy, rel, 
r 


Multiplying both sides by (x — a), we get 


(х — а|)(х — ax- ау) еа) 4x "aptedat)s-d. 


2 
Е Я а 
Problem 15 Let, а> 2 be given and define recursively ay)=1,a,=a, 4,4, = | - 2e. à 
a 
п-1 


Show that for all ke N, we have 


l + І + l Le ! «Qro Na? —4). 
ак 


а A а; 


Ь? +1 


. 1 
Solution: a) = 1 and a, = a > 2, so а can be written as b+ КЫ for some real 


number b > 1 and a? -2= BP 4 


2 2 
Now, a, (4 2L Е 2а 2)а 


02202) (D? +1)(b4 +1) 
b? b p 


[ 2 2 
Similarly, a, — (2) | IG "x EE 
а, Ь 


11 
fs 

So 

N 

+ 
z| = 
St 
N 

| 

N 
a | 
ET 

oa 

N 

+ 
|- 
М8 
4 

S 

+ 
JR 
кнн, 


| 
o> 
D 
+ 
X|- 
posed 
EE 
Sm 
N 
+ 
S|- 
207 
Г 
= 
+ 
ele 
Noe 


11 
S 
N 
T 
> 
Nj = 
SS 
T 
Sm 
ю 
+ 
F 
wuj = 
Ми 
a 
S 
у 
+ 
У 
у = 
ke 
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and proceeding in this manner, we get 


Hence, 
p? b? 
LHS - M oOo ooo 
T а bus +1 te -D(b^-1)  (b* e D(b* +1)(08 +1) 
p? d 


+ к==————=———— 
(b? + D(b* +1)---(Ъ?'+1) 
The right-hand side of the inequality is 


1 2 _ o ul. lj (l1, 
с? ма —4) jp С al (i) 


Now, 
2 4 2 
LHS = Б” + 2 pret z 
b b? (b? +1)(6* +1) (b? +1)... (57 +1) 
1| 22 p? 
=1+ ++ T 
b| b? +1 (b? +1)... (5? +1) 


p? p^ p? 
+ Te 
b? +1 (62 +1)(b4 +1) (b? 1) ... (b? +1) 
p? 1 
р> 1 
1 (1+ 62)... (1- 57) (12-52) ... (+b?) 


and, clearly 


а; 1 1 
za). (1 a;) (1+ aj)...(19- a, ) 


Here we used, У 


[This result is obtained by using partial fractions] 


"E n Ь? 
So, the LHS = 
2 nor a ccm 
1 1 
=1+—|1 - 
Al (1+ 22) ---(1+ 22 ; 
1 1 1 
+ —<1+ 
b Ь(1+Ь?)(1+Ь*®)...(1+Ь?') b 


= RHS 
And hence, is the result. 


Problem 16 A sequence of numbers a 


Due 
each n 2 2, a, -( 2 Jor 
2n 


n? 


п= 1,2, ..., is defined as follows: a, = i and for 


Prove that Уа <1 for all n 2 1. 
k=l 


А 1 
Solution: Given: dj = 2 forn22 


к= 
So, a, = да. ay, fork=2 
ог 2ka, = (2k — 3)а, | 
=> 2ka, — (2k — 3)a,_,= 0 
=> 2ka, — 2(k — Da, tapı =0 
> 2ka, = 2(k — 1)a, \ = ayy 


Now, adding up Eq. (1) from k= 2 to k= (и + 1), we have 
4a, = 2a = -4 
6a; = 4a, =—a, 
8а4 = ба» =—a3 

2na, — 2(n — 1)a, , 2 —a, 4 


2(n + 1)a,,, = 2na, = —a,. 


Summing we get, 2(n+1)a,,, — 2a; = -Y а 
k=l 


= Уа = 2a, -2(n*1a,4 21-2(n*1)a,4 
k=1 


(1) 


3 . " А - 
Now a, — ( -J d, . а, is positive as (1-2) is positive for all п > 2, and a, 
n 


n 


is positive. 


Hence, Уа =1-2(n+ la, < 1. [-  2(n+ Da, > 0] 


k=1 


| Check Your Understanding | Your Understanding 


34-45 
43445 


2. If abcd — 1 and a, b, c, d € R^, prove the inequality 
(1 a) (1+2) (1 c) (1 d) 2 16. 
4x? - 8x +13 


3. Find the smallest value of the expression —————— for x 2 0. 
6(14 x) 


4. Ifx, у, z are positive reals such that yz = 7, prove that 2x + 5y + 3z2 9(525/2’) 


1. Show that the real number ‘7’ where r = satisfy the inequality V2<r< 


5. If x, y, z are positive real numbers, such that x < y < z, show that 
x? Же +22 ш 


2 x+y+z x` 
6. By considering the sequence 1, a. а, Е а? 
(а) 1-а" > па" !(1— а?) 


(b) 1- a?" « n(1— à). 


"о, Where 0 < a < 1, prove that 


2. 


1/9 


Inequalities 


2.47 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


. Ifa, b, c, are positive real numbers, prove that 


babe € Xa’ (b + с) <2 (à? + + c). 


. 1 ; 
. Let x, x; be the roots of the equation x? + px — Т 0 where х is unknown and 
P 


p is a real parameter. Prove that x4 + x4 > 24-2. 


2n 
. Prove that n” (=) > (nly. 


. Show that Vit Eee dn <n < (n 197. 


. If n? < 5" for a fixed positive integer n > 6, show that (n + 1) < 5". 


А 1 
. Show that for апу real number х, x’sin x +x cosx +x + 5 > 0. 


. a,b,c € R (i.e, a, b, c are real numbers), such that а +2 + с? = 1, then prove 


that -1 <ab+be+ca<1. 


Show that if the real numbers a, б, c,, and a5, b2, сз satisfy 

аус, — 21, + ca; 0 and a,c, — P? > 0, then a,c, — bj? < 0. 

If a, b, c, d are four real numbers, such that, a + 2b + 3c + 4d = 30, prove that 
а? +b? +c? +d? > 30. 


1 1 4 1 4 
Let a, b, c, d be positive real numbers. Prove that —+—+—+ i > i : 
a b c d atb+e+d 


If a, b, c are all greater than zero and distinct, then prove that 
a* + b* + с> abc(a + b 4 c). 
If a, b, c, d are positive real numbers, prove that 
1 1 1 1 1 1 1 1 
«utut. tt t+ t+. 
a b e d abc bcd cda dab 
Given that x, y, z are positive reals, satisfying the conditions that, xyz = 32, find 
the minimum value of the expression x 4xy + 4y? +27, as an integer. 


7 . 
Prove that 0 € yz + zx + xy - 2xyz € 27 where, x, y, z are non-negative real num- 


bers and x+y * z = 1. 
Prove, in a triangle the following inequality holds: 
acos A+ bcos В + ccosC < a+b+c 

asin B + bsinC + csin A 9R 


Prove that the following inequality holds: 

In any acute angled triangle AABC, cot” A + соё B+ cot” С> 1. 

In an acute angled triangle ABC, show that, tan? A + tan? B + tan? C 2 9. When 
does the equality occur? 


If x, у, z are real numbers such that, x + y+z=4, x? + y? +z? = 6, then show that, 


"we А 2 
each of x, у, z lies in the closed interval B J Can ‘x’ take the extreme values? 
Justify. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 
33. 


34. 


35. 


36. 


1 1-3-5-(2п—1) _ Vn+1 
2 ——————— —— 1 


Prove that AEN 
3 
Show that Е oak n <" Зи+5) 
3 7 mnl 6 


If a, b, c, are real numbers, such that 

(а) a+b+c>0 

(b) ab+bc+ca>0 

(c) abe » 0 

Prove that a, b, c all are positive. 

Suppose that 0 € x; € 1 for = 1, 2, ..., п, prove that 

ant +X jx... x Z (1x) (149 x)... (1 + x,) with equality, if and only if, (n – 1) 
of the хуз are equal to 1. 


" 2 2 2 
X, у, z are positive numbers, such that, x = 24 ‚у= = and z= id . Prove 
l+y 1+2 1+ х 
that x 2 y =z. 
Let a, b, c, d be real numbers, such that a < b < c < d. Prove the inequality; 


(a b - c4 dy. > 8(ac + bd). 

Prove the following inequalities: 

(а) S«5-/54 4/5 

(b) 8» 8 3/8.- 3/8 

(c) n» n +3/n+ 4n , specifying conditions, if any, to be fulfilled. 


Prove that, without using tables or calculators, 19° > 13°. 
Let a, b, c, d be positive real numbers, such that a + b + c + d = 1. Prove the in- 


2 2 2 2 
as b ce г d > l . When does the equality hold? 
a+b b+c ced а+а 2 


equality: 


Find all pairs (x, y) of real numbers, such that 16 *» +16"** = 1. 


; 1 1 1 
If a, b, с be non-negative reals and + + =], prove that abc > 8. 
1+а l+b dec 


b с 
+ > А 
l+a 1+5 1+с 


If a, b, c are positive real numbers, such that, a + b > c, prove; 


Challenge Your Understanding 


. Prove that, for a, b, c and d € R, (1-- ab + (1 + са) à? P? + с2а? > 1. 
. Let P be an interior point in AABC. Let x, y, z be the perpendicular distance of P 


from BC, CA, AB, respectively. Prove that 


2 2 2 
dus PER L | 


. With the same notation as in the previous problem, find the point Р, such that 


a b c. 
—+—+4-— is least. 
X у z 


Inequalities 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


. Let AABC be an acute angled triangle and let H be its orthocentre. Let Л 


n 2 n 
. Prove that 4 4 "е 


Wn `/Ззп +1 


п 


. If a, b, c, d are positive real numbers such that a+ b + c + d= 1, prove that 


Мда+1+ J4b 14 4/4с+1+ 4/44 +1 < 6; when does the equality hold? 


. In A ABC, prove in the usual notation that dab og 443 ^, where A is the area 


of A ABC. When does the equality hold? (Weitzenbóck's Inequality). 


а? b? a b S cs E 
. If a » 0, b > 0, prove that 4 + 20| —+— |+33< 0 implies a = 2b or 
pog b a 


b — 2a. 


. Let x, y, z be three positive real numbers, each less than 4. Prove that at least one 


of the numbers Li : ү. l ila 
x 4-y y 4-2 z 4-х 


is greater than or equal to units. 


max denote 


the largest altitude of AABC. Prove the inequality; AH + BH + CH «2h 
Suppose a and b are real numbers, such that, the roots of the cubic equation 
ах? — x! + bx — 1 = 0 are all positive real numbers, prove the following: 

(a) 0 «3ab <1 

(b) p» 43 

Let a, b, c, be the lengths of the sides of a triangle and r its inradius; then show 
that 3r (at b c) <а + D +e. 


тах’ 


If a, b, с, are sides of a triangle and a, b, c, are integers, prove the inequality 
a b c 
jg E Jt] pe <1. 
а b с 
b с 


: : a 
If a, b, c are sides of triangle, prove that + + 23; 
cta-b at+b-c b+c-a 


If a, b, c are three positive real numbers, prove the inequality 
а?+1 Ь?+1 c 

+ + > 
b+c c+a a+b 


3. 


Given positive real numbers a, b, c such that, a+ b+ c = 1; prove that 

ас + aPb^c" + ае? < 1. 

For positive real numbers a, b, c and d, show that, 

ad thd "ie see bls 

If a, b, c are sides of a triangle and p, q, r are positive real numbers, prove the 
following inequality: 

a^(p- qKp-r)* b*(q—r)q- p)* c?(r- pXr-4)2 0. 

Let b, c be the legs of a right angled triangle, satisfying the following inequality: 


JE —6b42 +19 e c? — 4e 3 +16 <3. 


Find its hypotenuse as well as its area. 
Xyz XYZ XYZ 
cmt udi 
X'tLy'txyz у? +2° +ху2 z'-v« x - xy 
itive real numbers. 


Show that 


< 1, where x, y, z are pos- 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


Inequalities 


For arbitrary positive numbers a, b, c, prove that, 


a b e 
t t 21. 
b+2c с+2а a+2b 
Xis X2, X3, ..., X, (n > 2) are real numbers satisfying 
1 1 1 1 1 
+ + Tee = 
xı +2011 х›+2011 x,+2011 x,-2011 2011 
AX, Xa X37 X, 
Prove that, wa M 
n- 


25 T DUE 
a, D, y, д are positive angles, each being less than P Also it is given that, a+ D 


+ y+ ô= 180°. Prove the inequality: 


„(капо + tan В + tany + tand)> seca + ѕес В + ѕесу +secd. 

The positive real numbers a, b, c with (a+ b + с) = 1 are given. Prove the inequality: 
1+а 1+Ь pee. bca | 

1-а 1-Ь 1-с 


а 


Prove the inequality: 
3(x? + у? + ху)(у? +22 4 yzyz? +х2 + 2х) 2 (х+у+ zy, (xy + yz + 2х)? 
Let a, b, c, х, у, z be positive real numbers, such that, а + b + c x + y +z and 


abc = xyz. Further, suppose, a Sx <y <2 < с anda < b < c. Prove that a = x; b= 
yic-z. 


Prove that, if a, b, c, are positive real numbers, then, the expression 
bc ca ab 


1 
(a+b+c) 
2 b+c cta b+a 
dition that this expression is void. 


| is always non-negative. Find also the con- 


Find all positive real numbers a, b, c, d satisfying the following conditions: 
(a) a- bt ct dzl2 
(b) abcd — 27 + ab + ac + ad + bc + bd + cd 


If x, y, z are all positive and x + y + 2 = 6, prove that 


| 1] | 3 | у 75 
Xt— | + ув | | 2+ | 2—. 
y Z x 4 
If a, b, c, d are positive real numbers, prove that 


а? +b? + с? е +d? c? +d? +a? а? +а? +02 


a+b+c b+c+d c+d+a d+a+b 


>a+b+c+d. 


Let a, b, c, d, be positive real numbers. Show that, 
ab+bc+ca ab+bd+da ac+cd+da bc+cd+ db 
а + +с HBHP gabe.) Dag. 


a? +b? с2 +d? a? +c? Б +42 a?+d? Ь?+с? 
z t 3" 3 + 3^" gr 3 


(ab) (cd)? (ac (bd)? (ad? (bo? 


€ min 
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31. 


32. 


33. 


34. 


35. 


Determine all possible values of the expression 
|| a b "E: d 
d+a+b а+Ь+с b+c+d cda. 


for arbitrary positive reals, a, b, c, d. 


а, b, c are real numbers, such that, abc + a + c = b and ac # 1. Find the greatest 
2 2 3 
value of the expression: + . 
P x Ь? +1 xu 


Let a, b, c be positive real numbers, such that, abc =1; prove the inequality 
1 К 1 m 1 5 3 | 
а(Ь+с) B(c+a) (a+b) 2 


Given that a, b, с are positive real numbers, show that 
a b С : 
25 xe „іва? + 2 + с? = ЗаЬс. 
b^c^ са аһ а+Ь+с 


| 1 
Let, x,, - 4043 34-444 n ; prove that х, = х, <— n= 2,3,.... 
n! 


Chapter 


Mathematical Induction 


3.1 INTRODUCTION 


The process of deducing particular results from a general result is called deduction. The 
process of establishing a valid general result from particular results is called induction. 
The word induction means the method of reasoning about a general statement from the 
conclusion of particular cases. Inductions starts with observations. It may be true but 
then it must be so proved by the process of reasoning. Else it may be false but then it 
must be shown by finding a counter example where the conjecture fails. 

In mathematics there are some results or statements that are formulated in terms of 
n, where n € N. To prove such statements we use a well suited method, based on the 
specific technique, which in known as principle of mathematical induction. 


3.1.1 Proposition 


A statement which is either true or false is called a proposition or statement. P(n) 
denotes a proposition whose truth value depends on natural variable ‘n’. 


For example, 12 + 22 +32 +---+n7 eet 


is a proposition whose truth 
value depends on natural number л. 
п(п+1)(2п+1) 
ZEE MEER. 
5(5 +1) (101) 
саш. 
To prove the truth of proposition P(n) depending on natural variable n, we use 
mathematical induction. 


We write, P(n):D 422432 em? = 


where P(5) means 12 +22 +3? +4? +52 = 


Consider the statement: 
P(n): ‘n(n + 1) is even’. We wish to show that this statement is true for all n є N. 


Giuseppe Peano 


27 Aug 1858-20 Apr 1932 
Nationality: Italian 
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For n= 1, P(1)= 1 x 2=2 (even) 

For n = 2, P(2) = 2 x 3 = 6 (even) and so on. 

Alternatively, we can prove by stating that for n even, n(n + 1) is even and for n odd, 

n+ 1 15 even and thus n(n + 1) is even. But all statement may not be that simple, e.g., 

P(n): З" >w. 

For n = 1, Р(1) : 3 > 1 is true. 

If we assume that the result is true for n = r, then P(r) : 3’ > is true. 

Forn=r+ 1, P(rt+1):3"*!=3"x3>3r>r41 forre N. 

Hence, P(r + 1) is true. 

So what we got here? Nothing more than whenever P(r) is true P(r + 1) is true! But 
if we combined it with P(1) is true, we see the domino effect!! As P(1) true = P(2) 
true!! Now P(2) true = P(3) true and so on. We can go on up to any length so result is 
true for all л. This process is called induction. There are two kind of Inductions. 


3.2 First (OR WEAK) PRINCIPLE OF MATHEMATICAL INDUCTION 


The statement P(n) is true for all n € N, if 
1. P(1)is true. 
2. P(m)istrue = Р(т+1) is true. 
The above statement can be generalized as P(n) is true for all n e N and n2 k, if 
1. P(k) is true. 
2. P(m) istrue (т> k) = Р(т+1) is true. 


3.2.1 Working Rule 


To prove any statement P(n) to be true for all n > with the help of first principle of 
mathematical induction we follow the following procedure: 
Step 1 (verification): Check if the statement is true or false for n = k. 
Step 2 (assumption): Assume the statement be true for n 2 m, m 2 k. 
Step 3 (Induction): Prove the statement is true for n=m+1 using the 
assumption. 
We proceed to illustrate the use of the above principle by means of a few examples. 


3.2.2 Problems of the Divisibility Type 


Iff(n) is divisible by a number x and it is to be proved that f(n + 1) is divisible by x, 
some times it is easier to show that f(n +1) — f(n) is divisible by x. 


Example 1 Show that 7^" + (2? 3) (3""') is divisible by 25 for all natural numbers n. 
Solution: Let P(n) = 7°” + (2?" 5) (377!) 


(a) Р(1) = 72 + (22?) (3171) = 49 + 1 - 1 = 50, which is divisible by 25. 
(b) Let P(A) be true, i.e., 7°^ + (22/3) (3*) is divisible by 25. 
(c) We have to prove that P(Kk + 1) is true, i.e., 
P(k+ 1) = 720+) + Or p = TK . T + "P d А 2°) (3^ " 3) 
= 49. 72+ 24(27*5) (3*7) = Q5 247 + 242%) (37) 
= 24 (T 4 223 371 + 25 T 24 P(K) +25 . 7” 


But we know that P(K) is divisible by 25. Also, 25 - Tis clearly divisible be 25. Hence, 
P(k+ 1) is divisible by 25. Hence, by mathematical induction, the result is true for all n. 


n+2 m 122"! 


Example 2 Show that 11 is divisible by 133 for every natural number n. 


Solution: Let P(n) = 11"? + 127" 
P(1) = 11° + 12? = 3059 = 133 x 23, which is divisible by 133. 
Let P(k) = 11°? + 12°! be divisible by 133. 
P(k4 1) = 1179 412" 
2115541412" 144 
-11- 1? 4+ (133 + 11) 1227! 
= (if + 12%] +133 -127% =11 Pee 133 « 12%"! 
Р(Е) is divisible by 133 and so is 133 - 127“*'. Hence, P(k + 1) is also divisible by 133. 
Hence, by mathematical induction, the result is true for all n. 


2n- 


Example 3 Show that 10 ! + Lis divisible by 11 for all natural numbers n. 


Solution: Let P(n) = 10?" ! + 1. 
Р(1) = 10! + 1= 11 which is clearly divisible by 11. 
Let P(k) = 10? + 1 be divisible by 11. 
P(k+ 1) = 1071 + 1 = 107". 102 + 1 = [102 + 1] +99 . 10%! 
=1.Р(к) +99. 102! 
which is divisible by 11. Hence P(k + 1) is divisible by 11. 
Hence, by mathematical induction, the result is true for all n. 


Build-up Your Understanding 1 


1. Use mathematical induction to prove the following Vn € N: 
(a) 7" —3" is divisible by 4. 
(b) 2-7" 43.5" —5 is divisible by 24. 
(c) 32" — 1 is divisible by 8. 
(d) 10" +3 - 4"? + 5 is divisible by 9. 
(e) 571 4 2" + 2"* is divisible by 23. 
(f) 7?" — 1 is divisible by 8. 
(g) 32"+2 — 85 —9 is divisible by 8. 
(h) 41” – 14" is a multiple of 27. 
(i) 1577 +1 is a multiple of 16. 
(ј) 5?'! 4.3"? . 2"! is divisible by 19. 
(k) 10" +3-4"+2 +5 is divisible by 9. 
() 9" —8n—] is divisible by 64. 
2. Use mathematical induction to prove the following Vn € N: 
(a) n? +3n*+5n+3 is divisible by 3. 
(b) n° + (n+ 1 + (n+ 2)? is divisible by 9. 
(c) n(n+1)(n+5) isa multiple of 3. 


(9) (n+ I (n+ 2)(n+3)(n+4)(n+5) is divisible by 120. 


(e) n(n + 1)(n + 2) is a multiple of 6. 
(f) n(n + 1)(2n + 1) is divisible by 6. 
(g) n> – п is a multiple of 5. 
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3. Use mathematical induction to prove the following Vn € N: 
(a) x" — y" = 18 divisible by (x — y), where x — y z 0. 
(b) x?" 7 ! 4 y?" 7l is divisible by x + у, where x + y #0. 
(c) (1 +x)" – nx - 1 is divisible by x, where x # 0. 
-— | n ow e. i 
4. Use mathematical induction to prove that Vr e №, —+—+-— is a positive 
integer. э 5 15 
5. Use mathematical induction to prove the following: 
(a) Forn € odd positive integers, n(n? —1) is divisible by 24, 
(b) For є even positive integers, n(n? +20) is divisible by 48. 
6. Show that 22" +1 or 22" —1 is divisible by 5 according as n is odd or even posi- 
tive integer. 


7. Prove that 5?" +1 is divisible by 13 if n is odd. Hence, deduce that 5?? leaves a 
remainder 8 when divided by 13. 


8. Show that 4-6" + 5"*! leaves remainder 9 when divided by 20. 
9. Show that 3" +8” is not divisible by 5 for n € N. 
10. Prove by induction that the last digit of P(n) = 2” + 1 is 7 V (n> 1). 


3.2.3 Problems Based on Summation of Series 


Example 4 Prove that 5, = Ук = ELS. 
k=l 
Ix2 ,. 
Solution: 5; = = = lis true. 
k 
T EET 
t=1 2 


kel k 
S, eL) 
f= 


t-l 


= А0 (+) 


ЛА 
2 
Hence, the identity is true for all n by induction. 
Example 5 Use mathematical induction to show that 1+3+5+---+(2n-1)= п? is 
true for all natural numbers n. 
Solution: Let P(n) = 1+3 +5 +..-+ (2n- 1) = п? 
Р(1) = 1 = 1, which is true. 
Assume that Р(/) holds good. 
> P()-1-345--Qk-1)- 2. 
P(k*l1)[1 345-4. + Qk— 1)] + Qk 1) 
= P(k)+2k+1=h +2К+1=(К+ 1? 
Hence, Р( + 1) is true. 
Hence, by mathematical induction, the result is true for all n. 
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Example 6 Show that 


1 a a n 


+ Ter — : 
а+а (a+d)(a+2d) [a+(n-l)d\(at+nd) а+па 


1 а а п 
+ Tee = 
а+а (a+d)(a+2d) (а+(п–1)4)(а+ па) a+nd 


Solution: Геї P(n): 


1 1 
fern = 1, LHS = ; RHS= 
ше "me: а+а 


= Р(1) is true 


Assume that 


P(k): І H а breed а PR. 
а+а (ac d)(a* 2d) [a * (k - Da](a + kd) (a+ kd) 
P(k +1): : 2 Б... а H Z 
a+d (a+d)a+2d) [a+(k-1)d]}(a+kd) (а+ kd)-[a-- (k 4-D)d] 
k a 


аа (а+Ыўа+(+14] 


|. k[a c (Kk & Dd] a 
© (a-- kd)[a * (k - Dd] 
_ a(k T) (0+ Dd 
© (a-- kd)[a ^ (k -- )d)] 
20 (k+D(a+kd) 

© (a-- kd)[a * (k - Dd] 


(k+l) 
С at(k+Dd 


Thus, P(1) holds, P(A) = P(k+ 1), hence P(n) holds for all n € N, by the principle 
of mathematics induction. 


Example 7 Prove, using mathematical induction, that 


БЕ СЕЕ n : 2 a VneN. 
1.2.3 2.3.4 п(п+1)(п+2) 4(п+1)(п+2) 


Solution: We have to prove that p(k) + tı =p(k+ 1) 
or p(k + 1) — p(k) = ta 


(k+1)(k+4) k(k +3) 
A(k+2)(k+3) 4(k+1)(k+2) 


1 Е e 
4(k +2) k+3 k+1 


P(k+1)—P(k) = 


В 
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т | (42 +5k+4)(k+1)—k (i? +6k +9) 
~ 4(k+2) (1) (3) 


_ 1 
ea yg) 
1 


(k+2)(k+1)(k+3) 


k? +5К? +4k +k? +5k+4- I -6k? -9k | 


Chal 


=> p(k+ 1) istrue. 
Example 8 Show by using principle of mathematical induction that 


| Qn-13"" +3 
— 


1-342.32 43.3 «v 1.3" 


(2n—-1)3"*! +3 


Solution: Let P(n):1-342.32 43.33 4 n.3^ = 1 


When n = 1, LHS=1-3 =3 
(2n-1)3"1+3 (2-1—1)32+3 12 
4 4 4 


Hence, P(1) is true. 
Let P(m) be true 


and RHS = =3 


(2m - 3"! +3 
4 


=> 1:3+2.32 63.33 1... m. 3" = 


(1) 
To prove P(m +1) is true, i.e., 


(2m 41)3"2 +3 


1-34 2.3? +---+m-3" + (m1). 371 = ^ 


Adding (m-1).3"*! to both sides of Eq. (1), we get 


(2m -1) 3? +3 
4 
| (2m -1- A(m D) 371 +3 
4 
| (Qm 1322 +3 
4 


1-34-2.32 e m3" +(т+1):3" = +(m+1)-3""1 


Hence, P(m+1) is true whenever P(m) is true. 
It follows that P(n) is true for all natural numbers л. 
Example 9 Prove the following theorem of Nicomachus by induction: 
P=1,22=345,3°7=74+9411, 4 2134 15 + 17 + 19, etc. 


Solution: From the given pattern 1° = 1,22 = 3 + 5,3 2749 - 11,4 2 13 + 15 17 
+ 19, ... note that the first term on the RHS are Ist, 2nd, 4th, 7th, ... odd numbers. So 


the RHS of the nth identity to be proved has E + | st odd number as first term. 
Which is 


Mathematical Induction 


(22 +1) l=n(n-1)4+1 
2 
Hence, the nth identity to be proved is 
п? =(n(n—1)+1)+(n(n—-1)+3)4+-+-n odd terms. 


i.e., n? = (и? —n4+1)4+(n? -n+3)+---+(n? +n-1) 


nterms 


Assume this is true for n. 
Then, RHS of (n + 1)th identity 


= (и +n+1)+(n?+n+3)+---+(n?+n+2n+1) 


n+l terms 


= (n* —n+1)+(n? –-п+3)+---+ (02 +n-1)+2n? 


nterms 
+(n? +п+2п+1) 
= и +2n? +n? +Зп+1= п? +3n? 4 3n41 
= (п+1)3 
Note: Now adding both the sides of л rows, we get 
Pe2 ЕЗ bert als 3454-04 Ona Т) аен uel. 
Thus, on the right side there are 


(п? +п—1)+1_ 
2 


ы odd numbers are starting from 1. 


п(п+1) 
2 


(55) 
4. 3 


Also observe sum of the first odd numbers = л^. 


So Pe Peres = Jae enn 


n 
Example 10 Using mathematical induction, show that У, r'C =n 2", 
r=0 


Solution: Let P(n) =1-"C,+2-"C)+---+n-"C,=n- 2"! 
P(ljseT« 881212 1. 


Hence P(1) holds true. 
Assume that Р(/) 15 true 


=> 14C +20, +- + kC, = ЮК! 
To prove that P(k + 1) is true, we write 


kl 
УНС, 21 el C 2-1 C, e (ETHIC, 
r=0 


EV 
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5 kC, (н) Уес, +4 C, |+ (k +1) 


r=0 r=0 

k k 

=% 5 Se С, +(К+1)= P(k)+ Y r*C,_, +(k +1) 
r=0 r=0 r=0 


k 
= P(k) + УС, +(К+1)° Cy 


r=l 


Changing r — 1 to r, we get 
kl 


Pkt 1) = Р(Ю + Y (5+1) C, 4 (k41) C, 
r=0 
k k k 
=k 275. M (re1)*C, = 621+ V rtc, + У *C, 
r=0 r=0 r=0 


-k.2 5a p) +20 = 2k 28 142% =k. 2 e 2 S 2k e 1). 


Hence, the result is true for P(k + 1). 
Hence, by mathematical induction, the result is true for all n. 


Example 11 Using mathematical induction, show that 


1 1 1 n+2 
(1 3 =) cJ > 
А К = 1 1 m 1 = 2 
Solution: Let Р(л) = (i :3 С x) h aa) 2n42 


LHS of P(1) = (1-2) zo ps 
22) 4 


Hence, P(1) is true. 
Assume that P(K) 1s true, 


a(i j( E | 1_\_ &+2 
2? 3 (К +1)? 2k+2 
For P(k+ 1), the LHS becomes 


1 1 1 І 
( | ( 3L au] E cJ 


=P 1 }- k+2 S c 


(k-2) ) 2k+2\ (k+2) 
2+2 (К+1(К+3) _ (k42)(k41)(k +3) 
= 2k+2 (k«2p  —— -2Ak+ (kK +2) 
| k«3 
С 2(К+1)+2 


=> P(k +1) is true 


Hence, by mathematical induction, the result is true for all n. 


Mathematical Induction 


Build-up Your Understanding 2 


1. Use mathematical induction to prove the following Vn € N: 


п(Зи – 1) 
(а) 1+4+7+-.-. + (3п– 2) = 2 . 
1)(2я+1 
(b) аа 
(с) 12 +32 $5 ess Оп? LER DENS) 


(d) 1*—3^45^— 7^4 (45-3) — dn — T) =’. 
2 
(e) Pies [023]. 


2 
(f) 3:-6+6-9+9- 12+: + 3n(3n +3) = 3n(n + 1) (л +2). 


(g) Y r(2r-1)- cnn +1)(4n +5). 
г=] 


n(n+1)(n+2)(n+3) 


(h) 1-2-34+2-3-44+3-4-54.---4+n(n+ 1)(n+2)= à 


à) а+(а+ d) (a*2d) -- * [a (n- Dd] = 5 2а+ (n- Ud]. 


a(r" —1) 
y- 

1 1 1 1 п 
+——+—+..+ = А 

122 23 3-4 п(п+1) n+l 


(j) a+ar+ar? ard = forrz 1. 


(k) 


i. 1 1 1 п 
+ + Tee = г 
144 4-7 7-10 (3п-2)(3п+1) (n+l) 


(1) 


(m) 74 TH 7714-771. = (10! -9n —10). 
— 
n digits 
1 1 1 2n 


(n) 1+ + ++ = : 
(1-2) (1-243) (1+2+3+4+---+n) (n+l) 


2. Use mathematical induction to prove that 


(a) tana +2tan2a + 22 tan22 a 4--- n terms cota — 2" cot2"g. 


А : : : . {ntl ). nx x 
(b) sinx+sin2x+sin3x+---+sinnx = sin 3 x |sin 5 POSEE s 


3.2.4 Problems Involving Inequations 
Example 12 Prove by induction that if n 2 10, then 2" > п. 


Solution: For n = 10, we have 2'° = 1024 > 10? = 1000. 
So the statement is true for n = 10. 
Supposing that this statement is true for n =k 2 10, i.e., PSK. 


Ө 
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Боги= К+ 1,27! 3 2x K. 
Now, 25 — (12 + 302 +3k+ 1) = 0 – 3 ЗЕ 1 
= (k- 1 – 6k. 
Let k= 10 + a, where a > 0. 
Then (k — D? — 6k = (10 +a- 1 – 6 (10 +a) 
= (9+ aj — 60 — ба 
= 729 + 243a + 27à? + à? — 60 — 60a 
= 669 + 183a + 27а + à 20 [> а> 0] 
= 2) »(k4ly 
=> Ms (ky. 


Hence, the inequality is true for all n > 10. 
Example 13 Using mathematical induction show that tan па > n tan & 


where 0 < œ< V natural numbers, n> 1. 


4(n—1) 


Solution: Since n > 1 we start with n = 2. 


=> tan2a= a > 2tana, since 1 — tan’ar< 1. 
1- tan? а 
Hence, the result holds for n = 2. 
Suppose it holds for n =k 
=> tanka>ktana. 
Forn=k+1, 


tanka + tana 
tan(k + ро = ————— — — 
1—1ап ka tana 


К {ап о + tana Е 
——— — —— > (Е + 1) апо, since 1- tan ka tana < 1. 
1—tan ka tana 


Hence, the result holds for n= k+ 1. 
Hence, by mathematical induction, the result is true for all n. 


3.2.4.1 | Use of Transitive Property 


S F(n) 
Sppose it is given F(n) > G(n) or G 


>1 (Where G(n) > 0) 


n) 

We have to prove that, 

F(n+1) 
G(n+1) 


>1 


F(n + 1) > G(n + 1) or 
If possible, we may aim to prove, 


Е(п+1) F(n) 
С(п+1) G(n) 


F(n-1) С(п) 
Е(п) G(n-l) 


or 


nly 
Example 14 л! < "as п> 1. 


n4ly 
Solution: Let P(n) — Iw >n! 


зү ж 
For n = 2, LHS B =Z, RHS =2!=2 


9 : 
т > 2, Hence P(2) is true. 


Here, F(n) = (=) G(n)=n! 


n+2 


п+1 
Е(п +1) = (=) G(n+1)=(n+1)! 
Let P(n) is true, i.e., F(n) > G(n) 


Fast) G( 1(n+2) n! 
F(n G(n+1) 2 (n+1)" ‘(n+1)! 


itu n+l 1 1 n+l 
= = 1+ 
2\ п+1 2 n+l 
е (+1) z 
2 m 
F(n-l) F(n) 


> 
G(n-l) G(n) 


>1 


=> F(n-1)»G(n-1) = р(п+1) 1 гое. 


Example 15 Show, using mathematical induction, that 
1 1 
+ eee + 
n+l n+2 3n+1 


> 1 for all natural numbers n. 


Solution: Let us test for n = 1. 


1 1 1 6+4+3 13 
> —+-+—= =—> 


Hence, the result is true for п = 1. 
Let us assume that the result holds for n = k. 
1 1 
+ e >1 
k+l k+2 3k+1 
Forn=k+1, 


That is 


1 1 1 1 1 


1 


Te + + + 
k+2 k+3 3k-l 3k+2 3k4+3 3k+4 
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1 


|, у у т, 1,1 
k+1 k+2 k+3 3k+1 3k+2 3k+3 3k+4 
1 1 2 
>1+ + 
3k-2 3k+4 3k+4+3 


1 1 2 
+ >1. 
3k+2 3k+4 3k+4+3 


Now, if 1+ 


1 1 2 
+ > 
3k-2 3k+4 3k+3 
(3k +4) (ЗЕ +3)+(3k +2) Gk +3)—2[(3k+2) 3k+4)] 
i (3k +2) Gk 4) (Gk +3) 


3k-4-3k-2 
(ЗЕ + 2)(3Е 4) Gk +3) 


which is positive. Hence, the result is true for n = k+ 1. 
Hence, by mathematical induction, the result is true for all n. 


, 


then we are throught. Or if 


LHS 


Example 16 Using mathematical induction, show that 


2 


1 1 
1+—+---+—<2 , for all natural numbers n greater than 1. 
n n 


Solution: For n = 2, 
LHS = eo and RHS = ee 
4 4 2 2 
5: 9 
=<. 
4 2 


Hence it holds for n = 2 


Assume the result to hold for n= k => Ieielu <2 


1 1 1 


I. 4 1 
< + 
(5+1)? k (К+1)? 


For n=k +1, + Tc + 
4 9 


k2 
Now, if we show that 


1 1 1 1 1 1 
+ <2 or > 
k (k«1 (К+) k (k+? (К+1) 


1 1 1 

>0 
k (k+l? k+l 
(k+1)? - k- k(k +1) 


k(k +1)? 
_k?+2k+1-k-k?°-k _ 1 sU 
k(k +1)? k(k-l 0 7 


Hence, the result is true for n = k+ 1. 
Hence, by mathematical induction, the result is true for all n. 


k+1 


then we are through. 


Build-up Your Understanding 3 


1. Use mathematical induction to prove the following Vn є N: 
(а) (2n+7)<(n+3)?. 
(b) 2" >n. 
(с) 1424+3+4--4+n< s Qn. 


d 12422 4---+n? т 
(9) АУН аа 


2. Prove the following inequalities by mathematical induction: 
(а) 2" > п? forn2 5,ne N. 
! n 
(ey)! Geet fl 
(n!)? п+1 
(с) n” < (и!)2, n>3,neEN. 
1 1 1 

+ ++ > 

ntl n+2 2n 24 


(b) 


forn>1l,neN, 


(d) 


3. Prove by the principle of mathematical induction that (1+ x)" >1+nx, n » 1, 
neN and x»-1, х #0. 


3.3 SECOND (OR STRONG) PRINCIPLE OF MATHEMATICAL INDUCTION 
The set of statements, 

{P(n): ne N} 
is true for each natural number n 2 1 provided that: 


1. P(1)is true. 
2. P(n) is true for n € m (where m > 1) = P(n) is true forn 2 m + 1. 


The above statement can be generalized as P(n) is true for all ne N and n 2 k, if 
1. P(k) is true. 


2. P(n) is true for n & m (where m 2 k) = P(m+1) is true. 


This is also called extended principle of Mathematical Induction. 


3.3.1 Working Rule 


Step 1: Verify that P(n) is true for n= k, n - К+ 1. 
Step 2: Assume that P(n) is true for n < m (where m > k). 
Step 3: Prove that P(n) is true for n = m + 1. 


Once Step 3 is completed after Steps 1 and 2, we are through. That is, P(n) is true for 
all natural numbers n 2 k. 

(This method is to be used when P(n) can be expressed as a combination of P(n — 1) 
and P(n — 2). In case P(n) turns out to be a combination of P(n — 1), P(n — 2), and 
P(n — 3), we verify for n = k + 2 also in Step 1). 


Mathematical Induction 
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Example 17 п a sequence 1, 4, 10, ..., t, = 1, 5 =4, and t, = 2t,_)+ 2t,_, for n2 3. 
Show by mathematical induction that 


t, = да+ +(1-3)"] forall n eN. 


Solution: Let us assume that the result is true for t, for all k < n. 


f = да+) «a- 4) 


eue +1-V3) 


а jistrie 
2 


h =4= + уз)? +(1-3)}]= 50) = 4 is also true. 
Now, we have to prove that 


ty = да+ уу «a-A3y'] 


Since, 


th =2[t,1 +12] 
-2 5t ee «a- nez ey «aJ 
=[(1+ V3)" + (1+ 43y? e (1- V3)" + (1 43)y] 
=[(1+ 3)? Q - 3) « 0- 437? 2 - 43] 
р а. Ву СЕВ Jae ES 


= да+ 8) +04397 
Thus, f, = 5l y +(1-3)"] 


So, by the second principle of mathematical induction, the formula is true for all 
natural numbers. 


Example 18 It is given that u, = 1,u,=1,U,..=U,.,+u, forn2 1. 


(|(ьё| (105) 
Use mathematical induction to prove that u,,= 1/5 | 3 | 3 | 


2. 2 


Solution: For л = 1, and 2, we have 


(d E -E 


2 2 


115 1-45 |_, 
Uy Js 2 7 


= The result is true for n = 1, 2. 


Assume the result to be true for n € k. 


1) (a+V5) (1-45 
Then uF E] 


From the given relation 


Ирр = Uk UR 


E je , 1 | МАБ ИСЕ 
ша 2 511 2 2 
m 1 E у ( 1 | = 
2 БД 2 2 J5 2 
(145 Pt tees) (18) 63495 
2 V5}, 2 2 (5) 2 
ETET A 
2 1/5 2 2 1/5 2 
_ | igs kel 1-45 kel 
1/5 2 2 


Hence, the result is true for n = k+ 1. 
Hence, by mathematical induction, the result is true for all n. 


Example 19 Ifx+y=a+b, l +y =e +b’, 
prove by mathematical induction that x" + y" = a" + b" for all natural numbers п. 
Solution: Let P(n) = x" + y” = a” +b" 
Р(1) =х+у=а+ьЬ (1) 
Р(2) =х2 + у= а +? (2) 
Hence, Р(1) and P(2) are true. Assume the result to be true for n < k. 
э xlt! =a! +b. and xf e yr = a + 
In order to prove that P(k + 1) is true, we write 


ИА ии Сог. 


= (аб) ey) ху o ey) 

= (a + b*) (a + Б) – xy (а +67 1) 
Now from Eqs. (1) and (2) xy = ab 

k+l k+1 


—X +y eg pr 


which is the desired RHS for P(K + 1). 
Hence, by mathematical induction, the result is true for all n. 


Mathematical Induction 


ЭШЕ 
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Example 20 For x -2x4l, а = а, +0, 1, b,-a 
Зп 


| n-l * b, 4 * Cp 1» Cn = Ug +c 
=a x+b,+c,x Yne Nanda,=0,b,=1,c,=0. 


n-l 
prove that x 


Solution: We prove the result for n = 1, first. Accordingly, we should have 


x D = aix b, + c, x. Also aj a,+b,=0+1=1 
b,=a,+6,+¢,=0+1+0=1; 
Cc) =a,+¢,=0+0=0. 
= х= 1х+1=х+ 1, which is true. 


Assume the result to be true for n =k 


> x*=ax+b, +c x! 


dd) AE. d 


Forn=k+1,x 
= (ах + by +c, x?) =(axt+b, +c, xy +x). (since x21 x) 
-ag- ag + b,+ by t cx + с 
= x [ay * bi] tax! x tb, Cx +c, 
=x [a,+b,] + dr (1+х) +0, + сүх! + Cy (since x? = 1 + x) 
= х [ay * bi] tax! tab tex +C, 
=x [a, + bj] + ag- b, exl [a + ск] 

Tau X+ Dy + су! 

Hence, the result is true for n = k+ 1. 

Hence, by mathematical induction, the result is true for all n. 


Example 21 Prove that, for all natural numbers n,(3 + J5y T(3- J5y is divisible 
by 2". 


Solution: Let T, be the statement that (3+ V5)” +(3- 4/5)" is divisible by 2". 
Т: (3+ 4/5) - (3— V5) = 6 is divisible by 2! is true. 


T: 3+V5)? + (3— 45)? = 28 is divisible by 2? is true. Let us take that T, is true for 
all k< n for some л. 


To prove Т,: (3+ 4/5)" + (3— 4/5)" is divisible by 2". 
Now, forn – 1 <n, 


(34+V5)""! 4 (3— V5)" is divisible by 277. 


+5)" +3-V5)" 
= [6+ V5) «G-J5)"t JG + V5 +3—-/5) 
– 103+ V5)3- 45) «G- ¥5)8+ 57] 
= 3€ V5)" + 3-V5)""]-[4G—V5)"? +434 V5)"7] 
= 3x 213+ V5)" + 3-V5)""]-41B+ 45y 7 3— 45)7] 


Here, 2[(3 +45)! +(3-V5)""] is divisible by 2 x 277! = 2", and 4[(3 + 5) + 
(3—/5)""2 ] is divisible by 4 x 27? = 2". 


Mathematical Induction Su 


Thus, (3+ J5y +(3- V5)" is divisible by 2”, i.e., T, is true if T, and T, , are true. 
As, T, and T, are true, by the second principle of mathematical induction, 7, is true 
forallne N. 


Build-up Your Understanding 4 


I-45 , 1-45 a" -b" 
= ,b= and u, = 
2 45 
Hence show that и, is a positive integer for all n є N. 
2. Ifu,;=u,=1 and u, = u, у + u, for п> 2, prove that 


1. Ifa , show that u, = u, 4 u, 5. 


(а) ио = Uy + Ms + o + oua. 
(b) u; uua uam CD. 

(c) и = 1 t uu nt Uy). 
(d) Untp-1 = Mp, ` Up-1 u^ Up. 


(e) Uy | Ung Vn, kK EN. 


| Solved Problems| Problems 


Problem | /fn is a positive integer, prove that 


1 1 1 1 1 1 1 
+ Tes =1-—+ Teu Я 
n n+l 2n-1 23 4 2n-1 
Solution: Let el. l ell І : 
n n+l 2n-1 
and V, =1 M. E ion 1 . 
23 4 2n-1 


Now, we should prove that U, = V, for alln e N. 


1 А 
1. Боги = 1, U, =-=1 and V, = 1 and hence, the statement is true for n = 1. 


2. Let the statement be true for n = k. 


Now, 
1 
Uk -Ug = | + І Teu l Ly | Te 
k+1 k+2 2k+1 k k+l 2k-1 
ЕЕ 27 boi. cb od 
2k 2k+1 k 2k+1 2k 
and 


ha-n [1-45 І i-e : | 
2 3 2k+1 23 2k-1 
1 К l _. 1 1 
2k 2k+1 2k+1 2k 
and so, у = Uz = V, 44 Кр. 
But V, = U, by assumption and so U,,, = V, 4. 
Thus, by the principle of mathematical induction, the statement is true for all n e N. 


Chapter 3 


Problem 2 Prove that 


1 1-3.5.7...99 1 
< < à 
15 2-4-6-8---100 10 


1:3:5« 7: (n-3y-Qn- 1) 
2:46 One 2)-2n 


Solution: Let P = 


1 
Here we will prove that the product P, is actually lesser than mem for n > 1 and 
V3n+ 


greater than 


1 
V4n+1- 


RENE 
2.4 8 
1 1 1 1 ; 
As 2 => P, is true. 


„Кы UN NE 
J4x2+1 3 8 J7 ./3х2+1 


12.32.52...(2n- 1 
22.42.62...(2nf ` 


Now let P? = 


We use mathematical induction to prove our assertion. 


1 1 1 1 
<Р,< or equivalentl xp» 
м4п+1 v3n+1 т d 4п+1 3n+1 


Let us assume that this result is true for n = m. 


i.e., 1 2 


Am-l ^" 3m«l 


2.32...(2m -1Y 
L P ue» d 


i.e., 
4m+1  2?.4..(2m P  3m+1 
p2 =- 12 .32...(2т -1? -(2m «1? 
ml p] 2 2 2 
2^-4*---(2m)^ -(2m 4 2) 
р? = p2. (2m+1)? 
UO 7 m+ 2) 
1 (2m+1)? ee 1 (2т+1)? 
4т+1(2т+2)2 ^ "" `3т+1 (2т+2)? 
N 1 (2m +1)? а 4m? +4т+1 


OW x 
(3т+1) 22(m+1)2 4(3m+1)(m? + 2m 41) 


4m? +4т+1 4m? +4m+1 


= Е 5 < 5 5 , where mis positive 
12m? +28m*+20m+4 12m? + 28т= +19m+4 


(4m? +4m+1) 1 1 


(4m? +4т+1)(3т+4) 3m+4 n 3(m+1)+1 


Mathematical Induction 


2 
1 » (2m +1) 


Also nr MN 
4m-l (2m+2) 


4m? +4т+1 
(4m + (Am? +8m+4) 
_ (4m? +4т +1) 
16m +36т? + 24m +4 
_ (Ат? +4т +1) 
(4m? + 4m+1)(4m+5)-1 
Am? +4т+1 10 . 1 
(4m? +4т+1)(4т+5) 4m+5 4(т+1)+1 


Th — $! ep go t _, 
Ane ed `3(т+1)+1 


As Р, is true and the truth of P,, implies the truth of Р, so P, is true for all n 2 2. 
1 2 1 
4п+1 ^" 3n«l 
1 


1 
or ————«p,«———— Vn 
V4n+1 м3п+1 


In the problem, we have и = 50. 


Vn22 


22 


1:3--:(2х50—1) 1 1 1 _1 
< = < ET 
2-4..(2x50) 15041 V151 v100 10 


13,5800 .. 1. 1 . f 1 
24.6100 44.5041 4201 4225 15 


Also 


Problem 3 Prove the rule of exponents (ab)" = a"b" by using principle of math- 
ematical induction for every natural number. 


Solution: Let P(n) be the given statement, i.e., P(n): (ab)" = a"b" 
We note that P(n) is true for n = 1 since (ab)! = a'b! 
Let P(k) be true, i.e., (ab)* = аЬ“ (1) 
We shall now prove that P(k +1) is true whenever P(K) is true. 
Now, we have (ар)! = (ab) (ab) 
=(a* b*) (ab) [by Eq. (1)] 
7 (a* - al) (b* - b!) = gp 


Therefore, P(K +1) is also true whenever P(K) is true. 
Hence, by principle of mathematical induction, P(n) is true for all n e N. 


Problem 4 Prove that 72" + (25n-3).3"-1 is divisible by 25, for n є N. 
Solution: Let P(n) be the statement that * 72" + (2313). 37-1 is divisible by 25’. 


Боги = 1, 72" +(23"-3).3"-! = 72 +(1)-1=50, which is divisible by 25. 
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Let P(r) be true for n =r, i.e., 
T?r + (2573). 37-1 (is divisible by 25) = 25k, ke N. (1) 
Forn=r+1, P(r+ 1): 72"+2 + (230"+10-3).37+1-1 
= 49.72" +(22").3" = 49.72" +8.(23'-3).3.3'-1 
= 25.72" + 24[72" +(23'—3)3'—1]= 25.72" +24-25k — (using Eq. (1)) 
= 25[72" +245]. Hence, P(r + 1) is also true. 
Hence by mathematical induction, the result is true for all n є N. 
Problem 5 Given n^ « 10" fora fixed positive integer п > 2, prove that (n+1)* < 10"! 


Solution: The given statement is 


P(n): п «10^, n> 2. For n = 2, this is obviously true. Now 


(n4 1)* -10n* = -9n* + A + би? +4n+1 


= LE й+у? yen 4420-1] (1) 
For n > 2, each term on the RHS of (1) is € 0. 
Hence, (n41)^ -105^ «0, n22 => (n+1)* «10n^ «10-10" (given) 


Hence, (n-1)* «10! for n22. 


Hence, by mathematical induction, the result is true for all n 2 2. 


P А n? п(п+1) 
Peoblem 6 Show that + Teu - forn2 1. 
1:3 3-5 (2n-1)(2n+1) 2(2n-«1) 
PE Lo n? п(п+1) 
Solution: Let P(n) = $e = 


+ ++ 
L3 3-5 (2п-1)(2л+1) 2(2n+1) 


2 1 ‚ 10) 1 
For n= 1, LHS is — = —;RHS is 1) 
id 3 28) 3 


=> The result is true for n = 1. 


Let us assume it to be true for n =k. i.e., 


p 22 k? k(k+1) 
+++ = ; 
1-3 3-5 Qk-DQk-1 2(2k +1) 


Let us examine P(k + 1). Then 


2 22 k (К +1)? 
+++ + 

1:3 33 (2k-1)(2k +1) (2k +1)(2k +3) 

or (K+? RD, (+12 


(Qk-1(2k-3) 22k+1) (2k+1)(2k +3) 


_ k+l E k+l |- (k+1) | 2k? +3k+2k+2 
2k+1|2 2k+3] (2k+1)| 2(2k+3) 


Mathematical Induction 


_ + perrel. (k+1) Е 


(2k+1)| 2(2k+3) (2k +1) 2(2k +3) 
_ (k*1) | 2k(k+2)+1(k+2)|_ Qk-D(k-D(k-2) 
(2k +1) 2(2k +3) 2(2k + 3)(2k +1) 
_ (k+I(k+ 2) 
С A2k+3) 


=> P(k+1) is true. 
Hence, by mathematical induction, the result is true for all n. 


Problem 7 Show that Н, + Н, +... + Н, = (п+ 1) Н, – и. 


where Н, = 1 + Ly : Tek one. 
2. 3 n 
Solution: Let P(n) = Н, + H,+---+ Н, =(n+ 1)H,—n 
For n= 1, we have Н, = LHS = 1 
RHS is 2H, - 122- 1 = 1. Hence P(1) is true. 
Assume that P(K) is true. Thus, H, + А, +... + H,=(k+ 1) Н К. 
Forn=k+1, 
P(k+1)= H +H, +- +H, +H, = (k+ DA, + Hp К. 
1 
=(k+1) Aya. -— + Ay -k= Ay [k+1+]-1-k 
kl 
=(k+2) Ны - (k* 1) 
which is the desired RHS. Hence, we are through. 
Hence, by mathematical induction, the result is true for all n. 


Problem 8 Show that a «4"NV ne М. 


Solution: Let P(n) = "C, < 4" 
For n= 1, LHS = 2С, = 2, RHS = 4! = 4. 
2 « 4, Hence, P(1) is true. Assume that P(K) is true. 
= PC, < 4k 
K+K) ы „ОЕ+2)(02Е+1) yy 


Боги= К+ 1, 2С, =. 44, < 
mu ETT (EDI) Е HD 


(Zk+ Dk +I) uc aka 
(К - D(k +1) 

2(2k +1) 
k 


If we show that , we are through. 


Hence, we prove that <4 
That 15, 2k+ 1 <2k+2 or 1 € 2, which is correct. Hence, P(k + 1) is shown to be true. 
Hence, by mathematical induction, the result is true for all n. 

1 1-(и+1)х" € nx"* 


1 
Problem 9. Show that 1 + 2x + 333 +--+ nx"! = (1-xy for all n € N. 
-=x 


Solution: We write P(n) = 1 + 2x + 3х2 +--+ nx". 
Let us start with P(1), LHS = 1. 


EPI 
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_ 1-2x+x? _ (x-1 _ 
(=x? (@-х° 
=> Р(1) is true 
Assume that P(x) is true. 


1—(K+1)x* + kx 


=> 142x4+3x2 ++ kx! = 
(1- xf 


Let us examine P(k +1), i.e., 
1+2х+ 3x? e kx! (6+ D)x* = P(k)+(k+1)x* 
EE 1)x* + kx " (К  D)x* 


(1-х)? 1 

1 (6+ 1)х^ + к +(Е+1)х {1+ x? - 2x] 
@-х)? 
_1l-(k+ Dx* +h + (k+ Dx* + (k4 Dx? — 2(k + Dx! +0 
@-х)? 
—le(k-2k-2)k +(К+1)х 7 — 1-(k & 2)x (+ 1)x*?? 
@-х)? @-х)? 

which is the RHS of P(K +1). 


= P(k + 1) 15 true. 
Hence, by mathematical induction, the result is true for all n. 
sin 2" 
Problem 10 Show that cos a cos 2a cos 4a ... cos(2" а) = a 
2" sina 
Solution: Let P(n) = cos a cos 2a cos 4a ... cos(2" a) 
For P(1), LHS is cos a 


. sin2a  2sina cosa 
RHS is = 


- - = cosa 
2sina 2sina 


Hence Р(1) is true. 


Assume the result to be true for P(x), 


ѕіп 2а 


i.e., cosa cos2a соѕ4а... соѕ(2 a) € 
2* sina 


Now P(k +1) 
= cosa cos2a cos4a ... cos(2^ а) cos(2* a) = P(k)-cos(2* a) 


sin2^a cos2ta sin2*t!a 


=> P(k+1) is true. 
2* sina 2*+! sina ( ) 


Hence, by mathematical induction, the result is true for all n. 


Problem 11 Show that 


tan-!| —~ аап — +... + tan-!] —__*___ 
1+1-2-x? 14+2-3-x? 1+ п(п+1)х2 


-tan(n«l)x-tan!x WneN. 


neN. 


Mathematical Induction 


Solution: Let P(n) = 


P(n) = tan! T +їап!| ——  — |+ ttan] —— ——— 
141-2. x? 142.3. x2 1+ n(n4- 1)x? 


Боги = 1, 
tan! zi = LHS and RHS = tan !2x-tan^! x 
1+ 2x? 
al 2x-x ao x 
= tan = tan 
14-2x-x 1+ 2x? 
=> LHS = RHS 


Let us assume that P(x) is true. 


=> tan! [5] --tan^! m feet tant} ————— 
1+1-2x? 14+2-3x? 1+ k(k+1)x? 


= tan! (k - D)x- tan! x 


Now, Р(К + 1) 


= tan! | ——PÓ — |+ tan! | —* [+t tan | —— > 
1+1.222 1+ 2:352 1+ (6+1) 22 


+ tan 


EE 


x 


=P) + an" ere 


x -1 


—Á— 
Geshe 7 


= tan! (k +1)x+ tan`! 


Е 2 3 

ere (К+1)х+(К+1)°(К+2)х” +x ТЕР 
1+ (k +1)? (x? 

j 2 3 

€— (К + 2)x * (k - D^ (k - 2)x — 
14- (k - 1? (x 

Е 2.2 

= tan"! ee ee | tan! x = tan (k + 2)x - tan! x 
1+(k +1) x? 


= P(k + 1) 15 true. 
Hence, by mathematical induction, the result is true for all n. 


Problem 12 Prove, using Mathematical induction, that 


PEEN PESEN p] = 2eos VneN. 
n 


ntimes 


Solution: Let P(n) = \2+V2+---+Vv2 
0—4 


п times 


EP 
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Forn= 1. 


LHS = a2 and RHS = зге Z) =200s 


LHS = RHS, hence Р(1) is true. 
Assume that P(x) is true. 


=> РК D) Е ) 
es + 


k times 
Now, P(k +1) 
= RE 2442+442) 
a .——— 
k+l times k times 


T 
=,/2+ P(k) = [2+ 2с0 
(0 ES 


= | л. |_ 2_% 
= 5/9. Lee ( -27 ]=v2 2cos JET 


л 
= 2cos —— 
2k«2 


= P(k + 1) 15 true. 
Hence, by mathematical induction, the result is true for all n. 


Problem 13 Use mathematical induction to prove that 


n+l . nx x 
cos X +cos2x+---+cosnx = cos 5 x-sin Э ouge 


Solution: For n = 1, RHS = cos xsin > cosec = cos x = LHS 


Hence, the result is true for n = 1. Let the result be true for n = r, i.e., 


r+]. rx x 
cosx + cos2x +---+ cosrx = COS 5 xsin 5 cosec 5 (1) 


Forn=r+1, 


rtl . rx x 
LHS=cosx+cos2x+---+cosrx+cos(r+ 1)х= cos 2 xsin 3 cosec 5 + соѕ(7 + 1)х 


х rtl . rx 2x 
= cosec —] cos xsin — + cos(r + l)xsin— 
2 2 2 2 


1 x| . 2r+l . x . 2r+3 . 2r+1 
= —cosec >| sin x—sin—+sin x—sin X 
2 2 2 2 2 2 


1 x| . 2r-3 Е x . Р+І r+2 
= —совес — | sin x-—sin cosec—-sin X COS X, so that the result 
2 2 2 2 2 2 2 


is true forn =r + 1. 
Hence, by mathematical induction, the result is true for all n 2 1. 


Mathematical Induction 


Problem 14 Let 0 < A; < z for i— 1,2, ..., n. Use mathematical induction to prove that 
азат +, 


п 


sind, + sind, +++ sind, E n sn( 
n 


where n 2 | is a natural number. 
{You may use the fact that p sinx + (1 — p) siny S sin[px + (1 — p)y] 
where 0 € p € 1 andO E x, y E pj. 
Problem I5 Using mathematical induction, prove that for every integer n 2 1, (3” —1) 
is divisible by 2" * 2 but not by 2"* * 
Solution: Let P(n) - 3? -1 
Р(1) = 3 —1=8=1 - 8 is divisible by 2° but not by 2° 
P(2)- 37 —1=80=5- 2* is divisible by 2^ but not by 2° 
= P(1) and P(2) are true. 
Assume that P(k) = 32 — 1 is divisible by 2"? but not by 2^ *? 
= 3" — 1 = 4.2"? where А is an odd integer. 
Now, P(k4 1) = 37 —1 
= (3)? -1 
(24. 1y -1 
= 42 445 4.5692 
= 268342. 2** 1.4 А) 
= 2**3.an odd integer = 2^ *?. B 
= P(k + 1) is divisible by 2**? but not by 2** ^ because B is an odd integer. 


= P(k + 1) 15 true. 
Hence, by mathematical induction, the result is true for all n. 


Problem 16 Let p be a prime and m a positive integer. By mathematical induction on 
m, prove that whenever r is an integer such that p does not divide r, p divides ""C,. 


pip - Mp -2):- (p-r*) 
1.2.3... 
Since p is a prime number it cannot be divisible by any of ће numbers 2, 3, ..., r. 


Bring a positive integer "C, is divisible by p. Hence, the statement is true for т = 1. 
Let the statement be true for m = n, i.e., "C, is divisible by p. 


Now, (1 +x)" * P = (1. xy (1+ х)" 

Coefficient of x” on LHS = Coefficient of x” on RHS 

= (ripe fo "РС +?С,"РС,_у+?С,."РС,,+++°С,"РС,. 

All the terms on RHS are divisible by p as "С, "C,, ^C, ..., "C, are divisible by p. 
= “+ DPC, is divisible by p. 

Hence, by the principle of mathematical induction the statement is true for all m. 


Solution: For m = 1,?C,= where 1 £r E p — 1. 


Problem 17 Prove by using mathematical induction or otherwise, 


n mp 2p 
+ 


n 
+ 
7 3$ 3 105 


is an integer. 


325 
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Solution: 
Using induction: Let M(n) be the statement that 157” + 21r? + 70r? — n is divisible 
by 105 for = 1. 
M() = 15 xI'-21 x P 70x P — 1 = 105 is divisible by 105. 
So, МО) is true. 
Assume that M(A) is true, i.e., 
M(k) = 15K! + 21? + 7002 k= 105s. 
Now, 
M(k+ 1) = 15(k +1)’ +21(k + 1) + 70(k - D — (k+ 1) 
= (1507 + 215 + 70 — k) 
+15{(k+ D! - &') - 21( 1 — 8) 
+70{(k+ D? — €) - (Kk 1) - k 


- 1055 15((1) 5 (K5 (2) (2)) 


„ш e) 1) 
4 70K +3k 41-1 
= 1055 + 15x 7р+ 15 +21 х 50-21 + 70x 3r - 70— 1 
where (1) «(18 vex is a multiple of 7 and hence, taken as 7p, 


(2) «(3)8 ee (i)* is a multiple of 5 and hence, written as 5q and clearly 
32 + 3kisa multiple of 3 and hence is, 37 
So, 
M(k+ 1) = 1055 + 105p + 105q + 105 x 2r - 15 + 21 - 70— 1 
= 105(s+p+q+2r)+ 105 
= 105(s +p + 4 + 2r * 1) is divisible by 105. 
So, M(k) implies M(k + 1) 
"~ M (D is true, hence, the statement 15n’ + 215? + 70r? — n is divisible by 105 for 
all n e N. 


So (15и? +21n> + 705? — n) 


Is an integer. 
105 


Aliter: EX 5n! - 21]? + 70r? – п]. 
105 


Let, f(n) = 15n’+ 21n% 70n ?- n. 
We will show that 
f(n) = 15n’ + 215 + 705? — п is divisible by 105. 
105=7x5x3. 
We will prove that f (л) is divisible by 3, 5, 7 for all n and hence, by 105. 


Consider 7: 
n'2n(mod7) [by EL.T] 
15n’ = 15n (mod 7) = n (mod 7) 
f (n) = (n 0 - 0 — п) mod 7 = 0 (mod 7) 
for all n. 


7/f(n). 


Mathematical Induction 


Consider 5: 

5|(15n’ + 700°) 

п? = п (той 5) [by FLT] 
f(n) = (0+21п+0— n) (mod 5) = 0 (mod 5) 
5|f(n). 


Consider 3: 
п = п (той 3) [by FLT] 
f(n) = (0+0 + 70n — n) (mod 3) = 0 (mod 3) 
3/f(n) 
Hence, 105 | (х). 


Hence, the given expression is an integer. 
Problem 18 Show that 375 + 160n” — 56n — 243 is divisible by 512. 


Solution: Here we use mathematical induction. Let М(и) be the statement that 
M(n) = 32" + 1605? — 56n — 243 is divisible by 512. 
М(1) = 3’ + 160 56 — 243 = 2048 = 512 x 4 and hence, M(1) is true. 
Let us assume that M(K) is true 


M(k+ 1) = 3*055 + 160(K + D — 56(k + 1) — 243 
=3 + 160K + 264k — 139 
= 3°(3°*5 + 160K- 56k — 243) — 8 x 160/2 + 768k + 2048 


= 3203295 + 160K- 56k — 243) – 256(5/2 — 3k — 8) 


= 3*(32*5 + 160/2 — 56k — 243) — 256(5k — 8) (К+ 1). 


By M(k), 3°? + 160/2 — 56k — 243 is divisible by 512. 


Also (5k — 8) (k+ 1) is even for all k. Since if k is even, (5k — 8) is even, if k is odd, 
(К + 1) is even and so, —256(5k — 8)(k + 1) is divisible by 256 x 2 = 512. 


So 32(32 + 160/2 — 56k — 243) — 256(5k — 8)(k + 1) is divisible by 512, which 
implies that M(k + 1) is true. Thus, M(1) is true, M(k) implies M(k + 1). 


M(n) is true for all n є N and hence, the result. 


Aliter; 32"*5 = 35.32” = 243(1+8)" 
= 243(1+8п + n(n—1)32 +(2)83 +---) 
= 243[1- 24n 4 32n? +5124] 


=> 32"+5 4160n? — 56и — 243 
= 243x 512A + 32x 248m? — 5888n 
= 243x 512A + 256 n (31n - 23) 
UY 


even 


=> 512(3?"5 +160n? — 56n - 243) 
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Problem 19 ау, a, a}, ... are natural numbers such that a, = 6, a, = 9 and such that 


а, = За, 18a, » for п> 2. Show that a, = 5x6" —(-3)" for all n 2 1. 


Solution: Here we use the second principle of mathematical induction. That is, we 
have to verify if the statement is true for n = 1, i.e., M(1) is true. 

Then, we should prove that, if the statement is true for all n X k, a fixed natural 
number (say), then the statement is true for (k + 1). Then, the statement is true for all n. 


1 
a, = — x6" —(-3)" 
ii (C3) 


> a 1х6 (-3) = 3—(—3) = 6. 


So, МО) is true. 


1 
а = 536 (-3 =18-9=9. 


M(2) is also true. 
Let the statement be true for 2, 3, ..., k. 


So, 2, = I 6* —(—3)* is true. 


Since a, —3a, , *18a, », we have ap = За, + 18a, |. 


But since the formula is true for all п € К, we have 


акы = ali x 6* —(-3)* | + isl; x61 — (3)! | 


бе 3( зук 4 3.x 6x 61 —2х32(—3у=! 
2 2 

3 k kl 3 k kd 
= 26% 4 (23) 4 3x6* – 2(—3)* 

2 2 

=3х 6* -(-3)€1 

1 


=—x6x6*k — 25 k+l 
2 (=3) 


1 
= —x6kt! ==} k+l, 
3 (3) 


Thus, the formula is true for a,,,, whenever it is true for all n < Л. 
It is true for n= 1, п= 2. 
Thus, this formula is true for all n e N. 


Problem 20 There must be something wrong with the following proof: What is it? 
Theorem: Let a be a positive number. For all positive integers n, we have а= 1. 


Proof: Ifn=1,a"' =a''=a°=1. 
Assume that this statement is true for n < k, i.e., a" | = 1 for all n € k. 
If Kk 2 1 now for n = k+ 1, we have 


kl 
а) — gk = xa“ -l 
ak-2 1 


So the theorem is true for n = k+ 1 whenever the theorem is true for n < k and hence, 
by the second principle of mathematical induction, the theorem is true for all natural 
numbers, п. 


Solution: 
| акі хакі 
Fallacy, for this explanation: When we have written а 771 аѕ ————, we have 
a 
assumed that the theorem is true for n € k and we have verified that it is true for n = 
1. For example, taking k = 1; the denominator becomes а? = -а ! but we have not 
proved that a ' = 1; neither it can be proved. Therefore the proof has a loophole here. 


| Check Your Understanding | Your Understanding 


1. Prove the following by mathematical induction: 


1 x l x 1 x 1 x 
(а) —tan—+— tan—+---+— tan— =— cot cotx, Vn e N. 
2 2 2 22 2” 2n 2^ 2" 
(b) tan! l + tan“! А +--+ апт! : = tan!" , VneN. 
3 7 n?+n+1 n+2 


(c) сої! 3 + сої! 5------ cot! (2n4 1) 


n+l nz 


=й E ane -— VneN. 
2 4 


(d) 3453464 55...5 = > aom —9n-10) Vn e М. 
n times 
2. Show by mathematical induction that (соѕ0 + i sin8)' = cos nO + i sin nO, n e N. 
3. If 0,, O,, ..., Ө, are real numbers, use the principal of mathematical induction to 
show the following: 
(cos; + cos, ++ cos, + (sinO, + 5100, ++ sing, < п? forallne N. 


4. Show that У 2 "C, — n(n + 12"? forn> 1. 
k-0 

5. Prove by the method of induction, that 7, = 10" – (5+ 4/17)" -(5- V17)” is di- 
visible by 2"*! for all n > 1. 

6. Using mathematical induction to show that p" * ! + (p + 1" ^ ! is divisible by 
p *p-*lforallne N. 

7. Prove by induction that the integer next to greater than (3+ V5 )" is divisible by 
2" forall n e N. 

8. Prove the m inequalities by mathematical induction: 


Ge for n»1 (b) locks И dap 


(n? 4" "AR V2 Vn 


9. If a, b> 0, show that (a + Б)" < 2"(a" + b") for all n e N. 
10. Show for any n, 1(1!) + 2(2!) +... + п(и/) = (n + 1)! - 


(a) 


11. Show that (m A py *(m-4 py is an integer for all n є N, where p is a prime 


number and m is an integer. 
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12. 


13. 


14. 


15. 


Prove that 3” >(n!)* Vn e №. 
Iv 1.7 1 
Prove that 7 +0 PES DA 3 е 


1 „1 
Let а be some real number such that а +— є Z, prove that a” + — € Z Vn e N. 
a a 


Prove that |! Vy | Fan Fa Yn e N, where Fy = 0, Еу 1, 
1 0 FQ FL 


Ко = Fix, + F,,n20, neNo. You may use 


п? 


[a e Es pe аб? aes 
a2 


z1 ba b» аб +азБр ab + аә 


Challenge Your Understanding 


1. 


If —1 <a, « 0 for all i, prove that 
(1+4))(1 +0)... (1+а,) 2 1+а +а+--+а,. 
Hence show that if x; are arbitrary positive numbers satisfying 


1 
Xj X2 TEX, i 


then (1-3; 1x; )...(1 x)2IVacN 


й Е mathematical induction, show that 


m- (r+k+D!( n k 
Yom k! Е | 


r+2 


where n, m, r and k are non-negative integers. 


. Ifp 2 3 bean integer and a, В be the roots of x = (p+ 1)x+1=0, using math- 


ematical induction show that o" + p” is 


(a) an integer. (b) is not divisible by p. 
. Ifu,=0, u = 1 and u, = (п – 1)(и„_  u, 5) prove that 
] 1] 1 Me 1)” 
u, =n! + 
E 3! 4! n! | vnen. 


1.3.5...(2n-1 : f 
. Prove that sequence (a,j, where a, 12308-0 БЕ +1 is a monotonic de- 


creasing sequence. 2.4.6...2n 


1 А 1 А 1 А 
. If а-а еа LE n 2 2 where 
а) a an 


a; > 0, А > 0, prove by mathematical induction that £ 


MN Р (ay 
а, Ја а * JA | 


. Define a sequence (а,), n > 1 Буа = 1, a, = 2 апаа, = 2a,,,— а, у, forn 2 1. 


Prove that, for any m, a,,a,,., is also a term in the sequence. [INMO, 1996] 


10. 


11. 


12. 


13. 


14. 


15. 


n +k 
. Prove ву", ue 2" Yn e М. 


k=0 


. Prove that (1+ a)" >(1+a"*!)(1+a"*?)---(1+ à?")vn e N, where a € С 2) 


1 
àcTàt:-d = 
SS (gaea, VneN, 


Let а, а, d5,..., a, € R*, prove that 
Let a and b be positive integer with (a, b) 2 1 and a, b having different parities. 
Let the set S have the following properties: 

(1) а, bes 

(п) Ifx, y, z € S then, x +y +z es. 

Prove that all integers greater than 2ab are in S. [China MO, 2008] 
There are n students standing in a circle, one behind the other. The students have 
heights A, <h,<---<h,. If a student with height Л, is standing directly behind a 
student with height /,_, or less, the two students are permitted to switch places. 


n А А 
Prove that it is not possible to make тоге than Ө such switches before reaching 


a position in which no further switches are possible. 
[USA MO, 2010] 


Prove that (V2 П)” =Jm-—Jm-1\neéN for a certain suitable positive 
integer m. 


[Polish MO, 1953] 
The area of union of several circles equals 1. Prove that it is possible to choose 
several of them that do not intersect each other and whose total area is greater 


1 
than 9 [Moscow MO, 1979] 
Consider a square of size 2" x 2”. It is sub-divided in unit squares of sizes 1 x 


1. Prove that we can tile it with L-shaped triominos (as shown in the figure) 
provided one unit square is removed. 
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ES 
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Fibonacci discovered his famous sequence while looking at how generations 


C h a te r of rabbit breed 
D At the start, there is just one pair. 
After the first month, the initial pair mates, but have no young. 


After the second month, the initial pair give birth to a pair of bables. 


After the third month, the initial pair give birth to second pair, 
Month 3 and their first-boms mate but have not yet given 
birth to any young. 


After the fourth month, the initial pair give birth to another pair 
and their first-born pair also produces a pair of their own. 


After the fifth month, the initial pair give birth to another pair, 
their first born pair produces another pair, and the second-born 
pair produce a pair of their own 


The process continues... 
1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, etc 
..the Fibonacci Sequence 


Month 0 
Month 1 


Month 2 


Month 3 


Month 4 


Month 5 


1 Pair 


1 Pair 


2 Pair 


3 Pair 


5 Pair 


8 Pair 


Recurrence Relation 


4.| INTRODUCTION 


A recurrence relation is an equation that recursively defines a sequence whose next 
term is a function of the previous terms. 

In general, a, = f(a, 1,0, 5,...,45 4); п > т+1, is called recurrence relation for 
sequence (a,j, n > 1. 

For example, consider the sequence, 

1, 1,2,3,5,8,... 

This sequence is known as Fibonacci sequence. Its each term governed by the rela- 
боп а,ә = 4,41 ta, V neN; а =1, a =1.Later in this chapter we will prove that 


Ce а 
452 2 


We can observe the immediate advantage of recurrence over explicit formula for а,, 
the former is easy to apply/remember. There are only few types of recurrence relation 
which can be solved in closed form, i.e., any term in the sequence can be evaluated 
by plugging numbers into an equation (a, = f (n)) instead of having to calculate entire 
sequence. 


ay = 


4.2 CLASSIFICATION 


Let us classify the recurrence relation: These relations are classified by the ways in 
which terms are combined, the nature of coefficients involved, and the number and the 
nature of previous terms used. 


Leonardo Fibonacci 


C. 1175—С. 1240—50 


Nationality: Italian 


4.2 


Chapter 4 


Let us observe the following table: 


Linear Or Homogeneous Or Coefficient (Variable 
Order Non-linear Non-homogeneous or Constant) Example 
First order Linear Homogeneous Constant а, За, 20 
First order Linear Homogeneous Variable a, * na, , =0 
First order Linear Non-homogeneous Constant d gu 
n п-1 
First order Linear Non-homogeneous Variable =(—1)" 
n TAa, =(-1) 
First order Non-linear Homogeneous Constant 
5 apan + à, =0 
First order Non-linear Non-homogeneous Constant =1 
аа, + a, 5 
Second order Linear Homogeneous Constant -0 
4, ~ Ay ~ G2 = 
Second order Linear Non-homogeneous Constant z5 
Ay — 0,4 70,3 = 


In general consider the following: 


fo (n)a, + Л (и)а, 1 ааг J- (n)an = gn) 


Where, f(n) and g(n) are some arbitrary known functions of ‘n’. 

Iff, 0 and f, = 0, then it is called rth order recurrence relation. 

If g = 0, it is called linear homogeneous recurrence relation. 

If g = 0, f; = constant, it is called linear homogeneous recurrence relation with con- 
stant coefficient, which are specially nice to handle. 


Example | Classify the following recurrence relations: 


(a) а, *3a, 4 -2a, 5 = 0 
(b) а, +4а, 2 =n! 
(с) а, + упа, 1 = п" 
(d) а, +а |= 2п 
H 
(e) а, 30,4 -2dna, + 24/па, за, з = f(n); f(n) #0 
(f) а, +3а, 1 - 2 Adis + 24/па, за, =0 
(g) a; + 2а,а, 1 ЕЗ 4? 1 -0 
(h) an — 4 104 2 T A Ug» = 0 
(i) а, + Ay 40, 5 = 1 
(j) а, BH Te] =n 
2 2 
Solution: 
(a) Linear, homogeneous, with constant coefficient and of order ‘2’. 
(b) Linear, non-homogeneous, with constant coefficient of order ‘2’. 
(c) Linear, non-homogeneous, with variable coefficient of order ‘1’. 
(d) Linear, non-homogeneous, with constant coefficient, order not defined. 
(e) Non-linear, non-homogeneous, with variable coefficient of order ‘3’. 
(f) Non-linear, homogeneous, with variable coefficient of order ‘3’. 
(g) Non-linear, homogeneous, with constant coefficient of order ‘1’. 


(h) 


Non-linear, homogeneous, with constant coefficient of order ‘2’. 
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(1) Non-linear, non-homogeneous, with constant coefficient of order ‘2’. 
(j) Linear, non-homogeneous, with constant coefficient and order not defined. 


4.3 First ORDER LINEAR RECURRENCE RELATION 
Let us consider first order linear and non-homogeneous, 
d, = Р(п)а, 1 * g(n), n2 2, a-a 


Where f(n) and g(n) are known functions of ‘n’ and f(n) # 0. 
Divide whole equation by p, = fD- £(2)--- f(n) and rewrite as 


an Ana  g(n) 


Pn Pn-i Pn 


. a 
Consider, — = v, 
Pn 
n 
then v, = У, = gn) 
Pn 


Now plug, n = 2, 3, ..., n and add all, we get, 


r-2 Pr 
а а 80) 
Рһ n r-2 Pr 
«у e) 
>a, = р + 
" A; (1) 2. D, 


2 
Example 2 Let а, = з +n? -15,n2 2,a, =1. Find id. 
Solution: 
a 


п eee 
3 


Compare it with a, = f(n)a,_; + g(n) 
2 
=> f(n)= 3 


=> f(D fQ--f(n)= B 


2 n 
By dividing whole equation by B we get, 


4.3 
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> b, b, 1 = (п? ix >| 
2 
Plugging, n = 2, 3, 4, ..., n and adding all we get 


b, sd =v 15,3] 
r=2 2 


35 (say) 


= 
| | 
3 
where, 


2 3 n 
S = (22 15,3] +(3? DE кено? is (3) 
3 3 n+l 
55s «ons ) + ++((n- v is ) + (и2 -15)(3 | 
2 3 4 п п+1 
ig ТӨ +3(3] ШЕ 40] +=+(2л Е у (n? 
2 2 2 2 2 
3 4 5 
е x ТӨ ze «s кы +(2п (3T 
4 2 2 2 


ue 
2 
+ + = = = 


2 3 4 5 n n+l n+2 
5-2) L5 ZB +2(3) ex - (n2? *2n- oE r +(n? is (3) 
d 2 p 2 p 2 


3 n+l 3 n+2 
(n? +2103) + (n? as) 
4 2 2 


п+1 п+1 
um (3 Е ЕИ г. 
4 2 4 2 2 2 


1 3 n+l 
5 s-( | (P) -4n-5) 
4 2 2 


-99 (3) Е 


=s=36+(3) (3и2 -12n -15) 
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Now, 


LEN. DELETE 
2 2 


Sa zd 2 + 3n? —12n-15 
2 3 


n-l 
а, = 25-(2) +3n? -12n-15 


4.3.1 First Order Linear Homogeneous 


а, = f(n)a, 4, п> 2, a-a 


> Sn St. еп). f(n-1)-- f (2) 


qq 2-2 a 


> a, = [fm (п 1): f Q)le 


Example 3 Let a, = na, ,, a, = 1. Find a,. 


a 
ny 


Solution: Let us rewrite the recurrence as 
Qn-1 


n. Bit fed 2049 - n(n—1)(n—2)++-2 
ар Oy 2 4,3 a 


a 
> =n! 
a 
>a, =n! 


4.3.2 First Order Linear, Non-homogeneous 
with Constant Coefficients 


аһ = Cd, 1 +C, п2 2, а =A, (where с, c; constant and c, # 1) 


Let, 
a=b, +A (A some constant) 
>b, +A =cCb, 41-0646; 
= b, = cb, 4 + (с, = ПА + C5 

i C5 
By taking д = i , we get b, = cb, 1 
E 
Which is a geometric progression with common ratio ‘c,’. 


b, = cf! b, 
> a, -cl(a-A)*À 


4.5 


4.6 


Chapter 4 


Note: In case of c, = 1, 
а, = 8ар tC > а-а, = 
Which is an arithmetic progression, with common difference с. 
>a, =a,t+(n-1)cp. 


Example 4 Let {a,,} be a sequence such that a, = 4, and sum of first n terms is S, and 
$,4-3$,-2n-4-0 VneN, finda, 


Solution: 


We know that а, у = 5,1-5, Venz20 (as Sp = 0) 
Now, 5, = 5, =[3S, + 2n 4]- [3S,, 1 + 2(n- 1) - 4] 
—a,,,-73a,*2 Vnzlaj-4 


Let, 
a, =, +A 
=> Би =3b, +2442 


Make 244220 => A-2-1 


= bu = 3b by =5 
>b, =3"!.h =5:3"! (As bi=ajt1=44+1=5) 
=>a,=5-3"!-1 VneN. 


Build-up Your Understanding 1 


1. Find the n” term of the sequence {a,,} such that 
@,=2,4,,;=2a,+1@=1, 2, 3,...). 
2. Find the п" term of the sequence (a, such that 


1 
ael. =-2% +4(а,>0, п> 1) 


3. Find ће л? term of the sequence {а„} such that 


а +a, tta 1 
=n+— (n=1,2,3,...). 
n n 
4. The positive sequence {a,,} satisfies the following conditions (a), (b) 
(a) а= 1 
(b) log a, – log а, , = log (n – 1) – log (n + 1), n = 2. 
Епа Уа 
k=l 


5. Find the n^ term of the sequence {a,} such that 


1 n? —2n-1 
а= 1,а = 7^ Par (ж=], A E 


6. Leta, = 1, a, = (n – 1)a, , + 1. Find n such that n|a,. 
7. Letay-1,a,2 5a, 4 * (n* 1)! 2". Find a, 
8. Leta, = l, (n+ 1)а, у * na, 22n-3 V п> 1. Find a, 


Recurrence Relation 


9. Find the n' term of the sequence {a,} such that 
a,=1,a,,,;=na,+n—-1(n=1, 2, 3,...). 
10. Find the n™ term of the sequence {a,} such that 
a, = 1/2, (п – 1) ap = (n + la, + 1(n > 2). 
11. Find the л? term of the sequence (x, ) such that 


2 
x 22, x42 (0+ 1) | =; zi (п=1,2,3,...) 


12. Find the п? term of the sequence {a,,} which is defined by 


3 
1 п—1 
a,=9, а, = p nit 7 (=, 2, 3,...). 


4.4 First ORDER NON-LINEAR 


4.4.1 First Order Non-linear of the Form 
C, 
a, = —— —— 
Ba, + Y 
By taking reciprocal of both sides, we get 
LEN PNE 


a, а аа, 


; 022,2 >l; а: В:у #0. 


Геї, ==, 


=» b, = Cb, 4 + Co (where, с = PN с = 4 
a 


a 
1 (п—1)а„ 
Example 5 Let {а„} be a sequence such that a, = 1, 42 =—, apy = , forn 
=e re 3 Б 
Find а,. 
Solution: 


1 (n)\1 1 
а] n-l a, n= 1 


1 1 1 1 1 1 


na, (n-l)a,„ п(п—1) n(n—1) ~ n п-1 


Plugging п = 2, 3, ..., (n — 1), in above equation and adding all we get, 


1 1 1 1222" 
(п- а, aj n-l п-1 
1 _2-п gat ъз 
(n-la, n-1 n-1 
1 
> ay = ;n22 
3n-2 
1 
We can see that a; = 1 = —— 
3-2 
1 
Hence, an = n Vnzl 


3n-2 
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4.4.2 First Order Non-linear of the Form 


_ Od, 1 +В 


[where 6 0,22, eias 
y 


Yanı + б 
We will transform this to previous form, let a, = b, +x 


ab, ,+ax+p 


>b,+x= 
yb, +yx+6 
E ab, ı+ax+ß 
yb, +ух+д 
_ (a - xy)b, 1 +(ах+ B) х(ух+ӧ) 
yb, +ух+д 


Now choose x such that, 
ax В = х(ух+б) 


Solving, yx? +(5 -a)x - B = 0, we get x = x], x;. 
Take any root, say ‘x,’, 


p = & 2b 
уБ + YX, +6 
] yx, +6 " y 


25 
b, (a ш XY) by (a E ху) 
Геї, 
1 
ho Ја 
> f, = Afrit e 
+ô 

Where с = rm y 


; С + 
(0 — ху) (a — ху) 


(1) 


Note: Observe that we can get equation (1) directly from recurrence by replacing a; 


M -tP 
| yx-ó 


sequence. 


. The value of x satisfying the equation is called fixed point of the 


Example 6 Let (a,) be a sequence such that a, = 1, a,,,4,74(a,,,-1 Vn EN, 


find a,,. 
Solution: 
ay = 
+1 4— a, 
Let, апы = Dns +A 
4-40 +14? +Ab, 
= Das = 
4-1-b, 


Take A2-444420 > A=2 
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2b 
> = 
n+l 2— b, 
к к 
b, b, 2 


KA in an arithmetic progression with common difference БЕ. first term 
n 


Ed l =-], 
b а, —2 
= EEE 2 
ü,— 2 2 
2 2n 
>a, А 
п+1 n+l 


3a, +4 
Example 7 Let {а„} be a sequence such that a, = 2, аһы = 


2a, +3 , n2 l. Find a„ 
Solution: Let à, = b, +A, Vn 21 
3b, +34 +4 
> by = 
25,4 2443 
_ G-2A)b, -24? +4 
2b, +2143 
Get 242 44-202 A - £42 
Take iex 
sp c 0-724295, 
"Ho Ob, e (34 24/2) 
1 В 2 34242 1 
= =@+— where a = , B= = 
Prat by | acum 3-345 zx 
Let l C, + 
et — = Cy > 
В, Н 
So, Cu tH =a+ B(c, +H) 
Taking а+иВ-и=0 > p= =- 
1-8 24 


Hence, 6,44 = Вс, 


4.9 
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= gn, 1 1 
й Perd 


1 Q-42'-1 
b, 242 
22 242 
| G-J2* -1 


n 


eee = G-2N2)p" a 
| 6-2/2)8”"-1 


І 
——=— +1 
(3-242y1 143-222" 
= 4/9 zu 
| G-242yn- 


[1e (42 - 1*2 
-42 
ааа 


Aliter: After getting А = +2 
Consider, 
аы —У2 _ 3a, +4-V2(2a, +3) 
anı tV2 3а,+4+4/2(2а,+3) 


= (v2 -1)? an —\/2 
(42 +1)2 La, +42 


=> Py =(V2-1)4b, | whereb, = 
+1 "m 2 


a 


ERD aaa 2 
- = eid 

a +2 2594/2 (V2 ) 

> b, = b (V2 14-0 = (2 iy? 
а, exl _ (м2 -1)4"? 

dA 1 


1e (42 - 1*7? 
=v2 ,n=1,2,.... 
С сс | 


Recurrence Relation 
1 
Example 8 Let (a, bea sequence such that a,=1, а = m (1+ 4a, * 414 24a, ), n21. 


Solution: Let us get rid of radical sign by assuming, 1+ 24а, =b? (with b, > 0) 


b? -1 
a, = ———., also bj = 5. 
= 24 h 


21-1 

ы „р 1+4- (03 1)+b, 
24 16 24 

= 4b?,,-4=b?7 + 6b, +5 


or (2Ь,.1)? = (b, +3)? 
=> 2bı=b,+3, n21 (asb, >0) 


Let, ba =C, +A 
=> 26,1 =C, +3-A 
set, A=3 


1 
> Ch ropes 


1 n-l 
=6,-3-(5] (h -3) 


1 
>b =3+—> 
1 6 
2 
>b =94 ai + TE 


> І 8+ І + i 
a, = 
24 22n-4 2n-2 
143-272 4221 
3. 22n-l 


or d, 


Build-up Your Understanding 2 


3a, . 1 
1. а, = Pri n> l,a = = find a,. 
2а, +1 4 
a 
2. Find the п" term of the sequence (a,) such that a; = 1, a,,, = т " a >. 
An 
За, 1 1 
3. Solve: a, = a = —. 
2а„ | +1 4 
3a, 4*1 
4. Solve: a, = 22885 a = 5. 


, 
а + 3 


4.11 


4.12 
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6a, +2 
4 —13a, 


2 
6. а,=3,а 4, =4, n= 1. 


п? 


5. Leta, = 0, G41 = . Find a,. 


7. Find the п" term of the sequence {а„} such that a, = 1, a,,, = 2a; (n = 1, 2, 3, 
tes): 

8. Find the ^ term of the sequence {x,} such that 
хн 7 X,Q2 —x,) (n= 1,2, 3, ...) in terms of x,. 


9. Find the п? term of the sequence {a,} such that Уа =n +3n? +2n and 
k=l 


n 1 
Calculate У — 
k=l Як 


4.5 LINEAR HOMOGENEOUS RECURRENCE RELATION WITH 
CONSTANT COEFFICIENT OF ORDER ‘2’ 


Consider the recurrence relation 
an = Pan + qd, 5 
where p and q are constant. 
As we have seen, in first order homogeneous recurrence relation, solution are of the 

form x" (usually). Let us plug this solution in second order with x # 0 

=> х" = px"! + qx"? 

=> x-2px«q 

or х2- рх-9= 0 
This equation is called the characteristic equation of the recurrence апа the quadratic 
appearing on the left hand side is called the characteristic polynomial. 


After solving this quadratic we get two roots, x =a, В 
There are two cases: 


Case 1: a + f, in this case, 
a, = Aa" + up" 
for value of A, и use initial conditions. 
Case 2: a = 8, in this case, 
a, = (А+ unja” 
Example 9 Let {a,} be a sequence such that, a, = à, + 2a, 5;nZ 2,ag lay = 3, 
find a,,. 
Solution: Replace a, by x", x # 0 
Si = E M 
—x-x-220 > x=-1,2 
— a, = А(-1)" + u2” 
Now, a =A+p=1 
also а =—-A+2p =3 


Recurrence Relation 


> a, = —(2"*? +(-1)™). 


Example 10 Let {a,} be a sequence such that, a, 2a, , +4,2 Vn 2 3,4 = 1,а =1. 
Find a,. 
H n 
Solution: Replace a, by x", x # 0 
=> х" = xr +772 


=>x?-x-1=0 


Also, s i258 [8238 | 


—ÀA-—.u- 
ie ча 
(5) al 
=S4,'= T 715152, ss 


2 


Example 11 Let {а,} bea sequence such that, ay = 1, a, = 0, a, = 2a, – 2a, 5, find a, 
Solution: Characteristic equation of the recurrence is, 


x?-2x4220 


= x=14/=V3[ cos siint | 


sa, -alo [cos isin) fra (soe ise) | 


= (/2)" E E x +isin z) +u E 5 —isin =) (De Moivere’s Theorem) 


= (/2)" С + ш) cos 2 +i(A — 1) sin z| 


Now, da =At+u=l 
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а, -JaA Ae 


TI 
42 J2 
>1+i(A—p)=0 
=>A-p=i 


>a, = (/2)" С —sin =), 


Example 12 Let {a,} be a sequence such that, ag = 2, q = 25,a, =10a,_; – 25a,» 
Vnz2,neN, find a,. 


Solution: Characteristic equation of the recurrence is, 


x? -10x 425-20 
Sx= 5,9 


As characteristic roots are equal, 


а, = (å + un)5" 


Now, a =A=2 
aq =(A+p)s=25 > и=3 
Hence, а, = (2+ 3n)5". 


4.6 GENERAL Form or LINEAR HOMOGENEOUS RECURRENCE 
RELATION WITH CONSTANT COEFFICIENTS 


Consider the relation Cg@, + са, 4 t: Chan- =9 
where c;'s are constants Co, c, + 0, this is called kth order recurrence relation. 
By replacing the terms a, by x, r2 n, n— 1, ...,n— г. 
=> сух" + exl срх =0 


= сох’ + exf! 


Tee axto-0 (1) 
This equation is called characteristic equation of the recurrence. 
Case 1: OQ), 05,05, ..., €, are all distinct and roots of the equation then, 

а, = №(01)" + À5(05)" +--+ А.(о)" 


where А, 45, ..., А are constants will be calculated using initial conditions. 


Case 2: 01, Q,...,@, (1€ p < k)are the distinct characteristic roots of (1) such that 
0, is of multiplicity m;, i= 1, 2, ..., p then 
a, = (А + Aon Ап? a A, nm јо" 
n 11 12 13 1m, 1 
F (Ax + Ап + Азп? еа dom, nin! Jax 
Tee 
(Api Aya pan? +--+ Apm n" Ja 


pm, p 


where 4;/s are constants will be calculated using initial conditions. 


Recurrence Relation 


Example 13 Let {а„} be a sequence such that, 
a, = 5а, = 9a, » + 7а,_з = 2a, 4; n= 4, а = 3; а = 8, а = T7, a3 = 32. 


Find а,. 


Solution: Characteristic equation of the recurrence is, 
x" = 5x"! — 9x2 47x73 – 20", x = 0 
=> x4 -5x +9x? -7x+2=0 
= (x-13(x-2)=0 => x-LLL2. 
=> a, = (А + Ап+ Аи? (1! + A42" 
Now, 
a) =A +24 =3 
a =A +A, +A +24, = 8 
d, = À +24 +4% +444 =17 
а; =A, +3% +94, +844 = 32 
—A-LA,22,42L44,-22 
=> а, = (1+2п+п2)+2:2" 
= (и+1)2 +2"! 
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1. Let xx 2Lxi = l, Xp41 = x,*2x, 4 Vn21. Find x, 
2. Let ay =1,а = 7,a,,, = 2а, *3a, у. Find a,. 
3. Let a, = 1, a) =3, a,, = 4a,,, — 4a, .Finda,. 
4. a) =3,a,=6,a,=—64a,_,—9a,_, find a, 
5. Іеѓа, = 7a, у – 64,5, Ag = 2, a, = 7. Find a, 
6. Solve the following recurrence relation. 
(a) a, = 5a, 4 —6a, 5, n2 2. а = 1, q = 5 
(b) а, = ба, у – 9а, ,п2 2, ар = 1, а =2 


7. а, = За, —4 a,_3, 4&9 =—4, a, = 2, a5 = 6. 


8. Let ay = а, а =b,a, 22b-a*2, a, = За, — За, + a, з. Find а,. 


а2 +2 
9. Let a =a 21, а, = Y n23. Ргоуе that Vne №, а, є N. 
an-2 


4.7 GENERAL METHOD For NoN-HoMoGENEOUS 
LINEAR EQUATION 


Non-homogeneous linear equations are usually solved using the method of undeter- 
mined coefficients (basically guessing the solution of non-homogeneous part and 
checking with the recurrence). 

We do this in three parts: 

Part 1: Find the general solution aU ! of associated homogeneous equation. 


Part 2: Find a single solution aC to the non-homogeneous equation. This solution 
is referred as particular solution. 


4.15 
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Part 3: Now a, = аб) + aC? . Now put initial condition to get constants in ай 
Example 14 Find the general solution to the recurrence: 


7 5 
ар = an1 +2а,_2 +n,n2 2, а = 4? а = 4 
Solution: As non-homogeneous term is a polynomial of degree 1, we guess that par- 
ticular solution will be of the form, a?) = pn+q 


=> pn+q= р(п-1)+9+2р(п- 2) +24+п 
= -2рп+(5р- 24) = п 
= -2р=1 and Sp-2q=0 


= 1 5 
pr > sg 
2 4 
Associated homogeneous equation is, 
(Н) | (Н) (Н) 
аһ = ayy + 2a, 5 


—x-x-220 => x=2,-1 
(H) 


>a, =A2" + u(-1) 
> a, = а) +a?) 
n 5 
=12" + u(-1)" - -> 
prec 
5.7 
а@ю=А+и=—=— > А+и=3 
0 H 4 4 H 
15 5 
a = 24 -—=— > 2-p=3 
1 H 24 4 H 
>A=2,u=1 
— a, = 271 e (71 - 2-3. 
2.4 


Example 15 Let (a,) be a sequence such that, a, = 2a, , + 4", ag = 0, find a, 
Solution: Solution to homogeneous put, 
(Н) _ 5 (Н) 
аһ = 2an-1 


=> a) =A2" 
As non-homogeneous term is 4"! , let us guess that the particular solution, 


a?) =а.4" 


>a-4" =2-q-4714 47 


=>4a=2a+1 => а=5 


Hence, 
а, = p + d. 
1 
a, = А2" 4 —4" 
2 
Now, 
At l 0 
аһ = — = 
d 2 
zRA- к. 
2 


1 
=> а„=—(4"—2"). 
2 ) 


Example 16 Let {а„} be a sequence such that, 
а, = За, у = 24,5 +2", n2 2, ay =3, a = 8, find a,,. 
Solution: Solution to homogeneous part, 


ab 390 29/7 
= х?-3х+2=0 212 
=> a") =А(1"+и2” = A+ u2” 
Unfortunately corresponding non-homogeneous term is 2” which is also appearing in 
homogeneous part. Let us guess particular solution. 
d, -yn2" 
=> үп2" = 3y(n—-1)2""! - 2y(n-2)2"? +2" 
=> Any -6y(n-1)-2y(n-2)«4 
=> 2у-4=0 
>y=2 


= a =n-2"tl 
= a, = а) +a) = А+ u2” 42" 

Now, ар = А+ и = 3 and a =A+2u+4=8 
54 = 2, р =1 


— а, = 2+2" n2", 


4.7.1 А Special Case 
If the recurrence relation is of ће form 
An = C0, 4 + Cod, ++ 6 a, + aq fi(n) T ay fa(n) paei «к (n) 


where 0, 02, 03,...,@, are constants and fi, 5, f3,-.-,/; are polynomials in ‘n’ of 
degree Pj. рә, рз,:.:, Рк respectively, then the characteristic equation of the recur- 
rence will be 


r-l r-2 


(x ex Сәх с, )(х a, P (x-a,)P:... (x-a) = 0 


Here we added additional roots in the equation as our equation contains terms of the 
form a” f(n) where @ is a constant and Ҳи) is a polynomial in ‘n’. 


Recurrence Relation 
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The general form of the solution is the same as in article 4.6, But we need to know 
more than r initial terms as there are additional p, + 1 + p,+1+---+p,+ 1 coef- 
ficients needed to be resolve. We can obtain these additional terms from the given 
recurrence. 


Example 17 Let aj = 2, а, —3a, , — 4n. Find a,. 
Solution: Given recurrence can be rewritten as а, = За, | — (1)" 4n 
=> а =1 and /(п) = 4n, which is of degree 1. 
Hence corresponding characteristic equation is, 
(x-3)x-)"! =0 
> a, = А3" c (u* yn)" (1) 


Now we need two more terms to resolve и and у 


ау = 2= a =2, a = —2 (From the recurrence relation) 


Plugging 7 = 0, 1, 2 in equation (1), we get 
А+и=2 
35+и+у=2 
9A+pt2y = –2 
>A=-1, u=3, and y = 2 


Hence a, = -3" + 2п +3 
Example 18 Let а, = 2a, +п+2"*!, ау = 0. Find a, 


Solution: Given recurrence can be rewritten as а, = 2a, , +n(1)"+ 2"(2) 


=> a, =1, fi(n) =n, which is of degree 1 and а, =2, f; (п) =2,, which is of zero 
degree. 
Hence corresponding characteristic equation is, 


(х= 2) x— 1)*lg - 2f! = (х - 1) x 2 20 
=> a, -(A* un)" +(y+6n)2" (1) 


Now we need three more terms. From the recurrence: a, = 5, a, = 20, а; = 59. 
Plugging n = 0, 1, 2, 3 in equation (1), we get 


A+y=0 

A+pt+2y+26 = 5 
A+2u+4y +80 = 20 
A+3u+ 8у +246 = 59 

5 4 = 2, = -1, у= 2, and 6 = 2 


Непсе а, =-п-2+(п+1)2"+ 
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1. Find the п? term of the sequence {b,} such that 
b, =2,6,,,=26, +п(п= 1, 2, 3,...). 
2. Given the sequence {a,,} which is defined by 


a,7l,a,,, 72a, * 2" (n=1, 2, 3, ...). Find the n term a, and sum Y'a, 


3. Теѓау= 2,а,=2а, 4-3", n > 1. Find a,. 
4. Define the sequence {a,,} such that 


a, = —4,a,,, 72a, + 2"? n - 13 - 2"! (n = 1, 2, 3,...). Find the value of n for 


which a, is minimized. 

5. Find the n^ term of the sequence {а„} such that 

aj = 1, ¢,,,=24,-1 * 2n (n-1,2, 3, ...). 
. Let ay = 1, a, = За, у - 2n^ + 6n - 3, п > 1. Find a,. 
. Let a = 8,а, = За, 4 - 4n 3.2" , Find a, 
. Let a) =2, a, =9a,_, - 56+ 6,nz 1. Find a,,. 
. Find the п? term of the sequence {a,,} such that 

a, = 1, a) =3, 4,4; — За, + 2a, =2" (п> 2). 
10. Find the n” term of the sequence {a,,} such that 


1 Р 1 аһ] 
= 
2 э 


SoN е 


a = a 2 = . 
! 3 dios 2a, 41 + 28,0, 


14- x, | 
11. Let ху = lx,- 1, Xn42 = "1 ур 0), 1, 2 e. Find x59;;. 


n 


| Solved Problems| Problems 


-2 3 А 
Problem | Leta; = 1, а =е, аз =, a,,, nz 1. Finda, 


Solution: In a,,; = -21n a, +3 па, | 
Let Ina, = b,, b, 20, b,-1 


= b ==—2 b, "E 35, 


Its characteristic equation, 
x -3x+2=0 
>x=1,2 
=> b,=A (D + u,” 
= 0=/A+2uand1=/A+4u 


1 
—u--—-,À--1 
В 2 
=> b,=2"'-1 
=a, =e" 1 


Problem 2 Let a, = 7 d,7—6 4,4, a, = 2, аз = 7. Find a, 
Solution: Take n = 2" 
а» = 7 dymi — 6 ais 
Let Ayn = bm 
> b, = Tbm — 6b, 5, b0 = 2, b =7 


k=1 
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Characteristic equation is 
xi-7x46202x-6, 1 
=> b,=A6"+ m1" 


For m=0,2=A+u 
For т= 1,7= 64+ ш 
=> A=1,u=1 
=> „= 6" +1 
=> а» =6"+1 
= a, = 61%" +1 
= а, = nlo&6 +: 


Problem 3 Let a, = 1, а, =2a,+ 3a? -2Vn2zl. Prove that a, є N. 
Solution: ia -4a,,40, + 4a2 = За? – 2 
= а? 4а ла, +а2 4220 
n+l n+1“n n 
2-4 2 0+2=0 or a2_,-4 2+2=0 
=> d, аһа + ay | +2 = or d, Anan- +a, +2 = 
=> d,,1,0,., are the roots of p(x) = 2? - 4a, x + а> +2=0 


= ар] + аһ 4а, 
=> a,,, = 4a, — a, , and by induction we are done 


n+4 
Problem 4 Let a, — 2а, + à, 5— | 4 | “п> 2, а= 0, a, = 5. Find a, 


Solution: Let a, — а, у = 5,3; Б, = 5 


n? 


n+4 
> һа 4 LE 


Plugging n = 2, 3, ... , and adding all, we get, 
n(r+4 n+5 4 5 
р-Б = = - - 
ues erp 
"(Е п+1 " . 
Note: bi = , known as hockey stick identity 
r r+l1 
n+5 


n+5 
=» 4,- 4,4 = 5 -1 


Again plugging n = 1, 2, 3,..., n and adding all, we get, 


Recurrence Relation 


"(n 
Problem 5 Let (1а pss find a, 
n 


т=1 


Solution: Let f(x) = Y Wu = (х+1)”—1 


т=1 


п+1 


x _ a(n kt E (x41) =j 
[od х) 


Put x = -1, we get 


n qned 
ух n\(-1) 1 l2” 
ak) kl п+1 п+1 
And since there is obviously a unique sequence a, matching the requirements, we get 


(- Dr 


EX s А 
п+1 


Problem 6 Let ау = 1, a, = 2 and a, = 4а, 4—a, 53V n= 2. Find an odd prime factor 
of 015. 
[Putnam, 2015] 


Solution: Characteristic equation 
х2-4х+1=0 > х=2+43 
=> a, = А(2+ 4/3)" + u(2- 4/3)" 
=> А+р=1, 202+ 4/3) + (2-3) 22 


=> Au 
н=— 


1 п п 
= a, = 5[ +3) +(2- 3)" | (1) 


1 
For the sake of notational ease, let 2 + V3 =a and 2-43 = B, then a, = a "4+ p") 


Claim: If & is an odd positive integer and a, #0 then a, | ay, 


dy, Е а!" +6” _ (a")* +(8”)* 
Я а" +В" а" +8” 


Proof: 
a 


= a Cn -a (F-2)n gn +a” Been + pen (1) 
Аѕ а: B=1and a" + В" eZ V m, RHS of (1) is an integer > a, | ay, 
Now 2015 = 403 x 5 
= а; | 45.493, іе, > 5 |915 
: | (Qe 43) «2-43» 
5 


2 
= 362=2 х 181 


Hence one possible answer is 181. 


Here 


4.2] 
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Problem 7 a =0, а =1, а, = 2а, у +а, 5,п2>2. Prove that 2* |a, if and only if 
2* |n, 
[IMO Shortlisted Problem, 1988] 

Solution: By the binomial theorem, if (1 + V2)” = 4, + B, 42, then (1 - 42) 2 4, — В, 
42. Multiplying these 2 equations, we get A, = 2B, =(-1)". 
This implies А, 15 always odd. Using characteristic equation method to solve the given 
recurrence relations on а,, we find that a, = B, 

Now write n = 2m, where m is odd. 

We have k = 0 (i.e., n is odd) if and only if 2B,? = A,’ + 1 = 2 (mod 4), (i.e., B, is 
odd). Next suppose case К is true. 

Since (1 + V2)” = (4,+ B, V2)’ = 45, By, V2, so Bp, = 24,В,. 

Then it follows case k implies case k+ 1. 


Aliter: From given recurrence we can easily get, 


а, ана -a- y |") |ә). 


Let n = 2‘m with m being odd; then for r > 0 ће summand 


n n-1 n-l . 
2r =x” =2г+*_" is divisible by 27°* (As 2r + 1 
2r+1 2r+1\ 2r 2r+1\ 2r 


is odd) 


: n з 
Hence, a, = п+ >) 2! = 26 m 4 2?! s, for some integer s. 
0 rtl 


= a, is exactly divisible by 2“. 


Problem 8 Let ay) = 0, a; = 1, аһ = 4 4,,, + ba, where gcd(a, b) = 1. Let c be a given 


positive integer, m is the least positive integer such that c/a,, and n is an arbitrary 


n 


positive integer such that c[a,. Prove that m/n. 


Solution: Let us first prove that consecutive terms are pair wise coprime 

Given dp, 41, ау, аз, аль... 18 0, 1, a, a + Bosi 
First 4 terms are co-prime pairwise 
Let (а, ар) = 1 and suppose p|a,,,, and p |a,,;, where p is prime number. 
Аѕар = аарц + ba, 
— p|ba, = p|b (As p does not divides ау) 
Also ар = aa, + Бак \ 
= р|а:а; = p|a, which is a contradiction. 
Hence any two consecutive terms are pair wise co-prime. 
Now Let а„ be the first term divisible by ‘c’, i.e., m is minimal such number. 
Consider the sequence 
0,1,a, a + b,..., X, Ans Am + OX, a A, * ab x * ba 
By taking mod c of the sequence we get, 
0,1,a,...,x, 0, b x, ab x,.... 
=> аһы = bx a, (mod c) 
Let c| bx a, but c does not divides ау. 
Now, gcd (a,,, а„ + bx) = 1 and cla 
Hence, if c |ang > c|a, 


motte 


m ^ с does not divides bx. 


m+ 


=> k must be a multiple of m, since otherwise we can continue retrieving values m 
from k until reaching a term divisible by C, with an index strictly between 0 and m, 


contradicting the minimality of m. 
n-l 

Problem 9 Let а; = 1, а, = У (п- Юа, ,Уп > 2. Find a, 
k=l 


Solution: a, = 1 > a, = 1, a} = 3, a, = 8 and so on. 


аі = Yn +1 —k)ax 


Then (1) 
k=l 
n-l 
Also а, = b (n— k)a, (2) 
k=1 
= Ян = 2а (From (1) – (2)) (3) 
ntl 
— Any — Ang = 2. ak (4) 
=> (а ~ ак) ~ (ла ~ а„) = Ans] (From (4) > (3) 
> а= За -а, Vnz2 
Characteristic equation is 
, 345 
x -3х+1=0 > x= Уу 
А 3 + 1/5 п 3 _ 5 п 
> a, = 2 + и 2 
3+ V5 " 34 \/5 
а,=1= 2 H 2 
74345 7-345 
=3= +u 
a 2 2 
juo. du- сс 2208 
\/5(3+/5) 1/5(3—\/5) 
+05)" esr 
a= Vn=2 
n 2n-l J5 
Problem 10 For real numbers ay, ay, аз,..., if a, + а„ 2 2a, for п = 2, 3, ..., then 
prove that 
A, a А„ 2 24, for n = 2, 3,..., where A, is the average of a,, a5, ..., Ap 


Solution: 4, + 41 2 24, 


Recurrence Relation 


4.23 


4.24 Chapter 4 


n-l 
NENNEN a, 40, 1-2], а» 
ntl n| n+l 


n-l 
e _ £ dy, — Ay 132 + s g 
(п—1)п(п+1) | п(п+1)| п+1 


п-1 
(n+2)(n-1) a et 1) >0 


=> a, = а 
25 n 2 


eie. $| „2200 " ы» | 
r=2 


d. v 1) m Oe) 20 


14 (r+ 1)(7 – 2 af (r+2)\(r- D, (r-D(r-— >) + tral r(r- 3 
2 2 2 2 


r(r—- 2n 2a 9. (Io 
т 2 T+ 2 YT 


(а, —1 – 2a, + а) 20 


0 


el 
oye 1) 


Which is true as a, , + а„ 2 2a, for r =2, 3,... 


Problem 11 The first term x, of a sequence is 2014. Each subsequent term of 
the sequence is defined in term of the previous term. The iterative formula is 
(V2 +Dx, -1 


. Find the 2015" term, i.e., xg. 
(V2+)+%, [BMO, 2015] 


x, - (V2 -1) 


Solution: Х„ = 
Te QD =D 


n+l = 


Let x, = tan a, also 42-1- tan 


л 
tana, —tan 8 
= Ха+ = 
л 
1+ tan—tana 
8 п 


л 
=> х= {ап | 4, E 
tana; +1 


л л 
-t a, —2014.— | = tan| a, +— | = ———— 
> ws zl : 3 | | 3 1— {ап а 


ху+1 2015 
l-x, 2013 


Ton 
Note: For any k, a, — = # odd multiple of 2 Even we can say a, + r (integer) 


Recurrence Relation 


As tana, = 2014 e ant tan tan x ,ttan z 


Problem 12 /t is given that the sequence (a, ) , with a, = a; = 2 is given by the recur- 


2a, ла 
nin =n -n Y n=2,3,4... 
ар 10441 — аһ 


rence relation 


2011 
ies | а 
Find integer that is closest to the value of У + 


k-2 @ 
[Singapore MO, 2012] 
Б 2а, 40, 3 
Solution: eg mE 
00541 — 0, 
Oy, 410541 — а; _ 2 — 2 
Q, 1d, п-п п(п-—1)(и+1) 
an+ an (n+1)-(n-1) 


а, an- n(n m D + 1) 


1 1 
Е (п—1)п n(n+1) 


Plugging n = 2, 3, 4,..., n and adding all, we get, 
a, a 1 1 
anı а 2 (п+1)п 


Anu 3 l 1 
a 2 n n+l 


Again plugging n = 2, 3,..., n and adding all, we get, 


n ар 3 x 1 1 


n 
td 2 2 n+l 


3n-1 1 
= + — 

2 nal 

For n = 2011, 
» йыз 6033-1, 1 
m ud 2 2012 

1 
= 3016+ —— 
2012 


=> Closest integer is 3016 


n. yn 


Problem 13 Let x and y be distinct complex number such that is an integer 


x^ — у" 


for some four consecutive positive integers n. Show that is an integer for all 


positive integers n. 


4.25 


4.26 


Chapter 4 


. | хп y” 
Solution: For non-negative integer n, let t, = X, So ty = 0, tj = 1 and we have a 
ху 


recurrence relation ¢,,,, + Б + ct, = 0, where b = —(x + у), € = xy. 
Suppose f, is an integer for m, m + 1, т+ 2, m +3. 
Since c" = (xy)" = £,,, — „л is an integer for n = m, m + 1, so c is rational. Since 
c™ 15 integer, c must, in fact, be an integer. Next 
b- tmtm+3 Ы 1т+1Їт+2. 
с" 


So b is rational. 
Form the recurrence relation, it follows by induction that f, = f, (b) for some poly- 
nomial f, , of degree n —1 with integer coefficients. Not the coefficient of x in a) 


is 1, i.e, f, , is monic. 
Since b is a root of the integer coefficient polynomial ў, (2) — t,,,, = 0, b must be an 
integer. 


So the recurrence relation implies all /,% are integers. 


Problem 14 Let а, =1,a) = —la, =—а„_у—2а„_›\/ п >3. Prove that 2"? —7a2 isa 
perfect square. 


Solution: Let us generate enough data 


a, = -a) -2q -1- X(1) =-1 


d4—7-—a4—2a; =1+2 = 3 
Now Геї 2"? — 7a? = b? 
= b? =2 -7a? =8-7=1 
b? = 24 _7а2 =16-7=9 


b) = 25—742 =32-7=25 
Ь2 = 26 –742 = 64-63=1 


Let us define b, =—1, b, = 3, and b, = —, , — 2b, , V nz 3 


b, a 7a, b 
Claim 1: а, 2 ——— and b,; -——-- — 
n+l 2 2 +1 2 2 
1 1 
Proof: forn=1, a а t. = —] which is true. 
2 2 2 2 
7 7 1 
== "= 3, which is true. 
2 2 2 2 
b 3 
forn=2, аз = 2 22 += = –1, which is true. 
2 2 2 2 
7 b 7 3 
b, = -2-22 -L42 =5, which is true. 
2 2 2/2 
Let for n = k, claim be true 
Forn=k+ 1 


Ags = ара — 2a, 


_ 3a, by 1 Ta, by 1 b, ак 
2 2 2 2 2 242 2 


1 1 
= ар = 
2 k+1 2 К+1 
7а; 3b, 
m ban a 2079 77. 
= Thy _ by 
2 2 
Hence by induction our claim is true! 
Claim 2: 2^7? = Tan? Р bn? 


forn- 1,2 = 7a +c 27 4 1 = 8 true 
Let for n = k, claim be true 
Forn=k+1 


2 92 2(2") = (ak + bj?) 
2 2 

_ 7 by а 4 7 ак by 

2 2 2 2 


_ 4,2 2 
= Тара + 


Hence by induction our claim is true. 
As 2"? = Та2 + b? 


= 2n? - ла? = p 


n 
= 2"? 7айїз a perfect square. 


Problem 15 Let {a,}, {b,}, n= 1, 2, 3,..., be two sequences of integers defined by a, 
-Lb,-0andn2l. 


йы = 7а, + 12b, 6 
Б = 4a, 76, + 3 


Prove that a? is the difference of two consecutive cubes. 
[Singapore MO, 2010] 


Solution: Consider the equation, x^ — 3)? = 1 (Pell’s Equation) 
Its fundamental solution is (2, 1) and all other solutions (ху, у.) will satisfy 


хыл Xii V3 = Gt yy 43) (2+ V3) 


Or хрр + Yil V3 = 2x, + 3y, + V3 (2y, + xj) 

> X = 2x, + 3V (1) 
And Ур = Yk t Xp (2) 
Note that x, is even and y, is odd only when k is odd. For odd k= 2n — 1, 
Let хрр = 27, = 1 


Узе = 28, + 1, 8 = 0 
From (1) апа (2) 


Хз = 2X4 + Зур 
= 2(2x, + 3y,) + 3Qy, + x) 


Recurrence Relation 


4.27 


4.28 Chapter 4 


= 7x, + 12y, 
and Умз = Veer + Хы 

= 2(2y, + xy) + Qx, + Зу) 

=4x,+ Ty, 

> 2f = 7:2}, + 12- 2g,+1) 
and 2g, * 1 = 4(2/) + 7(2g, + 1) 
=> fa = Tf, + 12g,+6 

and Sm = Af, 5E 7g, T3 


Thus f, and g, are exactly equal to a, and b, respectively. 
Now (2a, - 32b, = 1 
= 235 43bh41 = (bu -b 


Hence proved. 


| Check Your Understanding. Your Understanding 


1. Solve the following recurrence relation. 
(a) a, 24a, 1-3-2", n21,ag =1 
(b) à, 23a, 1+2-2п2, п>1, ay =3 
(с) а, = ба, у = 9а, 5 +2”, п> 2, a =1, q =4 


2. The function fis given by the table 


X 1 2 3 4 5 
fo 4 1 3 5 2 
If ay = 4 and а„ = /(а„) then find алууу. 
2 1 1 
3. Іеѓа, = apvd . Provethata, <= = e a,«-— 
2a, +1 2 2 


4. Leta, = n(a, +a, t---- a, ,) VnZ2 a, = 1. Find a, 
5. Let a, be a real sequence a, = 1 and a, = met (а, +a, +a; +-+ a,i) п2 2. 
Find азуу, mn 
6. Let {а„} be a sequence such that, а = T a +a +--+, = п?а,. 
[CMO, 1985] 


7. Find the n? term of the sequence {а„} such that 


a, = 1, па, = (п-1)ў а (п= 2,3,...) 


k=l 
8. Let a = 0, a Li l уш пєй. Find a 
. Let а =9, а= - ; . Find а,. 
i < 2 пт +) и 
п-1 
9. Гей а= 1,а, =а,1+1+ Уа V п> 1. Finda, 
k=l 


10. Let (n+ 2)(n+ Da, (nt 1) a,,;-a,=0Vn2=1 
a, =2, a, = 1l, find a, 

11. Letx,=2x,?-1,n2=0,-1 € xy < 1,Find x, 

12. Letn(n— 1)a,2(n-1) (an-2)a, = (n-2)(n-3)a, 5,02 2 
a = &, a, = P. Find a, 


13. 
14. 


15. 


16. 


17. 


18. 


19. 


20. 


Let n(n – 1)a, = (n 1) (n — 2)a,_) + (n -3) ayo, п = 23 ay = Q, a, = D. Find a, 
Find the n" term of the sequence (a, such that 


Уа = 3n? e An 2(n =1, 2,3, ...) and calculate >) а2. 
k=l k=l 
Find the п? term of the sequence {a,,} such that 


a, =0, a, = 1, (n-1 a, = Уа, (n2 1). 
К=1 


Let a, be the n™ term of the arithmetic sequence with a, = 7, the common differ- 


1 
ence 2, and b, be the n'" term of the geometric sequence with b, = =, the com- 


1 
mon ratio = For the М7 {c,}, if > акбБусу = RE +1)(n+2)(n+3) holds, 


then find c, and evaluate so —. 


п=1 Сп 
a 1 
Let a, = 2 - N22, ay=2,a, > 2. Find a,. 
ал-2 
Find the п? term of the positive sequence {a,,} such that 


а= 1,а›= 10, 4-4. 201,2 3: 


n : 
=a, +2,a,=1. Finda, 
2 


Let a, 


Let a, =1.a,= (2n n> 1. Find a(n) 


| Challenge Your Understanding | Your Understanding 


1. 


If D, =(n-1)(D,, + D, 5), 2 2 3, D, = 0, D; =1, then prove that, 
D,-nD,,*(-1';nz2,D,-0 


1 r 
And hence or otherwise prove that D, = п! cr p: L 
r=] ! 


. Let x, = 2x, — 5x,^. Find x, in terms of x, 
. Find the п? term of the sequence (a, such that 


a= 5, а = 2а, (а, + 1) (n > 1). 


. The operation ® which makes two non zero integers т, n correspond to the inte- 


gers m Gn satisfies the following three conditions. 
(a) D@n=n+1 

(b m&0-m-«l 

(c) m@n=(m-1)@(m@(n-])), (mz1,nzl). 


Evaluate the following 1®n, 28 n, 3@n 


. Let a) =0, a =1, (п? –п)а, -(n-2)a, 5 0 Уп> 2. Find a,,. 


. Let {а„} be the sequence defined as follows ay = 0, a, = 1 and a, ,,=4a,-a,,_; for 


n21,2,3,.. 
(a) Prove that a2 — a, ца, 21 Vn2 1. 


Recurrence Relation 


4.29 
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17. 


18. 


19. 


20. 


. The sequence dp, 44, a»,.... Satisfies a 


. Let a, = 5a, , + 29b 


. Lex zx? +1 =(я+ 1)? 
. Let Р(х), Р(х), Р,(х),... are polynomial in ‘x’ such that Р(х) = 0, Р(х) = 


2 1 
b) Evaluat arctan| — |. 
(b) Evaluate A t3 


k=l k 


. Let 7,22, Т, =3, T, = 6 andn > 3. T,= (n + 4) T, , — 4n T, + (4n — 8) T, 3. 


Find Т,? 


. Find the п? term of the sequence (a,) such that 


1 1 
a,=4, ТЕСЕ Jomo 


m+n + a m-n = 


1 Р 
С (а„+а),) Ут, пе No with 
m > п. Ifa = 1 find a59,;. 


п > 2,0, =а, +56, 1,п2 2, а, = 5, апа Бу = 1. 


n-l* n-1l* 


Find a, and Б,. 


. Letp,,47 Pn =69 п 2 1,4,1 = p, +44, 2 1, pi =4, and q; =—1. Find p, and 


dn 


. Solve the system of recurrence relations а, = а, —b, and 6,,, =a, +3b, 


Given а) = -], bo =з; 


. The sequence {а„} is given by ay =3, а, 22 ауа а, Vanl. 


(i) Prove that any two term of (a, are relatively prime. 
(ii) Find а, уу. [Croatia MO, 2007] 
Vn2 1. Find x, 


n+l 


x — 2017 and P,(x) = (x — 2017) Р, (х) + (2018 — x) P, (х) V n > 2. Find P,(x) 


. Consider a, a, = а, +2, n > 1, a, =а = 1. Prove the following: 


(i) a, € 2 
(ii) a, is an odd number Vn e N 
(11) set {а,,а, а, 2} is pairwise coprime Vn e № 
a24,-7 
Let a, = 1, a, = 7 апда, = К Уп»> 1. 
п 


Prove that 9a, а„ + 1 isa perfect square Vn e N. 

The sequence {x,,} is defined by x, = a, x; = b, х, = 2008x,,, — x,. Prove that 

there exist a, b such that 1 + 2006x,,,,x, is a perfect square for all n € N. 
[Turkey MO, 2008] 


. 2+ 
The sequence x, is defined by x,= 2, x,, = i 2. 3121,23: 
— ZX, 


n 


1 
Prove that x, = 2 or 0 for all n and the terms of the sequence are all distinct. 


1 
The sequence {a,,} of integers is defined by E Süd 


with a, = 2, a; = 7, prove that а, is odd for all values of n = 2. [BMO, 1988] 


Input Function 


Chapter E 
X OF lane ————— f(x), g(o), A(t), ... 


Domain 
Domain Elements 


Independent Varible 
Argument 
Function 
y=x4 


Output 


Range 


Range Elements 
Dependent Variable 
Value of Function 


Output A 0, 1, 16, 81 


Functional Equations 


5.1 FUNCTION 


A function fis a rule ‘f that assigns to each element x of its domain of definition one 
definite value f(x) belonging to its co-domain. 

Formally, 

A function f from A to B is a subset of Cartesian product A x B subject to the fol- 
lowing condition: 

Every element of A is the first component of one and only one ordered pair in the 
subset. In other words, for every x € A, there is exactly one element y such that the 
ordered pair (x, y) is contained in the subset defining the function f. 

The expression f: A — B means fis a function that has domain А and co-domain В 
or fis a function from A to B. 

Usually (but not always) function is denoted with an expressions such as, 

f:A—B 

f(x) = Expression 

where x is an argument of the function belongs to A and f(x) is a value or f'image of 
the function belongs to B. 

Collection of all f image, is called range of the function. It is always a subset of 
co-domain (i.e., B here) 


5.1.1 Some Properties of Function 


1. One to one function (Injective function): If f(a) = f(b) = а = b, then fis called 
Injective or one to one function. In other words no value in co-domain may be 
taken by f(x) more than once. 

2. Many to one function: If for atleast one a, b such that a + b, f(a) = f(b), then fis 
called many to one function. 

3. Onto function (Surjective function): If range of the function is equal to co- 
domain of the function, then function is called onto. In other words for every 
b € Co-domain, there exist a € Domain such that f(a) = b. 


f: A——+ B 


f: A—— В 


Gant 


One to one 


f: A—+ B 


a 
Many to one 


f: А —> B 


Onto function 


Б 
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f: A—— В 


Cao 


Into function 


Bijective function 


13. 


14. 


15. 
16. 


. Into function: If range is a proper subset of co-domain then function is called 


into. 


. Bijective function: If fis injective as well as subjective, then fis called bijective 


function. 


. Increasing function: f(x) is called increasing function (or non-decreasing func- 


tion) over J, If 
Уа, Бє І, а<Ь = (а) < (0). 


. Strictly increasing function: f(x) is called strictly increasing function over J, if 


Уа, Бє l, a<b«& а) <) 


. Decreasing function: f(x) is called decreasing function (or non-increasing func- 


tion) over J, If 
Vabela<b>f(a)=f(b). 


. Strictly decreasing function: f(x) is called strictly decreasing function over J, If 


Va,bela«bc«ef(a)»f(b) 


. Monotonic function: If fis either increasing or decreasing then it is monotonic. 
. Strictly monotonic function: If f is either strictly increasing or strictly decreas- 


ing then it is called strictly monotonic. 


. Even/odd function: If Domain is symmetric about ‘O (origin)’ that is x € 


Domain €» — € D then we can define f(x) even function, if f(—x) = f(x) V x € 
Domain and an odd function if f(—x) = -f (x) V x e Domain. 

Periodic function: If f(x + 7) = f(x) V x e Domain then fis called periodic, 
where T is a fixed positive real number independent of ‘x’. Least positive T (if it 
exist) called fundamental period of f. 

Fixed point of function: If f(a) = а for some a belongs to domain then a is called 
a fixed point of the function. 

Identity function: If f(x) =x V x e Domain, then fis called an Identity function. 
Self invertiable or involutory function: Iff: А — A has the property that f( /(х)) 
= х for all x € A, then fis called an involution on A or ап involutory function. 
Involutory function are very special function. If f : A to A is an involutory func- 
tion then A can be partitioned as the union of sets А, such that each A, has either 
one or two elements, and f swaps the two elements (if there are two) or maps the 
element to itself (if there is only one). 


5.1.2 Continuity of a Function 


Intuitively a continuous function is function whose graph does not ‘breakup’. But one 
should only view this definition informal. Formally, f(x) is continuous at a € A. If f(x) 
approaches f(a) as x approaches a. In mathematical notation, this can be written as 
lim f(x) = f(a). More intuitively, we can say that if we want to get all the f(x) values 
xa 


to stay in some small neighbourhood around /(x,), we simply need to choose a small 
enough neighbourhood for the x values around хо. If we can do that no matter how 
small the f(x) neighbourhood is, then fis continuous at xy. In mathematical notation: 
fis a continuous at x = a €» 

Ve>03a ð> О such that Y xe D,:|x-a|« ô> | fx) - (a) < € 


Read it “for all epsilon > 0 there exist a delta > 0 such that ...” 


Note: f(x) is continuous over A, if it is continuous at every a € A. 


5.1.2.1 Intermediate Value Theorem 


Let f be continuous over [a, b]. Then for every À lying between f(a) and f(b) (including 
f(a) and f(b)), there exist atleast one c € [a, b] such that f(c) = À. 


Functional Equations 515 


5.2 FUNCTIONAL EQUATION 


A functional equation is an equation whose variables are ranging over functions and 
our aim is to find all possible functions satisfying the equation. 

There is no fixed method to solve a functional equation few standard approaches 
as follows: 


5.2.1 Substitution of Variable/Function Charles Babbage 


This is most common method for solving functional equations. By substitution we get 
simplified form or some time some additional information regarding equation. We 
replace old variable with new variable by keeping domain of old variable unchanged. 
See the following examples: 


Example | Let f: R \ {0}  R be such that [+1] =x ы: Vx eI. | {0}, find 
Јо). ” i 


1 1 
Solution: Let y =1+— > х = 
x 


y-1 26 Dec 1791—18 Oct 1871 
Nationality: British 


y-1l 
Example 2 Let p, q be fixed non-zero real numbers. Find all function f :R—R such 


that /\х-®|кзх«2 oet sse 
р q P P 


2 
> ro» (5 +(y-l? vyeR-(D. 


Solution: Substitute x- 4 = y in left inequality, we get f(y)< Р у? + 4 (1) 
P q 


Similarly substituting x + qe. y in right inequality, we get f(y) = E у? + 4 (2) 
P q P 


From Inequations (1) and (2), we get 


Јо)= 2у2 +4 wer. 
q р 


Example 3 /:IRM0)  R such that 2 f(x) «t = x Vx eR (0), find f(x). 
x 


1 
Solution: Replace x by —, we get 21 зле = E 
X 


1 
x x 
"e 1 à 
Now by eliminating f| — | from the two equations, we get 
X 


(9-4) fx) = 3-2x 
X 


3-2x? 
5x ` 
Example 4 Find all functions f :IR — R such that x f(x) - f(1 —x) =2х- х Vx € R. 


> f(x)= 


Solution: Replace x by(1 — x), we get 
(=x) fü-x)* f()220-2)- 0 - x) 


Now eliminating f(1 — х) from the two equations, we get f(x) = 1 — x, 


5.4 Chapter 5 


Example 5 f:R-{0,1}>R, fee (=) =1+x find f(x) 
X 


-1 
Solution: Replacing x by = we get 
x 


m (Eye 1 Jm a) 
x 1-х x 


1 
again replacing x by lox in parent equation, we get 
= 
1 71 1 2-x 
f кух |=1+— -= 
x) S d. =x 
1— 
=; jen 


By adding parent шыш + Eq. (2) and subtracting Eq. (1), we get 


з 0 
Ра x 2х—1 КО; x*-1 
1- x 2х(х-1) 


(2) 


5.2.2 Isolation of Variables 


We try to bring all functions of x to one side and all functions of y on other side. For 
some particular type of problems this works wonderfully. See the following examples: 


Example 6: Find f(x) such that xf(y) = yf(x) Vx, y e R- {0}. 


Solution: x f(y) = y f(x) 


Ло) _ £0) 
x y 
as x, y are independent of each other 
> fœ) = Constant = c 
х 
=> f(x) = сх. 


Example 7 Jf (x — у) f(x + у) – (х + y) f(x — y) = 4xyG? — y?) V x, y e R, find f(x). 
Solution: Given equation is equivalent to 


f(x*y) f(x-y) 


=4xy 
x+y x-y 
=(xt+ yy (к-у) 
"е ae oe а 2g У) оуу 
x+y 


is constant 


s_n 
t 


Functional Equations 5,5) 


Let I) a =с f(x)=x* +сх. 
х 


which satisfies the parent equation. 


Build-up Your Understanding 1 


1. Find f:R\{0,1}—> R, such that 
(4) = „=! Yx e R\{0, р). 
X 


x-1 
2. Find f: R \ (0, 1}  R, such that 


+7) =x Vx e R\{0, D. 


3. f(x? + xy 2/0 — 3x + 2) = 9x3? — 15x V x €. R, find (2016). 

4. Find f: R > R, such that f(x) + xf(1 - х) 21 ox Vx e К. 

5. fF: IR OR, f(x * y) + f(x у) = 2f(x) cos y V x, y є R, find all such functions. 
6. Find all functions f: R\{0, 1} — R, such that 


roy t( 4) 20-990 ый. 
1-x x(1— x) 


7. Find all functions f: R\{0, 1} — К, such that 


rosas ear )- 
x x-1 


5.2.3 Evaluation of Function at Some Point of Domain 


We try to determine the unknown function at points 0, 1, —1, etc, which is mostly 
crucial to simplify the complex functional equation. Observe the following examples: 


Example 8 Find all functions f : R — R such that 
fof) + fo) = (ЛО) +y V x, y e R. 


Solution: Let P(x, y) : f(xf(x) + (у) = (FAF +y 
PO, x) : О) = (70) +x 
Let f(0) = a О) 2x ^ à (1) 
at x =—a’, f( f(-a’)) = 0 
Let (а?) = b 
=> f(b)=0 
РФ, b) : f(bf(b) + f(b)) = (fb) + b 
= f(b(0) + 0)=0° +b 
= f(0)=b 
Also P(0, b) : /(0 - /(0) + /(b)) = (700)? + b 
f(0) =O +b 
= (f(0))=0 (as f(0) = Б) 
=> f(0)=0>a=0 
From Eq. (1), we get (f(x) =x Vxe R (2) 


Also from P(x, 0) : f(xf(x)) = ( fy (3) 
Replace x by f(x) in Eq. (3) 


5.6 
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We get, fL) Ло) = SLO) 

= f(f(x) x) =x (from Eq. (2)) (4) 
From Eqs. (3) and (4), we get 

(Л) =x 

=> f(x) =x or -x 

Now we will prove either f(x) 2 x V x e R orf(x) = x V xe R. 
If possible let f(x,) =x, and f(x;) = —x,, x, # x; 

Рх, хо) tfo fo) + fe) = fo) +х› 

Flee =x) =x? +2) 

> eA -1,) = AD TX, 

+ve, Xj T = Hy + X, =>x,=0 

—ve, 28. +X = x tx, A =0 

=>x,=0 

Hence either f(x)=x Vx e R 

or,f(x) 2 x V x e К. 

Example 9 f: №, > No such that 
foe e fo) ex fG) * y V x, y € No, 


Solution: P(x, y) dita +0) = хо) + у 


P(0,x):f(f(x)) = ху хє № (1) 
P(1, 0) : fC. +70) = 1) (2) 
— f(fA+f/(0))) -fCf(1) (taking fon both side of Eq. (2)) 
= 1+/(0)=1 (using Eq. (1)) 
=> f(0)=0 


PCL, f(x) : ЛА + О) = 1 - fC) +0) 

— f(1-x)-2a-f(x)(Let/f(1) =a) 

Дх+1)-/0)=а (3) 
Plugging x = 0, 1, 2, ..., n — 1 in Eq. (3) and adding all, we get 

f(n) = naVn є № 

Checking it in parent equation, we get 

а(х? + ау) = ax + y 

—a y yoa l>a=+l 

But a = —1, not possible as co-domain = Np. 


> f(n)- n. 


Example 10 Find all functions f : R — IR, such that 
ЛО + y) f(x + y) cfi) fo) -xy V x, ye К. 


Solution: Р(х, y) : f(f(x +y) 2 f(x + y) +) - fi) - ху 

P(x, 0) : FFO 2.fGx) A + /(0)) 

Let f(x) = t 

=> f(t) = (1 f(0)t (1) 
When ¢ € image set of f 

=> f(fGx * y)) = (0. fK0)) fx + y) 

=> f(x * y) * f(x) ДО) - xy = 0. +/(0)) f(x + у) 

=> f(x) : fy) - xy =f(0) - Д(х + y) (2) 


Let f(0) = a, х= —a and y =a in Eq. (2) 
Ла) f-a) + à — à 

= f(a) f(-a) =0 

—0el(f) 

From Eq. (1), we get 

70) = (1 + /(0)) 0-0 

Using this in Eq. (2), we get 

foo - f) = xy 

> (Л) =1>f()=+1 

=> f(x) =x or -x 

But f(x) 2 x only satisfy the parent equation. 


5.2.4 Application of Properties of the Function 


Sometime investigating for injectivity or surjectivity of function involved in the equa- 
tion is very useful in order to determine it. Sometime identifying function as monoto- 
nous reduces the complexity ofthe problem at great length. See the following examples: 
Example 11 Let f: 2  Z satisfies 

Sf) + 2)=nV ne Z,f(1) = 0 find f(n). 


Solution: Let f(n) + 2 = g(n) 
= f(g(n) = п 
as f o g is one to опе and onto function, g is one to one and f must be onto. As g() = 
f(n) + 2 = fis one to one function and g(n) is onto also = f and g are inverse of each 
other. 
Asf(1) 202 g(0) = 15 (0) +2 = 2(0) = 1 
=> f(0)=-1 
from f(n) + 2 = g(n), we get 
SS) +2= gCf(m) = п 
=n=f(f(n))+2 
Replacing n by f(n + 2), we get 


f(n * 2) « füfCf(n + 2)) + 2 
-f(n*2-2)-2 (ав (Ди) - n-2) 
=> f(n+2)=f(n)+2 

= f(n+2)—fln)=2 


using telescoping sum we get 

>fn)=n-1 (asf(0)—-—1,f(1)— 0) 

Example 12 Find all functions f : R — R that have the following two properties: 
fCKf(x)) 2 x V x e Rand x 2 y then f(x) > fY). 

Solution: Fix any number x € R and Let y = f(x). 


From first property f(y) = х 
Letx#y, >x<yorx>y 


Case 1: x « y 2 f(x) €f(y) 
— y € x contradiction 


Case 2: y «x 2 f(y) < f(x) 
— x € y contradiction 
Непсех = у f(x) = ху хє К. 
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Example 13 Prove that there is no function 
f: № > No such that f(f(n)) = n + 1987 [IMO, 1987] 


Solution: f must be injective (if it exists) 


Let x #y, f(x) =f) 


—fCfG) =f(FO) 
= x + 1987 = y + 1997 


=» x = y Contradiction. 
= f must be injective. 
Let f(n) misses exactly k distinct values C}, С», ..., C, in No, ie., f(n) € Cj, C5, ..., С, 
Vne №, then /(/(n)) misses the 2k distinct values С, C3, ..., C, and (C). (С), .... 
f(Cj) in №, (No two f(C;) is equal as fis one to one function). Let y e Nọ and y # С, 
Cy, ..., С. (C). С), .... (Cp), then there exist x e №, such that f(x) = y. Since y € 
ГС), x + C; so there is n є No such that f(n) = x, then f( f(n)) = y. 

This implies /( f(n)) misses only the 2k values C,, С, ..., Cj, С), С), ....f/ (Ch 
and no others since n + 1987 misses the 1987 values 0, 1, ..., 1986 and 2k + 1987 this 
is a contradiction. 


5.2.5 Application of Mathematical Induction 


Many functional equation on natural number or on integer can be solved using induc- 
tion, sometimes it is also applicable in case of rational numbers. See the following 
examples: 


Example 14 Let f: N >N be a function such that f(n+ 1) > f(f(n)) Vn e N. 
Prove that f(n) 2 n V n e N. 


Solution: Our claim is f(1) < f(2) < f(3) < .... This follows if we can show that, for 
every n > 1, f(n) is the unique smallest element of { f(n), f(n + 1) , Ќи + 1), ...}. 

Let us apply introduction on n. 

Firstly for m > 2, f(m) 2 f( f(m — 1)). Since f(m— 1) є (1,2, 3, ... }, this mean that 
f (m) cannot be the smallest of {f(1), /(2), fG), ...}. 

Since (/(1), f(2), ... } is bounded below by 1, it follows that f(1) must be the 
unique smallest element of { f(1), /(2), f(3), ...}. 

Now suppose that f(n) is the smallest of { f(n), f(n + 1), ...}. Let m > n + 1. By the 
induction hypothesis, f(m — 1) > f(n). Since f(n) > f(n — 1) >... > /(1) 2 1, we have 
f(a) 2 n andsof(m 1) 2 n 1, sof(m— 1) e {n+1,n4+2,...}. 

But f(m) > f( f(m — 1)), so f(m) is not smallest in {f(n + 1), f(n + 2), ...}. Since 
{f(n+ 1), f(n 2), ...} is bounded below, it follows that f(n + 1) is the unique smallest 
element of { f(n + 1), f(n 2), ...}. 

Now since, 1 € f(1) « /(2) « f(3) « ..., clearly we have f(n) 2 n V ne N. But if f(n) 
> n for some n, then f( f(n)) > f(n + 1) a contradiction. Hence f(n) = n VN. 


Example 15 Let f : О — ©, such that f(1) = 2 and f(xy) = f(x) - f(y) — f(x + y) + 1, 
find f(x). 
Solution: Putting у= 1, then 

Јо) fe) - f) -f@+ 1) € 1 

= 2/(х) - f(x 1)41 

—f(x-1)zf(x)-1 

Therefore by applying condition /(1) = 2 and by mathematical induction, for all 
integer n, we have f(x) = x + 1. 


: m f m 
For any rational number, let x = — where m, n € Z and n # 0, putting x =—, y = 
n n 


n then 


Да) (B) rm +) 
n n n 
fen - (2 Jon =) 
n n 
nae f Jone л) n+l 
n n 


(jenen 


n 


or =) 
п п 


= Дх) =х+1 Yre О. 


(as х +1) = х) -1Vxe Q) 


Build-up Your Understanding 2 


1. 


2. 


The function f is defined for all real numbers and satisfies f(x) € x and f(x + y) < 
f(x) +f) for all real x, y. Prove that f(x) = x for every real number x. 
Let R denote the real numbers and f: R — [-1, 1] satisfy 


ferm re er) 


for every x € R. Show that f'is a periodic function, i.e., there is a non-zero real num- 
ber T such that f(x + T) = f(x) for every x e IR. [IMO Shortlisted Problem, 1996] 
. Find all functions f : IR К such that 
fü + yy) = + y) * feo) fO) - xy for all x, y e К. 
. Find all functions f: IR > R such that 
/((х + y f(x)) = f(x) + xf(y) for all x, y in IR. 
. Let f: R  R be a continuous function such that f(f(x)) + f(x) +x 20 V x eR. 
Find all such f(x). 


5.2.6 Method of Undetermined Coefficients 


Iti 


s mostly used when we know that given function is a polynomial then we assume a 


polynomial with unknown coefficients and using given functional equation we try to 
get the coefficients. See the following example: 


Example 16 Let f be a polynomial and КОШЫ = ræs) Vx e R- {0}. 
Find 7”. * i 


Solution: Let f(x) = ау+ a,x + ау? +: +а,х",а, #0 


Now using given equation we get 


2 n а @ an 
(ag ax t ax t --Fax)|dot—t—5t t 
Xe Ж 


x" 
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= n a an 
= (ау+ аух+ ++ а„х)+ СЕ 


Multiply x" on both side and clearing ће denominators, we get 
(ag + ax + gx? +++ a хар" + ax" H a) 


= (age + ax" +++ a x^") + (арнар HH a) 


Comparing [x?"] on both side, we get aga, = a, = ag 1 (as a, 0) 
Comparing [x?" !], we get 

aa, + d, .,09 = Q4, 

=> аа] 5 an-1 = 04. 

—a,a,-0 

=> а; = 0 

Similarly a, = a; =a,=...=a,_,=0 
Comparing [x"], we get 


а2 +а?2 + +a = 2a 
eal 
=> а, = +1 


=> х) = 1+5" 
which satisfy the given functional equation. 


5.2.7 Using Recurrence Relation 


When functional equation involves relation between f(n), f( f(n)), f(f(f(n))), etc., 
then we can use this method effectively. See the following examples: 


Example 17 f: No > R such that f(n + m) + f(n — m) = f(an) Vn Z m 
where a be a positive integer, find f. 


Solution: Plug m = 0, 2f(n) = f(an) 
for n = 0, 2/(0) = f(0) > f(0) = 0 
Plug m= 1, f(n * 1) + f(n- 1) = (ап) = 2f(n) (1) 
Let (п) bea, V nz 0 
Then from Eq. (1), we get 
а 7 2a, ta, = 0 
Its characteristic equation 
xt _ oy 0110, x #0 
—x-2x4120 
—(x-1y202n-21,1 
a, = on * В 
Now а= (00) = 0 > B=0 
= а, = 0n 
or f(n) = оп 
Checking it with parent equation, we get 
a(n + m) + O(n — m) = aan 
—o2-an-20-22o(2—a)-20 
fora +2, а= 0 > (п) = 0; fora —2, f(n) = an. 


Example 18 /ff: N  N such that 
SELA +070) + n = 3f (п) Vn є N, then find f. 


Solution: Replace n by f(n) successively in parent functional equation Kk times we get 


fof ...of (n)+ fofof ...of (n) + fofofof ...of (n) =3 fofo...of (n) 


k+3 times k+2 times k times k+1 times 


(1) 
Let a) = п for some fix n and а, =f(a,) Vk 20 
— From Eq. (1) we get 
ааз + аро - Зар t ар 0 
Its characteristic equation is 
xh? 4 y? 331 +х = 0,x #0 
orx +x —3x+1=0 
= (x — D + 2x- 1)= 0 
=>x=1,-14+ 2 
=> a, = су + сү(—1+5/2)# «e (-1-2)* v k > 0. 
Observe that | =1=х/2, |>1>| 214402 | 
for cy > 0, ау — —% which is a contradiction 
for c < 0, аз — œ which is again a contradiction as n is fix. 
=> Cy = 0 
> ар =Co +c (V2 -1* 
Now ау=пеє N 
а= а) =/(п) є N 
do = Co +¢,(v2 -1° 
a = су +¢(V2-1) 
=> а-а, = ¢,(V2 -2) 
If c, #0 then V2 -2- 1—00) 
c 
which is contradiction 
> С = 0 
> ay— Co 
> ai = ao 


=> f(n) = п. 


Build-up Your Understanding 3 


1. 


Consider the function f: [0, 1] — [0, 1] defined by f(x) = 4x (1 — x). 

How many distinct roots does the equation f°”? (x) =x have? [where f "(x) = 7" ()] 

. Prove that there exists a unique function f from the set R* of positive real numbers 
to R* such that /(f(x)) = 6x — f(x) and f(x) > 0 for all x > 0. [Putnam, 1988] 

. Let f(x) =x — 2 with x e [-2, 2]. Show that the equation f"(x) = x has 2” real 
roots. [where f"(x) = f(f" (x)).] 

. Let (a,) be the sequence of real numbers defined by a, = t and a,,, = 4a, (1 — a,), 
n > 1. For how many distinct values of t do we have dj99g = 0? 

. Given the expression 


sense H7] 
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Augustin-Louis Cauchy 


21 Aug 1789—23 May 1857 
Nationality: French 


prove that Р(х) satisfies the identity 


P,(x)—3P,4(x)+ Ер, 109) zii 


and that P, (х) is a polynomial in x of degree n. 
6. Find all continuous functions f : К  R that satisfy 3f (2x + 1) = f(x) + 5x. 
7. Find all increasing bijections fof R onto itself that satisfy 
fox) - f a) = 2x, where f "lis the inverse of T 
8. Find all function f: Q* > Q” that satisfy 
f(x)+ {+} zi 
x 


and /(1+ 2х) = IM for all x in the domain of f: 


5.2.8 Cauchy's Functional Equation 


The equation f : IR > R, f(x + y) = f(x) + f(y) V x e R is called Cauchy’s functional 
equation (or additive function). Observe the Cauchy's step by step method to solve the 
following functional equation. 


Example 19 f: Q — Q such that f(x + y) = f(x) + fo) V x, y e Q find f. 
Solution: f(x + y) = f(x) + f(y) 
> fæti oo x) m fox) feo) + fon) 
Let x) =X) =%3= з =X, =X 
=> (пх) =nf(x), ne № хє Q (1) 
also from x = y = 0 in parent equation, we get f(0 + 0) = f(0) + /(0) = f(0) = 0 
Plug y = — in parent equation, we get 
SO — f(x) + Дх) = fx) =F) 
— fis odd 
Replace x by — in Eq. (1) 
/Спх) = пх) 


= –пх) 

Let-n=ke Z 

5 До) = Кх) Ухє О, У кє 27 (2) 
From Eqs. (1) and (2), we get 

пх) = пх) VxeQ, Vne Z (3) 


Now take x2Ppqe Z,q#0andn=q 
q 


MD 


0 


= pf (I)= «(4 (From Eq. (3)) 
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—f(x)2axVxeQ 
where a = f(1). 


Example 20 f: R > R, such that f(x + y) = f(x) + f(v) V x, y ER and f is bounded 
above on an interval then prove that f(x) = ax V x e IR where a є R. 


Solution: In previous example we already proved for additive function 
Дх) = аху xe Q. 
Consider: g(x) = f(x) – ax 
Now g : R  R is an additive function 
—g(rzz0ovreQ. 
Let f be bounded above on (a, b) 
=> g will be bounded above on (a, b). 
Let g(x) « M V x € (a, b) 
Let x' be any arbitrary read number 
Consider interval (a — x’, b — x^) 
This interval contains, a rational number r. 
Asre(a—-x',b-x')r-x'e (a, b) 
Now g(r + x^) = g(r) + g(x’) (as g is an additive function) 
= g(x’) = gir +x’) (as g(r) = 0) 
—g(x)-g(r-x)«M 
=> g(x’)<M 
Hence g(x)< MV хє R 


Now g(x)- 6 : | = g(x’) (as g is an additive function) 
n n 


"E „~ M 
> g(x’) =—g(nx’) < — 
n n 


1 1 
Also g(x’) e| ( “| g(-nx)» 
n n 
Hence for Vn e N 
-М ао) 
п п 


as n о, we get g(x’) = 0 

= а(х) = 0 У хє R (as x’ is an arbitrary real number) 
=> f(x) -ax=0 

or (х) = аху хє К. 


Notes: All the following statements are equivalent: 
1. fis bounded above (or bounded below) over an interval and fis additive function. 
2. fis increasing (or decreasing) and fis additive function. 
3. fis continuous at a point and fis additive function. 

We can easily prove that (2) > (1) and (3) > (1) 

and from first we already got f(x) = ax Vx eR. 
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Proof of (2) — (1): It is obvious as fis increasing over an interval then fis bounded 
above over some interval. Similarly for decreasing function bounded below over some 
interval. 


Proof of (3) —> (1): Let f be continuous at a є R. 
Then there is б> 0 such that |x — a| < 6 > |f(x) – f(a) < = 
=> £-/f(a) < f(x) « £ * f(a) 


=> fis bounded over (a — б, а + б). 


5.2.8.1 Equations Reducible to Cauchy's Equations 


Example 21 f: (0, со) > R, f(xy) = f(x) + (у) Vx € (0, ce) and fis bounded over some 
interval, find f. 


Solution: Let f(x) = g(In x) 
=> g(In xy) = g(In x) + g(In x) 
=> g(Inx+Iny)=g(In x) + g(In y) 
or g(u + v) = g(u) + g(v) (where In x = u, In y= v) 
and also g is bounded above as f bounded above. 
=> g(t) — at 
=> f(x) = g(In x) =a: In x. 


Example 22 f: R > К, f(x + y) = f(x) - f(y) V xx y ER and f is bounded below by a 
positive real number, find f. 


Solution: If there exist some x, such that (х) = 0, then replace x by x — x, and y = xy, 
we get 

Дх xot xo) =f Œ — xo) : (xo) 

5 х) = 0 У хє К 

For other solutions, let f(x) #0 У хє К 


replace x by 5 and y by T we get 
X X X x 
162 БЕ 
2 
smi] 


>f(x)>0VxeER 

Also plug y = 0 in parent equation 

= f(x + 0) =f) - f) = f(0) 21 

Let g(x) = In f(x) 

=> In f(x + y) = In f(x) + Inf(y) 

= ax +y) = g(x) + go) 

g is an additive function and bounded below also as fis bounded below by positive 
real number. 

=> g(x) = ах 

=> In (f(x)) = ax 

=> f(x) = е“ 

> f(x)2b'VxeR. 
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Example 23 Let f: R — R be a continuous function such that f(xy) = f(x) - f(y) V x 
є R, find all such P’. 


Solution: Such type of function called multiplicative function. 
Plug x = y = 0 = f(0) = 700) 
=> f(0) = 0, 1 
Case 1: /(0) =1 
Plug y= 0 = /(0) = f(x) - 700) 
= х) = 1Ухє R 
This is a solution of the equation. 
Case 2: f(0) 2 0 
Plug x yz 1 = (0) = GO 
—f(1)200rl 
Sub-case 1: f(1) = 0 
Plug y= 1, f(x) =) -/(1) = 0 
—f(x)20VxeR 
This is a solution of the equation. 
Sub-case 2: f(0) = 0 and f(1) 21 
Now f(x) #0 V x e R\{0} 
Otherwise if at some x, + 0, f(x) = 0 


then replace x by . and y by xo 
Xo 


= (Eas 2) ло) 0 
Xo Xo 
=> f(x) = 05 fC) = 0 


Which is contradiction 

Now plug x 2y 2-1 

= f(CIxC1) = f(D) -f(-1) 

= 1=(f(-Dy 

=> f(-1)=+1 

Let f(-1) = 1, then Vx e R — {0}, 

F(x) =f (|x| sgn x) 

= |х|) f(sgn x) 

-f(xp 1 

>f = 1х) V x e 0) 

Now it sufficient to solve f for positive real x. 
Let f(xy) = f(x) ЛО), x » 0, y» 0 

Set x = e", y = e” and f(e") = g(u) z 0 

We get g(u + v) = g(u) - g(v) (1) 


Now в) =e( 245 |=&[® || ®#| 


Take log on base e of Eq. (1) 
=> In g(u + v) = In g(u) + In g(v) 
Let In g(u) = А(и) 


5.16 


Chapter 5 


=> Җи+ у) = h(u) + h(v) 

— his additive and continuous as it is given that fis continuous 
=> h(x) = ах 

In g(x) = ax > g(x) = e^ 

Sf) =e" 

= f(e") =ë апі _ eine" 

—Jf(t)-f 

=> f(x) =x" 

= х) = |х|“ Vxe R 

This is a solution of the given equation. 

Let f(-1) = –1 

Then V x e К \ {0}, 

f(x) = f(x| sgn x) 

-f(x|) - f(sgn x) 

f(x) = sgn (х): f(x) Y xe R 

Solving this similar to previous case, we get 
Хо) = sgn (x) - |x|" 

This is also a solution. 

Hence, f(x)=OVxeR 

orf(x)=1VxeER 

or f(x) = |х|“ ухе R 

or f(x) = sgn (х) -|x|* Vxe R 

is complete set of solution of multiplicative and continuous function. 


Example 24 f: R  R such that f(x + у) = fœ) + fY) and f(xy) = f(x) - f(y), find f. 
Solution: From f(xy) = f(x) - f(y) 


We get for positive real x 
ДО) = f(x Nx) = f(x): fx) 


= (xy 20 
— f(x) is bounded below 
f(x) is also additive, hence f(x) = ax. 
From second equation, we get аху = ax · ay > а = 0 ог 1. 


Example 25 f: IR  R such that f(ax + by - с)  pf(x) + q f(y) -* r V x e R, where a, 
b, c, p, q, r are real number and ab + 0. Prove that g(x + y) = g(x) + g(v), where g(x) 
= Дх) – f0). 


Solution: P(x, y) : f(ax + by + c) 2 pf(x) + 40) *r Ух є R 


Р 0) лов) ао (1) 

Р E o): f= (26) arme Q) 
a a 

P E jaro of (-£) а (2) (3) 
ab a b 


P Ee P ree | 55 er (E) (4) 
a b a b 
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By Eqs. (4) — (3) - (2) + (1), we get 

f(x + y) - f(x) - Л) + f(0) = 0 

= f(x + y) - (0) = CfGx) —fK0)) + Cf(x) —f(0)) 
= g(x + у) = g(x) + 20). 
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1. Find the continuous solutions f : К — R of the functional relation 
f(x y) = dfx) + а 50), Vx, y eR, 
where a is a positive constant. 
2. Find the continuous solutions f : R — R of the functional equation 


1 s |. {fessor — 


3. Find the continuous solutions f : IR  R of the functional equation 


Јо * y) = fe) * fo) * fo) fo), Vx, y eR. 


4. Find all continuous functions f: R — R that satisfy 

Хоу) = x f O) + yf ОУ. 
5. Ifa» 0 find all continuous functions f for which 

Дх ty) = a? fo) ХО). 
6. Find all continuous functions f : К  R that satisfy 

х)+ 
tery- IOO. 

1- f(x) FY) 
7. Suppose f: R  R satisfies f (1) = 1, f(a + b) = f(a) + f(b) for all a, b, € R and 


лл =1 for x #0. Show that f(x) = x for all x. 
x 


5.2.9 Using Fixed Points 


This method is seldom used in very tough problems. Observe the following Examples: 


Example 26 Determine all functions f : R^ Ж such that that f(x f(y)) = y f(x) V x, 


ye R' and as x > ee, f(x) 0. [IMO, 1983] 
Solution: P(x, y) : f(x f(y)) = y f(x) 
PC, 0:0) =f a) 


PA, FAD SECO) = GO» 

= f(1) = (f0)? (using Eq. (1)) 

5 1) = 1 (аѕ/є R^) 

=> 1 isa fixed point 

P(x, x): f(x ЈО) 7x Sf) (2) 
— x- f(x) is a fixed point Vx e R* 
Let x > 1 is a fixed point 

From Eq. (2), we get f(x- x) 2x: x 
or f() =x" 

=> x’ is a fixed point 

— x?' is a fixed point V m e N 
Now f(x? )=x?" 
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lim f(x?")= lim х2" =% 
m-—»oo m-—»oo 


which is a contradiction to lim f(x) = 0 
X—00 


— fixed point x cannot be greater than 1. 
Let x € (0, 1) be a fixed point, then 


ло (2) лоо) 2) 
iut 


1 1 1 
or i = — > — is a fixed point 
x^ X x 


1 
asx e (0,1), —€(L o») which is a contradiction 
x 


Hence | is the only fixed point, which implies 


x f()e1 
x yb. 


x 
Example 27 Find all functions f : № > No 


such that f(m  f(n)) = f( f(m)) + f(n) V m, n e No. [IMO, 1996] 


Solution: P(m, n) : f(m + f(n)) = f( f(m)) + Ќи) 
PO, 0) : AAO = FO) + f() 
= 0) = 0 
— 0 is a fixed point 
PO, n) : fF) =fFO)) + fin) 
=f(n) 
=> f(n) is a fixed point off V ne № 
= f(m + f(n)) = (т) + fn) 
Let us prove if z is a fix point then Az is a fixed point V ke № 
for к= 0, 1 it is true 
Let mw be a fixed point. V m < k 
P(w, mw) : flv + ти) = fw) + Доти) 
Қу + ти) = w+ mw 
Қт  1)w) 2 (m + 1)w 
Hence mw is a fixed point 2 (т + 1)w is a fixed point. 
If w= 1, then f(nw) = nw = f(n) = п is a solution. 
If 0 is the only fixed point of f, then f(n) = 0 Vn є №, (since f(n) is a fixed point 
Vn є No) 
Otherwise f has a least fixed point z > 2. 
Now we will prove that the only fixed points are kz, ke No. 
Let x be a fixed point and x = kz +r, OE r <z, 


We have x = f(x) = f(r + kz) = f(r + f(kz)) 
=f(f(r)) + f(kz) (From Parent equation) 
= f(r) + kz (as f(r) is a fixed point) 
—fír)x-kz 


=r 


=> risa fixed point but z is the least positive fixed point, hence r = 0. 
>x= kz. 
Now the identify f(/(n)) = f(n) 
f(n) in a fixed point and also all fixed point must be multiple of z. 
Hence f(n) = c, z, for some c, є No, where c, = 0. 
For 1 € No, we have 
n=kz+r,0<r<z 
f(n) = + г) = fCf(kz) + r) 

-füftr) + füz) 

=f) + f(kz) 

=c,z+kz 

= (с,+ К) 2 


ro»- s 42): 


which is a solution of the equation. 
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1. 


Find all polynomials P(x) such that 
P (F(x)) = F(P(x)), P(0) = 0, 
where F is some function defined on R and that satisfies F(x) > x, Vx > 0. 


2. Let S be the set of real numbers strictly greater than —1. Find all functions 


3. 


f: S 9 S satisfying the two conditions 

(а) fit fo) * xfi) =y tfe) +y Sf), Ух, у e S; 

(b) f(x) is strictly increasing on each of the intervals ^1 < x < 0 and 0 < x. 
[IMO, 1994] 

Let R denote the real numbers. Find all functions f : IR — R such that f(/(x)) = 

х2 — 2 or show no such function can exist. 


4. Let g(x) be a quadratic function such that the equation g(g(x)) = x has at least 


three different real roots. Then there is no function f: IR — R such that 


fCfG9)) = gx) 
for all x e R. 


|Solved Problems | Problems 


Problem | Let f be a function on the positive integers, i.e., f: N — Z with the follow- 
ing properties: 

(i) f2)-2 

(ii) f(m x n) = f(m) f(n) for all positive integers m and n, 


(iii 


) f(m) > (п) for m > n. 


Find f (1998). 
Solution: 2 = f(2) = f(1x2) = f(1) x f(2) =f) x2 


; = 
5 fM=5=1 


Now, f(4) > f(3) > f2) = 2 
and f(4) = f(2) x f(2)=2x2=4 


Functional Equations 


5.20 


Chapter 5 


and so, 4 > f(3) > 2, апа /(3) is an integer, hence f(3) = 3 

and /(6) >f) >f(4) 

=> f(2)x (3) > f(5) » 4 

>2x3>f(5)>4 

= f(5)=5 

So, we guess that f(n) = n. Let us prove it. 

We will use mathematical induction for proving. 

f(a) =n is true for n = 1, 2. 

Let us assume that the result is true for all m « n, and then we shall prove it for п, 
where n > 2. 

If n is even, then let n = 2m 

f(n) = f(2m) = f(2) x f(m) 2 2 x m= 2m = n. 

If n is odd and n = 2m + 1, then n > 2m 

2m « 2m «1 « 2т+2 

=> f(2m) < fm + 1) + f(2m + 2) 

=> 70) fm) <fl2m + 1) <f) fn + 1) 

=> 2m <f(2m+1)<2m+2 

There is exactly one integer 2m + 1 between 2m and 2m + 2 and hence, 

f(n) = f(2m * 1) = (2m * 1)2n 

Thus, f(n) =n for all n e N 

Hence, /(1998) = 1998 


Problem 2 Let f be a function from the set of positive integers to the set of real num- 
bers. If? N + R such that 
(i) Л) =1 
GD f(1) + 2/(2) + 3f(3) + ---  nf(n) = n(n + 1) f(n). 
Find f(1997). 
Solution: f(1) = 1 
ЛХ) + 2f(2) = 22 + 1)f(2) 


= 4f2)=1, > fQ- " 
Again, f(1) + 2f(2) + 3f3) = G x 4) 3) 
= 9@)=1+ >= 5 


= f)= = 


А 1 
The above calculation suggests that f(n) may be zm forn> 1. 
n 


Let us verify if it is so. 


1 | 
Forn=2, f(2)2 —— =— is true. 
О) 2х2 4 


1 l; 
n=3, Тое у= is also true. 


1 
So, let us assume that (n) = = 
n 


1 
Now, we should show that f(n+1) = . 
n+) 


(Here we use the principle of mathematical induction.) 
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Ву the hypothesis (11), we have 

SC) + 2f(2) + + nf(n) = n(n + 1) fn) 

fC) + 2/(2) +--+ +nf(n)+(n4+ 1)f(n- 1) (n D(n-2)f(n-4 1) 

L. 1 1 1 
S cu EE AE 
n-—ltimes 
=(п+ 1)(п +2) п +1) 
1+ (1-05 = (nt Df (rare 2-1) 
= (п+1)2 x f(n+1) 


1 
iig- 
_ 2. ntl _ 1 
= А ШЕРТШ? ҮЛЕ oe 


Thus by the principle of mathematical induction, we have proved that f(n) = = 
forn> 1 

& f(1997)- — І 
2х1997 3994 
Problem 3 Find all functions f : Q > Q, for which 


Јоу) = Јо) fo) - f(x * y) c1 V x, y e Q. 


Solution: Let P(x, y) : f(xy) = f(x) f) - f(x + y) + 1 
PO, 0) : /(0) = (A0 — (0) + 1 
= (700)? – 2700) +1=0 
= (700) – 1)=0 
= f(0)=1 (1) 


Рур ЕНЕ) 
—f(-1)-fü)-f(-1) (asf) = 1) 
= (#0) - 0) :Л-)= 0 
—f(l)21or/(-1)20 

Case 1: f(-1) = 0 


P(x, yz) : f(xyz) =f% fz) - fic yz) + 1 
= До) Ufo) SE - fb * z) + 1] - fx + yz) +1 


>f - f(x) - fo) - f(z) = Јо) - fo +2) +f) - fix + yz) +1 (1) 

In Eq. (1), LHS is symmetric in x, y, z. But RHS is not so. Interchanging z and x, 
we get 

f(zyx) — Ја) - fo) - fe).- Sf) - fi +x) efi) —fE + yx) + 1 Q) 


From Eqs. (1) and (2), we get 
о) fiy * z) * f(x) - fGc yz) + 1——f(z) fix * y) *f(z) - Да + ху) +1 (3) 


forz--1 
—-f(o fi — 1) * f(x) - f(x - y) = -f-1* xy) (asf(-1) = 0) 
or f(x) - (f(y - D) - D) * f(x у) = fiy - 1) (4) 


Plugging x = 1, and y = 2 in Eq. (4), we get 
fl) (Q0) - D 2f) 

Jf): (f)-2)-0 

—f(1)200r2 
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Sub-case 1: f(1)=0 

Plugging x = 1, and y 2 x + 1 in Eq. (4), we get 

Ja) Ger 1] T=) ие lA- (5) 
= f(-x) =f) 

Р(х, -y) : f(xy) = f(x) - fy) - fix - y») +1 

or f(xy) = f(x) ХО) - f(x - y») * 1 

Comparing it with parent equation, we get 


fet y2fx-yVvVxyeQ 


Replacing x by 5 and y by 7 , we get 


X X X X 
: | 7H 2) í | 2 2) 
f(x) = 700) 
=> f(x) = Constant 
= f(x) = (1) =0 
=> f(x) = 0, but it does not satisfy the parent equation. 
Sub-case 2: f(1) = 2 using this in Eq. (5), we get 
2050) - 1) + f(-x) = Д) 
= f(x) + (х) = 2 
ог) = (1-Й) 
Let g(x) = 1 — f(x) > g(x) = —g(x) 
— g is an odd function. 
Now from parent equation, we get 
Об, y) : 2(xy) = g(x) + 20) – 26) - 20) – g(x + y) (6) 
O(x, —y) : -g(xy) = g(x) – 20?) + gœ) - 20) -gœ — у) (7) 
From Eq. (6) + Eq. (7), we get 
0 = 2g(x) – g(x + y) - gx — у) 
or g(x + y) + gx — у) = 2g(x) 
for y =x, g(2x) + g(0) = 2g(x) 
= gQx)-2g(x) (as 2(0) = 0) 
= g(x + y) + g(x — у) = g(2x) 
Letx+y=u,x-y=v, > 2x=ut+v 
= g(u) + g(v) = g(u + v) 
Which is a Cauchy’s equation with domain Q, so g(x) = kx for some fix ‘hk’. 
Using this in Eq. (6), we get 
Кху = kx + ky Ё : xy — k(x t y) 
> kxy= K - xy 
—k-0ork--l 
k = 0 is not possible > К=—1 
—g(x)-2-x—/f(x)22l-«xVxe Q. 


Problem 4 Find all functions f : Z — Z that satisfy f(m + f(n)) =n + f(m). 


Solution: Let P(m, n) : f(m + f(n)) = (т) + n 
PO, n) : f(f(n)) —f(0) +n 
P(0, 0) : f(0  f(0)) = 0 + f(0) 
= 70700) = 70) 
PO, f(0)) : f(0 + 70700))) = 700) + 700) 
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FELLO) = 2/(0) 
= f(0) = 2f(0) 
=> f(0)=0 
= f(f(n)) = n 
P(m, fn) : fim + fCf(n))) = fim) * fi) 
= f(m + n) = f(m) + f(n) 
It is an additive function 


=> f(n) = an for some integer a 


But fn)» n 

= f(an)=n 

= a(an) п а=1=а=+1 
Hence, f(n) = n ог f(n) = —n both satisfy the parent equation. 


Problem 5 The function f is defined on the positive integers and satisfies f(2) = 1, 
f (2n) = f(n), f(2n + 1) = f(2n) + 1. Find the maximum value of f(n) for n € (1, 2, 3, .., 
2002}. [Spain MO, 2002] 


Solution: f(n) is obviously number of 1% in the binary expansion of n. we will prove 
it by induction on л. 


Let g(n) = The number of 1’s in the binary representation of n. 

Claim: f(n) = g(n V ne N 

Forn- Lf) =f(2-1)=f(2)=1 

g1)-1 

= fl) - g() 

Let for some k= 1, f(n) = g(n) V n« k 

If k is even, then k= 21, (1< k) and f(k) =f(2) = f(D. 

Also the binary representation of k is obtained from that of / by adding a 0 to the 


end. 


So g(k) = g(I). 

The inductive hypothesis ensures that f(J) = g(7) 

=> f(k) = g(k) for k= Even 

For k= Odd, k= 21+ 1 > f(k) =f(2/4+ 1) = 20 +1 = 00 +1. 

Also the binary representation of k is obtained from that of / by adding a | at the 


end, therefore g(k) = g(/) + 1 


so f(k) = g(k) for k = Odd 
Now maximum value of f(n) is f(1023) = 9. 


Problem 6 Prove that there exists a unique function f : (0, ео) — (0, œ), such that 
Jf) + f(x) = 6x V x € (0, e»). [Putnam, 1988] 


Solution: Let ay = x, aj, = (а), k 2 0. 


From given equation, we get aj, + ару = бар, k 20 
Corresponding characteristic equation 

xh? yl gut 0,xz0 

orx -x-6=0 

x=2,-3 

—a,- a. 2  « B. (3) 
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>a, = E a E (= а K 3)* 


ak 
Also lim — = œ 
кә Dk 
= lima, = о0о forp«0 
Коо 
> lim æ; =- for B>0 
k—oo 


5 В=0 = а= 2а, 
Hence, f(x) = 2x V x e (0, eo). 


Solution: Let P(m, n) : f(m +n) +f(mn) = f(m) f(n) + 1 


P(O, 0) : f(0) +f) = (FO) + 1 
—(f(0)-1? =0 f(0)=1 

P(-LD: f /(—1) = fOD /(@) +1 
=> f(-120 or f(1) 21 

For f(I) 21, 

Put (m, 1): f(m+1)+ f(m) = f(m)- f(1) +1 
= f(m41)-1 

= f(n)-lVneZ 

Forf(-1)20 
Р(—1,—1):/(—2)+/(1)=/С—1)-/(—1) +1 
f(-2)+ 70) =1 

P (2,1): Д(—1)+/(—2)=/С—2)-/(01)+1 
—f(C2)-2fC2)-fü)*1 
»/(С2)(1-/(01))=1 

=(1-f()y=1 

= 1-/(1)=41 

= f(1)=0 or 2 

For f(-1) = 0 and f(1) = 0 

P (m, 1): f(m+1)+f(m)= 1 

=> f(m + 1) 2 1 — f(m) 

Claim: f(2m) = 1, f(2m + 1) 20 

Proof: For m = 0, f(0) = 1 

for m= 1, f(1) = 0 

Let for n = k, claim be true: 

then f(k+ 1) 2 1 — (k) 

_ 1-1, k = Even 

саи 

0, k+1= Odd 

о 


Problem 7 Find all functions f :Z— Z that satisfy f(m +n) + f(mn) =f(m) - f(n) + 1. 


(as f(0) = 1) 


(As f(-2) = 1 /(1)) 


Similarly, f(A — 1) = 1 — f(k) 

иа k = Even 

Е а 0, k = Odd 

_ J0, k -1- Odd 

“сс. 

For f(-1) = 0, (1) = 2 

Р(п, 1): f@+)+f@)=f0)-f@+1 
=> f(n+1)=f(n)+1 
f(n + 1)-f(n) = 1 2 f(n) are in AP 
with common difference = 1 as f(0) = 1 
> f(n)=n+1VneZ. 


Problem 8 Find all functions f : R > R, that satisfy f(x t+y-f(x))=x-faty). 


Solution: P(x, y) fe ty: f(x) =x-f(xt+y) 
P(0, 0): f(0) 20 (1) 
P(x, 0): f G2) x f(x) 
Р(х, =x): f(x? -x- f(x) = x: f(0) =0 
f(x? =x: ЈО) =0 
If possible let x? — x f(x) # 0 for some хо # 0 (otherwise x —x f(x) 20 = f(x) =x). 
Also assume х2 — xo fx) = а 
= f(a) - 0 
Ра, y) :f(a^) 2 a - f(a-* y) 
= af(a) - a - f(a * y) 
>a-f(aty)=0 
=>a=0orf(a+y)=0 
Case 1: f(a + у) = 0, replace y by x — a, we get 
=> f(x)=0 
Case 2: а= 0, х2 - x f(x) =0 = f(x) =x forx £0 
—f(x)2xVxeR (as f(0) = 0) 
sof(x) = ОУ хе Вог Дх) 2x Vxe R. 
Problem 9 Find all functions f: R К that satisfy f(—x) = (х), f(x + 1) f(x) + 1 V 


| £9 Vxe RI{O}. 
x 


x 


xE Rand /| 


Solution: See the adjacent graph. It is a connected graph. From any node we can reach 
any other node. Let us find a cycle! 
Observe the cycle, 
1 1 1 x x«l ] 1 
x>l+x—> > >1 > _ 
1+х 1+х l+x х+1 x x x 
Now, let f(x) 2 у 
—f(ü-xzzf(x)-lzy-l 


= 1 ja- у+1 


1+х (+x) x? 4+2x+1 
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1 \ уя+1 
=r =) (х +1)? 
= л 1 \- у+1 

tx (х +1)? 

х?+2х-у 
(х +1)? 


—y-22x-y-o2y-z2xyzx-f(x)xVxz0,-1. 
Also from х) = —f(x) we get f(-0) = —/(0) 2 f(0) = 0 and /(0 + 1) =f(0)+ 12 15 


f(-1) 2-1 so f(x) 2x V x e К. 


| Check Your Understanding: Your Understanding 


1. 


. For any positive integer n, let f(n) be defined as 


Given a constant c, |c| = 1, find all function of f, such that 
f(x) + cf (2 х) = (x — D? for all x. 


. Let ора апа ў, (х) = АО, 10) forn= 1,2, 3, ...; Evaluate (2012) 


апа 501302013). 


4п+ N4m –1 
ЕТА тА 


Show that the value of / (1) + /(2) + /(3) + --- + f(40) is rational. 


. Let f(n) be a function defined оп the non-negative integers given the following 
facts: 
(i) f(0) —f(1) = 0 
(ii) f(2) - 1 


(ш) For n > 2, f(n) gives the smallest positive integer, which does not divide и. 
Let g(n) = f(fCf(n))). Find the value of S'59;, = g(1) + g(2) + g(3) ^: (2012). 


. If f denotes the function which gives cos 17x in terms of cosx, that is cos 17x = 


f(cosx), then, prove that it is the same function ‘f’ which gives sin 17x in terms of 
sinx, Generalize this result. 


. A real valued function fis defined for positive integers and a positive integer a 


satisfies 


Да) —f(1995), fla + 1) = /(1996), 


_ aq 09-1 
f(a+2)= f(1997), f (n a) f(n)*1 


for every integer л. 


Functional Equations БЕЛ 


Prove that: 
(a) f(n + 4a) = f(n) for any positive integer n. 
(b) Determine the smallest possible value of a. 


a 
7. Let f(x) = — —-. evaluate: 
ах + Ja 


(БЫ Л res 
п п п п 
8. Let fC) =1, fC) +... + и) = п? - f(n) for all n e №. What is f(n)? 
9. Let x be the set of positive integers greater than or equal to 8. Let f:N — N bea 
function, such that f(x + y) = f(xy) for all x = 4, y = 4. Iff(8) = 9, determine /(9). 
10. The function defined on the set of ordered pairs of positive integers, has the fol- 
lowing properties: 
(a) f(x, x) 2x, V x 
(b) f@ y) 2 fi, x) V x, y 
(c) (x y) fes y) 2 yfGo x * y) V x, y 
Prove that /(52, 14) = 364. 
11. Given f: Z > Z such that /(0) + f(-1) also f(m + n) + f(mn — 1) = f(m) f(n) + 2 
for all integers m, n. Show that f(5) = 26. 
12. Find all f: (0, e») — (0, œ) such that 


SOP «GO» xy 
fi) f(t?) 2? +1? 
13. Find all functions f : N — N which satisfy f(2) = 2, тп) = f(m) - f(n) V т,пє 
N, gcd (m, n) = 1 and f(m) < f(n) whenever m < n. 
14. Find all functions f: R > R such that f(x — y^) = FQP — 2x ДУ) +”. 
15. Find all functions f: IR — R such that f(x + y) = х) + Ду) Vx, ye R 


and (i POD NR 0. 


V x, у, Z, te (0, œ) with xy = zt. [IMO, 2008] 


2 


Challenge Your Understanding 


1. Find all polynomials P(x) such that (x — 16) P(2x) = 16(x — 1) Р(х) У хє R. 
2. f; е, А: IR — К all are continuous functions such that 
fGx + y) = g(x) + Му), V x, y e R find f, g, h. 


3. f: R'  R such that f(x) is strictly increasing function, f(x) > a Vx>0 and 
x 
f(x): rro + : =1Vx>0. Find f. [Greece MO, 1997] 
x 


4. f:Z— Zsuch that (п) = f(n — 1) + f(n — 2), f(0) = 0, f(1) = 1, find f. 
5. Find all solutions of the following system of equations: 
4x? 4 у? 42? 


= № = 2, = х Canada MO, 1996 
4x241 mg az | 
6. Find all polynomials f(x), g(x) and A(x) such that 
–1, х<-1 
Sœ- 120) 1+0) 24 3x+2, -1<х<0 [Putnum, 1999] 


—2x+2, х> 0 
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7. 
8. 


9. 


10. 


11. 


12. 


13. 


14. 


15. 


Do there exist functions f, g : IR —> R such that f(g(x)) = x! and g(f(x))- x VxeR. 
Let f: N  N such that f( f(f(n))) + fCf(n)) + f(n) = 3n, find f. 


f: [0, 5») > R such that /(0) = 0 and f(x) = 1 + 5f 12 )- 6 (l)e » 0. 
Find f. 

f: N >N such that f(1) = 2, f(2) = 1, fn) = 3f(n), (3л + 1) = 3f(n) +2, 

f (3n + 2) = 3f(n) + 1. Find number of integer n < 2006 for which f(n) = 2". 

f: N — N be a strictly increasing function such that f( f(n)) = 3n V n e М. 


Determine /(2016). 
Find all functions f: Z ә Z that satisfy /( f(n)) = n, f( f(n + 2) + 2) = n and 


f(0) = 1. [Putnam, 1992] 
Determine all functions f : IR — R such that 

Л — fo» = fU» + xfo) * fo) - 1V x, ye К. [IMO, 1999] 
Find all functions f : IR — R such that 


FŒ +f) (FO) + f(D) = Доу — zt) + f(xt + yz) У x,y,z teR. МО, 2002] 
Find all functions f : N — N such that x, f(y) and f(y + f(x) — 1) are sides of a 
triangle for all x, ye N. [IMO, 2009] 


Chapter 


In the margin of his copy of a book by Diophantus, Pierre 
de Fermat wrote: 


“Cubum autem in duos cubos, aut quadrate-quadratum in 


duos quadrate-quadratos, et generaliter nullamin infinitum 
ultra quadratum potestatem in duos eiusdem nominis fas 


est divider cuius rei demonstrationem mirabilem sane detexi. 


Hanc marginis exiguitas non caperet.” 


“But to divide a cube into two cubes, or a doublesquare 
into two doublesquare and generally no power up to 
infinity from beyond the square into two of the same 
name, is not permissible. Of which thing | have of course 
uncovered a wonderful proof.The smallness of the margin 
would not be able to contain it.” 

[Known as Fermat’s Last Theorem, the proof of which 
remained elusive for 358 years and in 1994, proven by 
Adrew Wiles, a British mathematician.] 


Pierre de Fermat 


(Between 31 Oct to 
6 Dec 1607-12 Jan 1665), 
Nationality: French 
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6.1  DivisiBiLITY ОЕ INTEGERS 


An integer a + 0 divides b, if there exists an integer x such that b = ax, and thus, we 
write as a|b (read a divides b). This can also be stated as 5 is divisible by a ora is a 
divisor of b or b is a multiple of a. If a does not divide b we write as af b. 


6.1.1 Properties of Divisibility 


b and b|c 
b,a|c 

b, a|(b * c) 
b,a|(b— c) 
b anda|c 
b and b|a 
b 


SEN de ee te 
8S $8 8 8 8&8 а 


99 
& 


b 


2 
& 


Notes: 


ууу ууу) 


> 


a|c 

a|(b + c), and a |(b — с) 

a|c 

a|c 

a|(kb + Ic) forall k, [є Z 

a=+b 

b=0 or |a| € |b]. In particular if a|b where a> 0, b > 0, 
thena<b 

a|bc for any integer c 


b iff ma|mb where m + 0 


І. (х+у) | (x? + yr )Vn € No 


Proof: 


For n = 0 it is obvious, for n 2 1, we have 
(xr $ фт = (x+ у)(х?" =x lyy gites — y^) 


2. (х= y)|(x" - y )Vne N 


Proof: 


For n = 1 it is obvious, for n > 2, we have 


п—3 ү,2 nl) 


x" — y" = (x у)(х" x"? yt x"3y? +...+у 


6.2 


Chapter 6 


Example | The equation x + px +q = 0 has rational roots, where p and q are integers. 
Prove that the roots are integers. 


-р+ үр? –44 


Solution: x = ————— — —, 


2 


since the roots are rational, р? — 44 is a perfect square. 


If p is even, р? апа 44 аге even and hence, р? — 44 is an even integer and hence, 


—pt.lp2— | ; 
-pt4 p? — 44 is an even integer and hence, tase ч is an integer. 


If p is odd, (p — 44) is odd and —p+,/p? – 44 is an even integer and hence, 


-p+,| p? – 
рар? -44 is an integer and hence, the result. 
2 


Example 2 Find the number of positive integer n for which (i) n < 1991 (ii) 6 is a 
factor of n? + Зи + 2. 


Solution: 6| (и? +30 + 2) 
=> 6| (n+ D(n + 2) 
> 2|(п + 1)(n + 2) and also 3| (n + 1)(и + 2) 


But the product of two consecutive integers is even, and 3 | (n + 1)(n + 2) only when n 
is not a multiple of 3, i.e., n #3, 6, ..., 1989. 

So, the number of л < 1991 satisfying the conditions is 1991 — (the number of mul- 
tiples of 3, up to 1991) 


=1991 a = 1991-663 = 1328. 


Example 3 Find all six-digit numbers (а а,азадаѕас), о formed by using the digits 1, 
2, 3, 4, 5, 6 once each such that the number (аа,...ар) о is divisible by k for 1 < k< 6. 
[RMO, 1994] 


Solution: (44,4за4а;) у is divisible by 5 and hence, а; = 5. aja, a445a4a4, and 
аа5аза„а»а are to be divisible by 2, 4 and 6, respectively. aj, a, and a, should be even 
numbers. 

So, а= 1 and a,=3 ora, =3 anda,=1. 


Case 1: If a, = 1, a; can be 2, 4 or 6 and a,a,a, = 123, 143 or 163 but 143, 163 are 
not divisible by 3, so a,a,a, should be 123. For a,, we have either 4 or 6 but for a, = 
4, 1234 is not divisible by 4 and hence, a, = 6 and hence, the six-digit number, when 
a, = 1, is 123654. 


Case 2: If a, = 3. a; can be 2 or 6 or 4 but then, a,a,a, = 321 is divisible by 3 and 361 
or 341 is not divisible by 3. 

So, a, cannot be 6 or 4. 

Now, @)4)434, = (321a,),) and a, can be 4 or 6. For a, = 4, 3214 is not divisible 
by 4 and hence, a, = 6 and a, = 4. 

Hence, the number is 321654. 

Thus, there are exactly 2 numbers 123654 and 321654 satisfying the conditions. 


Example 4 Let T be the set of all triplets (a, b, c) of integers such that 
1< а< Ь< с< 6. For each triplet (a, b, c) in T, take the number a x b x c and add all 
these numbers corresponding to all the triplets in T. Prove that this sum is divisible by 7. 


Solution: If (a, b, c) is a valid triplet then (7 — c, 7 — b, 7 — a) is also a valid triplet as 
1< (7-с) < (7-5) < (7-а) < 6. 
Note that (7 — b) + b, etc. 


Let S= > (abc), then by the above 


1<а<Ь<с<6 


Bs. } (17-@(1-Ь)(7-с) 


1<а<Ь<с<6 


252 У  [(a-b.e)* (1 - aY7 - b) - e)] 


1<а<Ь<с<6 


= Y [7?—-7(а+Ь+с)+7(аЬ+Ьс+са)] 


1<а<Ь<с<6 


In the RHS, every term is divisible by 7, i.e., 7|25, and hence, 7 |5. 


Example 5 Show that 11997 + 219% +... + 1996'°®” is divisible by 1997. 


Solution: We shall make groups of the terms of the expression as follows: 
(11997 + 19961997) + (21997 + 19951997) +... + (9981997 + 9991997), 


Here each bracket is of the form (q?”*! + 5?”*!) is divisible by (a;+ b). 
But (a; + bj) = 1997 for all i. 
Each bracket and hence, their sum is divisible by 1997. 


Example 6 Prove that for any natural number, n, E = 2903" — 803" — 464" + 261" is 
divisible by 1897. 


Solution: 1897 = 7 x 271 
Now, (2903" — 803") – (464" — 261^) 
As (2903 – 803) |(2903"— 803") and (464 — 261)|(464” — 261”) 
ie, 2100|(2903"-— 803") and 203 | (464" — 261") 
= 7|(2903" — 803^ апа 7|(464" — 261") (+. 2100 = 7 x 300 and 203 = 7 x 29) 


Hence, 7|E 
Again, 2903" — 803" — 464" + 261" = (2903" — 464”) — (803" — 261") 
2903 — 464 = 2439 |(2903" — 464") 
and (803 — 261) = 542 | (803” — 261") 
i.e., 2439 = 271 x 9|(2903" — 464") and 542 = 271 x 2 |(803" — 261") 


So, 271|(2903" — 464”) and 271 |(803" — 261") 


and hence, 271 |E. 
Thus, the given expression is divisible by the prime numbers 7 and 271 and hence, 
is divisible by 271 x 7 = 1897. 
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Euclid of Alexandria 


Mid 4th century BCE to 
Mid 3rd century BCE 
Nationality: Greek 


6.2 Euc ips Division LEMMA 


If a and b are any two integers, a # 0, then there exist unique integers q and r such that 
b=aq+r,0Sr<|al 
b, a, q and т are called dividend, divisor, quotient and remainder respectively. 


Example 7 When the numbers 19779 and 17997 are divided by a certain three- 
digit number, they leave the same remainder. Find this largest such divisor and the 
remainder. How many such divisors are there? 


Solution: Let the divisor be d and the remainder be r: 
Then by Euclidean Algorithm, we find 
19779 =dq,+r (1) 
and 
17997 = dq) +r (2) 


By subtracting Eq. (2) from Eq. (1), we get 


1782 = d(q, — 42) 


-. dis а three-digit divisor of 1782. 
Therefore, possible values of d are 891, 594, 297 and 198, 162. 
Hence, the largest three-digit divisor is 891 and the remainder is 177. 


Build-up Your Understanding 1 


1. Prove that (a — c)|(ab + cd) if and only if (a — c)|(ad + bc). 
2. Prove that 6|(a + b + с) if and only if 6\(a° + Б? +c’). 
3. Prove that 64110222 + 1). 

(и+1)2 


4. Find all natural numbers n, such that, 
n+7 


is an integer. Find, then, 


corresponding values of the expression also. 

5. Prove that, for any natural number n, 1" + 8" — 3" — 6" is divisible by 10. 

6. Prove that 1% + 2% + 3* + --- + n“ is divisible by 1+2+3+---+n, where n is an 
integer and & is odd. 

7. Prove that for any natural number n, the result of 1°87 + 21°87 + ... + 
be divided by (n + 2) without a remainder. 

8. If a, m, n are positive integers with a > 1 and (a" + 1)|(a" + 1), them ти. 

9. Let a, b be positive integers with b > 2. Show that (2° — 1) | (2^ + 1). 

10. Let a, b, c, d be integers such that ad — bc > 1. Prove that there is at least one 

among a, b, c, d which is not divisible by ad — bc. 


gm cannot 


6.3 GREATEST Common Divisor (GCD) 


The greatest common divisor of any two integers a, b (at least one of them non-zero), 
is the greatest among the integral common divisors of a and b. 

The greatest common divisor is denoted as GCD and represented as (a, b). 

If (a, b) = 1, then we say that a and b are relatively prime integers or co-prime integers. 


6.3.1 Properties of GCD 


мо л Бошо м 


. (a, b) 21 
- (a, b) = (lal, |b]) 
. (a,0)= |а|, a £0 
. (a,b) = (at kb,b) VkeZ 
. (a, b) = (b, a) 
If (a, b) = g and d is a common divisor of a and b, then d|g. 
. For any non-zero m € Z, (ma, mb) = |m|(a, b). 


. If d|a and d|b and d > 0, then (55-5). 
d'd) \d 
. If (a, b) = g, then Б 
S. 8 


. If (a, b) = 1 and (a, c) = 1, then (a, bc) = 1. 
. If a|bc and (a, b) = 1, then a|c 

If (a, b) + 1, then we cannot conclude that а |с. 

For example, a= 6,b=21,c=10 

6|21 x 10, but (6, 21) 2 3 and (6, 10) = 2 and 6 divides neither 21 nor 10. 

Ifa, be N, (a,b) - 1andaxb c", к, сє N, then each ofa and b is a perfect kth power. 
. If (a, Б) = g, then there exist two integers x and y such that g = xa + yb. 


Note: In general xa * yb is a multiple of g V x, y e Z 


. (a, b) = 1 = am + bn = 1 for some m, n € Z. This is known as Bézout's identity. 


The Euclidean algorithm can be used to find the GCD of two integers as well as 
representing the GCD as linear combination of numbers. 
Consider two numbers 18, 28. 


2821.18 10 
18-21-1048 
1021-842 
8=4-2+0 
(18, 28)=2 (retracing the steps) 
(18, 28)=2=10-1-8 
=10-(18-1- 10) 
-2-10-1-1822(28-1-18)- 1-18 
=2-28-3-18=2.-28+(-3)-18 
Note: The representation in property (13) is not unique. In fact we can represent 
(a, b) as xa + yb in infinite number of ways, where x, y € Z. 
(18, 28) =2 - 28 + (-3) 18 
=2 . 28 + 252k + (-3)18 - 252k 
= (2 + 9k) 28 + (-3 — 144)18 
where / is any integer. 
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Etienne Bézout 


31 Mar 1730—27 Sep 1783 
Nationality: French 
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6.3.2 Least Common Multiple 


Least common multiple of two integers a, b is the smallest positive integer divisible by 
both a and b and it is denoted by [a, b]. 
In the above example, 252 is the least common multiple of 18 and 28. 


252 =9 x 28 and 252 = 14 x 18 
Note: [a, b](a, b) = ab 


Example 8 Jfa and b are relatively prime, show that (a + b) and (a — b) are either rela- 
tively prime or their gcd is 2. 


Solution: If d is the gcd of (a + b) and (a — b) then d|(a + b) and d|(a — Б) and there- 
fore, d |(a + b) + (a — Б) 
=  d|2a and d|2b 
= d|(Qa, 2b) 
But (a, b)= 1 
(2a, 2b) =2 
d|2. 
Hence, d is either 1 or 2. 


Example 9 /f(a, b) = 1, then (a + b, b) 1 and (a, a € b) = 1. 


Solution: If (a + b, b) is d, then d|(a + b), and d|b and this implies d|a 
— d|(a, b) 12 d|1 2 dz lI. 
Again (a, a + b) = d, then d|a and d|(a + b) and this implies d|b. 
So, d|a and d|b implies d|(a, b) > 4|1 > а= 1. 


21m+4 


4m+3 


Example 10 Prove that the fraction is irreducible for every natural num- 


ber m. 


Solution: Assuming the contrary, if p is a number which divides both 21m + 4 and also 
14m + 3, then p should divide, 


3(14n + 3) - 201m 4- 4) - 1. 


Thus, p= 1. 
Therefore, the gcd of (14m + 3) and (21m + 4) is 1. 


So alae is irreducible, 


' 14т+3 


Example 11 Prove that the expressions Зх + 11у and 29x + 23y are divisible by 
125 for the same set of positive integral values of x, y. Find at least two such pairs 


(x, y). 


Solution: Since 3(3x + 11у) + 4(29x + 23у) = 125(x + у) 

Now, 3 and 125 are relatively prime and so are 4 and 125. 

Thus, if one of the expressions is divisible by 125, then the other expression should 
also be divisible by 125. Here we have used the following properly: 

For a|b and a|c = a |(ka + Ib) conversely а | (Ка + Ib) and a|ka, then a|/b and if (a, 
I) = 1, then a|b. 


To find the values of x and y for which both the expressions are divisible by 125, 


3x + Lly=125n, (1) 
29x + 23y = 125n, (2) 


Solving Eqs. (1) and (2) for x and y, we get 


f= 1 In = 23т 
2 for all ж, т є Z and having same parity (i.e., both even or both odd). 
_ 29т -3n, 
2 
Example 12 /f ae ; = E where a, b, c are positive integers with no common factor, 
a c 
prove that а + b is a square. [RMO, 1992] 
Solution: Let the gcd of a, b be k, then a= kp and b = kq, and p, q are relatively prime. 
1 1 1! 
МЫК МЕЕ га 
a b c 
=> c(a + b) 2 ab 
= скр + q) = K pq 
=> c(p + 4) = Крд. (1) 
Since, k is ће GCD of a, b and a, b, c have no common factor (c, А) = 1. 
So, c|pq (2) 
As (p, 4) = 1; p, q are prime to (p + q) and hence, (p + q) is prime to pq and hence, 
ра |с. (3) 
From Eqs. (2) апа (3), we have 


c — pq (4) 
From Eqs. (1) and (4), we have, p+ q = k 
So, (a + b) = Қр + а) = kx k= and hence, the result. 


Build-up Your Understanding 2 


1. ТЁа = qb +r where a, q, b andr are integers, then prove that (а, b) = (b, r). 
2. If a, b are integers both greater than zero and d is their gcd, then, prove that 
d — ax + by for some x, y € Z. 


12n+1 


3. Prove that Т is irreducible for every positive integer и. 


n+ 


. 63n+14.. Р TE 
4. Prove that the expression = is irreducible for every positive integer n. 


n+ 
5. Show that gcd(n! + 1, (a+ 1)! + 1)2 1 for any ne N. 
6. Prove that the expression 2x + 3y and 9x + Sy are divisible by 17 for the same set 
of integral values of x and y. 
7. If x, y are integers and 17 divides both the expressions x? — 2xy + y? — 5x + 7y and 
x! — 3xy + 2y? + х — y, then prove that 17 divides xy — 12x + 15у. [RMO, 2005] 
8. Find the least possible value of a + b, where a, b are positive integers such that 11 
divides a + 13b and 13 divides a + 11b. [RMO, 2006] 
9. Show that if 13 divides n^ + Зл + 51 then 169 divides 21; + 89n + 44. 
[RMO, 2012] 
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10. 


11. 
12. 


13. 
14. 


15. 


16. 


17. 
18. 


19. 


20. 


21. 


22. 
23. 


24. 


25. 


26. 


If gcd(a, b) = 1, then prove that (а? +b, ab) = 1 and also prove that 
gcd(a + b, a — ab + 02) = 1 ог3. 


If a,b € N and ab|(a? + b^), then prove that a = b. 
Let a, b, c be positive integers such that a divides p, b divides c, c divides a’. 
Prove that abc divides (a + b +c)’. [RMO, 2002] 
If gcd(a, b, c) 2 1 and c= c then prove that a — b is a perfect square. 

"p 


Let m, n be positive integers, such that, 3m + n = 3 lem[m, n] + gcd(m, n); prove 
that, n divides m. 

Let a,, Бу, c, be natural numbers. We define a, = gcd(b,, c), b, = ged(c,, а), 
€; = ged(a,, bj) and a; = Іст(р,, сз), Рз = Іст(с›, az), сз = lem(as, by). Show that 


gcd(b3, сз) = а». [RMO, 2013] 
Find the minimum possible least common multiple (Іст) of twenty (not necessar- 
ily distinct) natural numbers whose sum is 801. [RMO, 1998] 


Let m, n, le N and lem[m + l, m] = lem[n + /, n], then prove that m = n. 


Find the set of all ordered pairs of integers (a, b) such that, of gcd(a, b) = 1 and 


а 14b. : 
— + — 1s an integer. 
25a 


b 
a 1 1 1 1 
Let 1—-—+ Tee such that gcd(a, b) = 1. Show that 1979 | a. 
a 1 1 1 1 
Let —=1+—+—+—+ + such that gcd(a, b) = 1. Show that 2003 | a. 
b 23 4 2002 
Let P pe ae ee. E ЕЕ О 
b 2 3 67 
Let m, n € N and n be an odd number then prove that gcd(2" — 1, 2" + 1) = 1. 


For each positive integer n, define a, = 20 + п? and d, = gcd(a,, a, ,,). Find the set 
of all values that are taken by d, and show by examples that each of these values 
are attained. [RMO, 1997] 
Let P(x) = x! + ax? + b and O(x) = X? + bx + a, where a, b are non-zero real num- 
bers. Suppose that the roots of the equation P(x) = 0 are the reciprocals of the 
roots of the equation Q(x) = 0. Prove that a and b are integers. Find the greatest 
common divisor of P(2013! + 1) and Q(2013! + 1). [RMO, 2013] 
If (a, b) = 1 and x* = y for some natural numbers a, b, x, y all greater than 1 then 
show that x = n^ and y = n^ for some n > 1. 

Prove that gcd(&" — 1, ^ — 1) = &&*€P — 1 where К> 1; k, a, b, € N 


6.4 PRIMES 


An integer p > | is called a prime number if it has exactly two distinct divisors namely 
1 and p. 


In other words, p is a prime, if there is no d, 1 < d < p, such that d|p. A number 


more than | which is not prime is called a composite number. 1 is neither prime nor 
composite. 


Some properties of a prime number p: 


І. plab = plaorp|b 
2. pa^ => pla = p'la",neN 


3. Every integer greater than | is divisible by at least one prime. 

4. Forn> | there is at least one prime p such that n < p < 2n. A slight generalization 
for n > 3, there always exists at least one prime p with n < p « 2n — 2. Another 
way let p, be nth prime for n = 1 then p,,, < 2p,. 

5. The number of primes less than or equal to a real number x is = x/In x. 


6.4.1 Euclidean Theorem 


The number of primes is infinite. 


Proof: 
Suppose on the contrary that there are only finitely many primes ру, p», ..., Pp Look at 
Py Pr Py +1 
This number is not divisible by any of the primes р, p», ..., р,, because it leaves 


a remainder of 1 when divided by any of them. But as every integer greater than 1 
is divisible by a prime. This contradiction implies that there cannot be finitely many 
primes, i.e., there are infinitely many. 


Note: Given k> 1, we can find k consecutive composite numbers. 
One such k consecutive composite numbers are 
(A+ 1)! 4 2, (k- 1)! 3, (А+ 1)! € 4, ..., (К+ 1)! + (k 1). 
For k > 1, these numbers are divisible by 2, 3, 4, ..., k 1, respectively. 


Example 13 Prove that if p and (8p — 1) are prime then (8p + 1) is a composite number. 
Solution: If 3|p then p = 3 = 8p +1=24+1=25 => 8р + 1 15 а composite number 
otherwise consider (8p — 1), 8p and (8p + 1). These are three consecutive numbers, 
where (8p — 1) is a prime number > 3 = 3 { (8p -1). 

Since 318 and 3łp, hence, 31 8p. 

So, 3| (8p + 1) as among three consecutive integers, one must be a multiple of 3 and 
8p + 1 >3 => 8р + 1 is a composite number. 


Example 14 Determine with proof all the arithmetic progression (AP) with integer 
terms, with the property that for each positive integer n, the sum of the first n terms is 
a perfect square. 
Solution: When n = 1, the first term itself is a perfect square. Let it be k. 

The sum to n terms of the AP is 


S= 502+ (n-Dd] wherea = 22. 


Since S, is a perfect square for every n, 2a + (n — 1) d > 0, for every n and hence, d > 0. 
If n is an odd prime, say p, then 


5, = 2[2а+(р- 04. 


Since S, is a perfect square p/[2a + (р — 1)d], i.e., p|[(2a — d) + pd] 
But p |pd, so p|(2a — d). This is possible for all prime p, if and only if, 2a - d = 0 
or 2a = d, i.e, d= 202. 
So the required AP is 
№, 312, 5K, ..., Qn -? 
where k is any natural number. 
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Example 15 Prove that the polynomial f(x) = x" + 26x? + 52x” + 78x + 1989 cannot 
be expressed as a product of two polynomials p(x) and q(x) with integral coefficients 
of degree less than 4. 


Solution: If possible, let us express 
x* + 26? + 5222 + 78x + 1989 = (х2 + ax + Б) + cx + d), 


where а, b,c, d € Z 
By comparing coefficients of both sides, we get 


a+c=26 (1) 
ac+b+d=52 (2) 
bc ad — 78 (3) 
bd = 1989 = 13x 3x17 (4) 


Now, we see that 13 is a divisor of 26, 52, 78, and 1989 and 13 is a prime number. 
Thus, 13|bd = 13 divides one of b or d, but not both. 


If 13 |b, say, and 1314 then from Eq. (3), 13 |a. 
Now, 13 |ac, 13|b, and 13|52. 


-. 13|d from Eq. (2) is a contradiction. 
So, if 13|d and 131», 


Then, again, from Eq. (3), 13|c = 13 |a (from Eq. 1) 
Now, b 2 52 — ac — d. 
13|b, but it is again a contradiction. So, there does not exist quadratic polynomials 


p(x) and q(x)with integral coefficients, such that f(x) = p(x) x q(x). 


Similarly, 1f p(x) 1s a cubic polynomial and q(x) is a linear one, then let 


р(х) 2x + ax? + bx ec 


q(x) = (x + d) 


x* + 268 + 5233 + 78x + 13 x 3 x 17 = (х? + ax? + bx + cy x +4) 


Again, comparing coefficients 


a+d=26 (5) 
ad+b=52 (6) 
bd+c=78 (7) 

cd213x 3x17 (8) 


As before 13 divides exactly one of c and d. 
If 13|d, and 131c, then by Eq. (7), 
c=78+bd = 13 |сіѕа contradiction. 
So, let 13 |c and 1314 
Ву Eq. (7), 13|b, 


By Eq. (6) ad = 52 — b 
=> 13|а4 = 13|а аѕ13{а 
By Eq. (5), 4=26-а = 13|4, (а contradiction). 


Hence, there does not exist any polynomials р(х) and q(x)as assumed, so is the result. 


6.4.2. Sophie Germain Identity 


a^ + Ab^ = (a? } +(2b*)? +2-a? -2b? — 2a? - 2b? 
= (а? +252)? - (2aby 
= (a? + 2b? + 2ab)(a? + 2b? —2ab) 
= ((а+ Б)2 + b?)(a— by) +b?) 
This is very useful for proving whether а given number is a prime or composite. 
Example 16 Prove that п + 4іѕа composite number for all n > 1, пє М. 
Solution: Since n + 4 = CN +4n + 4) – 4n? 
=(n + 2) – ny. 
= (n? + 2n + 2)(п7— 2n + 2). 
= (+1) 1] [(n — 1? +1] 


Еог п> 1,(п + 1)? +1 > Land hence, 1^ + 4 isa composite number for all п> 1, n e N. 


Example 17 Prove that n^ + 4" isa composite number for all n € N, п> 1. 
[RMO, 1991] 


Solution: If 7 is even, then both п and 4" are even and hence, п* + 4" is an even num- 
ber and hence, it is, composite as nf + 4" is surely greater than 2. 


If n > 1 is odd, then n = 2k + 1 where K is a natural number. 


Now, m44'-g + 4 


= п x4. 4X 
= n* + A(275) 
=n +4025 
Let a=2". 
Thena>2ask21. 
Then n* + 4" = n + 4a* 
= п + 4пѓа? + 4а*— An)? 
= (и? + 2a’) — Qnay. 
= (и? +24? + 2nay(n? t 24^ – 2na). 
= ((и + ay + а?)((п — ay. + a’) 


(n+ ay +a > q»2-4 
n^ + 4" is composite number. 
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Largest known Mersenne prime 
is 27529729] It has 22,338,618 
digits! As of Jan 2016, 49 
Mersenne primes are known. 
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© 


19. 


20. 


21. 
22. 


23. 


. Геѓа, Б, с, d e N and in strictly increasing order such that b -bd-d =a -ac-c. 


1. Show that 4n? + бп? + 4n +1 is composite for n = 1, 2, 3... 

2. Prove that 512? + 675? + 720? is not a prime number. 

3. 

4. Show that 37995 + 420% can be written as a product of two integers each of which 


Prove that 5? + 2'° is composite. 


is greater than 2009'*2. [RMO, 2009] 


. Prove that if p and р? + 2 are primes, then p + 2 is also a prime. 
. Prove that if 2n + 1 and 3л + 1 are squares, then 5л + 3 is not prime where, n e N. 
. Find all distinct primes p, q such that р? = 2 zl. 


m- 


1 
. Find all integers n such that (==) is prime. 


. Find all numbers p such that all six numbers p, p + 2, p + 6, p + 8, p + 12, and 


p + 14 are primes. 
125 


5 А : 
. Prove that N — WECT is a composite number. 


. Find all primes p and q such that p +7pq + q is a square of an integer. 


[RMO, 2001] 


. Find all triples (р, q, r) of primes such that pq =r + 1 and 2(p? + 4) = 2+1. 


[RMO, 2013] 


. Prove that, if a, b are prime numbers (a > b), each containing at least two digits, 


then (a^ — 5^) is divisible by 240. Also prove that, 240 is the ged of all the numbers 
which arise in this way. 


. Prove that there are infinitely many primes of the form 4n — 1. 

. Prove that there are infinitely many primes of the form ón — 1. 

. If ab = cd, prove that а RE teerd is composite. 

. Letm, n € N such that 2m? + m = 2r? + n, then prove that m — n and 2m + 2n + 1 


are perfect squares. 
2 


Prove that ab + cd is not a prime number. 

Let (py, P2, P3» ..., Pns---) be a Sequence of primes defined by p, = 2 and for n > 
1, р.у 1s the largest prime factor of p,p,---p,, + 1. (Thus p; = 3, p, = 7). Prove that 
р, * 5 for any n. [RMO, 2004] 
Let n be a positive integer and p,, p», ..., p, be n prime numbers all larger than 5 
such that 6 divides p? + p? +---+ p2. Prove that 6 divides n. [RMO, 1998] 
Prove that for n2 5, p?,, < pip; p, where p; is the ith prime. 


(a) If» is not a prime, prove that 2" — 1 is not a prime. 

(b) Prove that if a” — 1 is prime, then a = 2 and n must be a prime. The smallest p 
for which 2" — 1 is composite is 11(2!! = 2047 = 23 x 89). Prime numbers of 
the form 2? — 1 are called MERSENNE primes and usually denoted by M, 

(c) Show that every prime divisor of 2^ — 1 is of the form 2kp + 1 for some ke N. 

(a) If n has an odd divisor > 1, prove that 2" + 1 is not prime. 

(b) Prove that if a" + 1 is prime and a > 1, then a must be even and n = 2* for some 
ke N. Numbers of the form 2?’ +1 are called FERMAT numbers, and usually 
denoted by F’,. The only Fermat numbers known to be prime correspond to n < 4. 


(c) Show that every prime divisor of 2?" +1 is of the form k2”** +1 for some 
ke №. 


Number Theory 


6.5 FUNDAMENTAL THEOREM OF ARITHMETIC 


Every integer greater than | can be expressed as a product of primes. The factorisation 
is unique but for the order of the factors. 
Any number n can be written as 


a а. а Gn 
N= Py! X Pi’ X P3? хх Py 


where р, p», рз,..., Pm are distinct primes and 04, 05, O6, ..., Œm are natural numbers. 
Notes: 
1. A number n= pi^ x py? x-+-x ри" is a perfect square, if and only if each o,(i = 1, 
2, 3, ..., m) is an even number. 


2. Ifn=p, X p; X X p,, then п is called a square-free number. That is if each œ; 
(i= 1, 2, ..., m) is 1, then n is square-free integer. 


6.6 NUMBER or Positive Divisons or A CoMPOsiTE NUMBER 


If a composite number is 


= Dno Qe... Om 
n= р х p, x X Pm 


then the number of positive divisors of n is t(n) = (œ + 1)(0 + 1) --- (а, + 1). This is 
read as ‘tau of n’. 

For example, if we take a number 24 = 2? x 3!, the number of divisors of 24 is 
T(24)2 (3 - 1)(1 +1) = 8. 

You can easily see that 1, 2, 3, 4, 6, 8, 12, 24 are the 8 divisors of 24. 


Notes: 
1. If n is a perfect square, t(n) is odd as all the œ are even. 
2. If n is not a perfect square, t(n) is even. 
3. The number of ways of writing n as the product of two factors (order immaterial) 
is: 


т(п)+1 
2 


if n is a perfect square, 


т(п) 


if п is not a perfect square, ЕЛ, 


4. The number of ways, in which a composite number can be expressed as a product 
of two relative prime factors (order not considered), is 2". where m is the num- 
ber of distinct prime. 

For example, 58 x 37x 41° can be resolved into product of two factors, in 21 = 
2224 ways so that the factors are co-prime numbers. 
Here they are 
58x (37x 41°) 
37x (58x 41°) 
415x (3? x 55) 
and finally 1 x (41° x 37 x 5°), 
Now o(n), (This is read as sigma of n) the sum of the positive divisors of л, is given by 


P -l P2 Zl y Pn" =] 


6Л3 
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where n= pr x pP хх ру". 


For example, 


c(48) = o(2* x3) 


5 _ Ds 
ae m Ida iod 
2-1 3-1 
0,(n), the sum of the kth power of the positive divisors of n 
_ prem E А peer) —1 "- pie. —1 
рі -1 p} —1 peel 


Example 18 Find the smallest integer with exactly 24 divisors. 


Solution: If л is the required number and 


a a ay 
n= p', Pi ope 


then t(n) = (œ; + D(a, + 1) --- (œ+ 1). 
But 24 can be written as the product of 2 or 3 or 4 factors. Corresponding to each 
factorisation, we can get a smallest composite number. 


24 "x 148576 
12x2 2!!x3! 6144 
6x4 2x3? 864 
8x3 eo 1152 
6х2х2 2°х3\х 5! 480 
4х3х2 2' «355 360 


3x2x2x2 2?x3x5x7 420 


The smallest number having 24 divisors is 360. 


Example 19 Find the sum of the cubes of the divisors of 12. 
Solution: Since 12 = 22x 3 
23(2+1) E 3301) =i 
x 

23-1 33-1 

22-1 36-1 
x 
7 26 
= 73х28 = 2044. 

Example 20 Show that o(N) = AN when N = 30240. 
Solution: Since N = 30240 = 2? x 3! x 5! x 7I. 

6. 4 2 2 
(26-1) G'-D (52-0), (72-1) 

2-1 (3-10) (5-10) (7-р 
= 63х40х6х8 
=27х39х5х7 
= 22 x25 x 33 x5l х7! 
=4х № = 4М. 


сз(12) = 


So, (№) = 


Example 21 N = P,P5P, and P,, P, and P, are distinct prime numbers. If у) d=3N 
d\N 


N 
1 
[or o(N) = 3N], show that y= =3. 
i=l i 
Solution: The divisors of N are 
1, P,, P^, P4, P,P4, P\P3, PoP, PPP. 
It is given that 
1+P,+P,+P3;+ P,P, + P P3 + PPS P PaP, = 3N. 


Now 


N1 1 1 1 1 1 1 1 1 
$ —=-+—+—+—+ + + + 
m4 1 А Р, Р, ВР, BP, BB, APP; 


ВРВ, +РВ,+ВВ+ВР+Р +В +В +1 
P,P, 


But the numerator is the sum of the divisors of N, 


N 
ie., 9 d=3N =ЗВРР, and hence, У 2 ш 


d|N iid BPR 


Example 22 Let f(n) be sum of number of divisors of divisors of n. 

Prove that f(18) = f(2) - fG’). 

Solution: Divisors of 18 are 1, 2, 3, 6, 9, 18 and therefore, 
f(18) = У т(4) 214242444346 -18 


418 
fD=} tq) =1+2=3 
42 
У?) = Y т(д)=1+2+3=6 
43° 


f2):fG)=3 х6 = 18 =/(18). 


Example 23 Show that f(p;" - p ) = f(pp ): f(py ), where p, and p, are distinct 


prime. 


Solution: The divisors of pj": p? of the form pi : p3, where 0 € r < a, and 
0<з< 0. 


Now, /(р :ре)= Y, (pi pi) 


O0<rsa, 
0<5<0, 


= У X (r++) 


O<rsa, 0Sssa, 


= >} em p» em 


0<r<ga, 0<5<0, 
ва, 2 
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_ (a5 +1)(05 +2) 
E cnf 5 | 


O0xr&za, 


» (0 "© +2) У (+1) 


0<г<о, 


E (a> + 1)(0 + 2) (ол + D(a + 2) 


2 2 
für) У т(р)= DV +d 
O0xr&za, 0xr&a, 
_ (a, +1) (a5 +2) 
Е б 


(a, +1)(0 +2) 


Similarly, (р?) = 2 


рр) Рр) (р) 


where p, # p», i.e., fis multiplicative. 


Example 24 Define F(n) = Ут; (d) where T, (d) = cube of the number of divisors of 
d\n 

d, i.e., F (n) is defined as the sum of the cubes of the number of divisors of the divisors 

of n. Prove that F(18) = F (3°) -F (2). 


Solution: Consider F(18). 
Divisors of 18 are 1, 2, 3, 6, 9, 18. 
Number of divisors of divisors of 18 are 1, 2, 2, 4, 3, 6. 


So, F(18) = 1° + 22 + 22 +43 + 3 + 6 = 324 
Now, 18 =2! x3? 
F(2')=Ph +23 =9 
Е (32) = Е(9) = P +22 + 33 = 36 
and F(2) x Е(32) = 9 х 36 = 324 = F(18). 
Thus, F is also multiplicative. 
Example 25 Show that F(p;" х py) = F(pp)x(p5). 


Solution: Any divisor of рү is pf where 0 <r < a, 


F(př)= Snl) = bMS = sum of the cubes of the first œ; + 1 natural 


r=0 m 
numbers. 
2 
2 
Similarly, F(p%?) = Bá 


F( pt" -р®)= Mut: pi) 
0<r<or, 
бс с 


= Y Y cene 


r=0 s=0 
= Sort)? Р 
r=0 s=0 


p | s | 


=F) r+ 
r=0 


(a +1)(a, + 2] 
2 


=r] 


= F(p? )F(p"). 
Hence, proved. 
Example 26 Prove that Е(рі) = { (рі )}2, where F and f are as defined in previ- 
ous problems. 
Solution: Since 


F(p) = 1 +23 +33 ++ (ол +1)? 


[/(р О = [2€ 3 (05 + DP 


Гол 1X3 2) 
2 
=P +23 +-+ (оу +1)? 


= Е(рі“). 


Example 27 Prove that sum of the cubes of the number of divisors of the divisors of a 
given number is equal to square of their sum. [For example, if N= 18.] The divisors of 
18 are 1, 2, 3, 6,9, 18. 

Number of divisors of divisors of 18 are 1, 2, 2, 4, 3, 6 respectively. 

Sum of the cubes of these numbers 


PEELS +E = (1 +22 + 3° + 45у + 2° +6 
= 100 + 224 = 324. 
Square of the sum of these divisors = (1+2+2+4+34 6) 
= 18° = 324. 


Solution: The solution is based on ће result derived in previous problems. 
We should show that F (N) = fi (Ny, where F and fare as defined in previous prob- 
lems. 
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[This interesting property of numbers was originally given by Liouville, and Srinivasa 


Ramanujan, rediscovered it.] 


If n= př- p? -.. ph", then 


F(n)= F(p% - py ...ps' ) and pj, p»...., p, distinct prime numbers and we have 


proved earlier that F is multiplicative. 
F(n) = F(py'- py... Pp”) 
= Ер"): Е(рә?).. Ер"). 
But F(p^)2P +23 «a? 
_ Е +1)(0; +2) 


2 
| foralli e N 


2 
We have 
F(n)= E +1)(a, + | [e (a; + E +1)\(a, + 2) 
2 2 2 
=[(a,+ 1)(о + 2) (0, + 1) (06 + 2)... (ot, + 1) x(a, + DF 
Now, Fr + Py? Pn”) 


= fü y für) Ори") p fis multiplicative] 
_ (a +1)(о +2) | (о) +1)(05 +2) (a, +1)(0, +2) 
2 2 2 
(a, +1)(@,, +2) 
2n 


= (a4 +1)(о + 2)(a5 +1)(@ +2)... 


From (1) and (2), we see that F (n) = KOIR 


6.6.1 Perfect Numbers 


(1) 


(2) 


If the sum of the divisors of a number n, other than itself, is equal to n, then л is called 


a perfect number. For example, the first two perfect numbers are 6 and 28. 
6=1+2+3 


28=1+2+4+7+ 14 


There аге 49 perfect numbers known to date (January 2016) all even, апа it is conjec- 


tured that there are no odd perfect numbers. 


Example 28 Show that n = 2" (2" — 1) is a perfect number, if (2" — 1) is a prime 


number. 


Solution: Let n = 2" ! x p, where p = 2" — 1 is a prime number. 
The divisors of 2"! x p are 
1,2,2,25..42' 9,252 Piva?” Pel” p 


Now, we should sum all these divisors except the last one, 2" p. 


5 = (1+2+22 4-271) p(l+ 2427 +---+2"7) 
.1Q*-D, pli" -1)] 
2-1 2-1 
-2" 214 p(2"-1 —1) 
= p+ p2" =) [p 
= p.27 
= 2" (2" —1у=п. 


p= 2m - 1] 


Example 29 N= 2"! (2" — 1) and (2" – 1) is a prime number. 1 < d, < d, « 
are the divisors of N. Show that 


1 1! 1 1 
+++ 


+ = 2. 
1] dj d, d, 


Solution: Let 2" – 1 = q. 
We already saw that 1, dj, d,,..., d, are 1, 2, 9E aug д", 4, 24, 
respectively. 


So, gei. : + | + l 
1 d d d, 
1 1 1 1 I.T. бИ 1 
=-+—+— tt рен e 
12 2 271 q |1 2 2 271 
5 Z-,1Q"-D0 Q"-De«Q"-1) 
2n-l q 2n q2"1 


 Q"-D(g*«D  Q"-DQ") 
q2"1 (2" Е 1)(2"-!) 
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re д, 


Example 30 /fn, and n, are two numbers, such that the sum of all the divisors of n, 
other than n, is equal to n, and sum of all the divisors of ny other than n, is equal to ny, 


then the pair (nj, пз) is called an amicable number pair. 
Given: а= 3.2" – 1, 
b=3-2"'-1 


and с= 9.221 1 n>] 


where a, b and c are all primes numbers, then show that (2"ab, 2"c) is an amicable pair. 


Solution: If N = př - ру... ри" , then sum of the divisors: of N is given by the formula 


Q, +l «„—1 
ya) й -1 og b. d. 
p-l P2-1 p,-1 


So, the sum of the divisors of 2"ab is 
a-1 b?-1 
x x 
a-l b-1 
= (271 — 1)(а + 1)(b +1) 
= QU! — 19.27"). 


(27 1) 
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But 2”ab = 2"[9 2?! — 9.2"! + 1] (on simplification) 
The sum of the divisors of 2"ab other than 2"a - b is 


gig == 2 2 7! — 9.2"! 4+ 1) 
29.291. 9, 92-l 9.931 4 9.921 ә" 
= 9.237102 1) – 2" 
= 9. 237-1 n 
= 2" (9.2271 — 1) 


=2".¢ 


Thus, the sum of the divisors of 2”. ab other than itself is 2"c. Now, sum of the divisors 
of 2"c other than itself is 


2-1 c-1 
e(2* о 
= (oe = 1)9 . 22n-l = 2"09 .22"-1 - 1) 
= 9.22" 9.532nl | g, 93n-l 4 n 
HE 9.231 = 9.2271 ES 2” 
= 2" [9.2771 - 9.271 +1] 
=2"ab 


i.e., the sum of the divisors of 2"c other than 2"c is equal to 2" ab. 
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999 998 


[RMO, 1999] 


1. Find the number of positive integers which divide 10^ but not 10 


. Find the number of rationals "I. such that (i) 0< Zz 1, (1) ged(m, n) = 1, 
n n 


(11) mn — 25!. [RMO, 1994] 


2000 
. Determine largest 3-digit prime factor of | | Р [RMO, 1992] 


1000 


. Determine the smallest positive integer п, which has exactly 144 distinct divisors 


and there are 10 consecutive integers among these divisors. 


. Prove that every even perfect number is of the form 2?-!(2? – 1), where 2? -1 


and p must be prime numbers. 


. Prove that every even perfect number ends in 6 or in 28. 


1 1 1 1 
. Show that fi tural > 1, th аа i 
S ow at for any natural number n 2 1, the sum 3'5*3 244] P never 
an integer. 
. Prove that the sum : + : Tee l is a fraction when reduced to simplest 
p pti p+n 


terms, has an even denominator. 


. [a, b, c] and (a, b, c) denote the least common multiple (/ст) and the greatest 


[a,b, ср = (a,b, cy 
[a,b][b,c][c,a] (a,b)(b,c)(c,a) 
[USA MO, 1972] 


common divisor (gcd). Show that 
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6.7 MoDULAR ARITHEMATIC Johann Carl 
Friedrich Gauss 
The set of integers can be partitioned into n disjoint sets or module namely Sp, S, ..., 
S, ,, Where S, = set of integers with r as remainder when divided by n, for r = 0, 1, 2, 
„0-1. 
Апу two numbers belonging to the same set ог module 5, are said to be congruent 
modulo n. 
Formally, 
if a and b both leave the same remainder or equivalently, n|(a — b) or a= kn + b, 
for some k e Z we define, 
_ 30 Apr 1777—23 Feb 1855 
RURSUM Nationality: German 
This is read as a is congruent to b modulo 7. 
For example, 16 = 1 mod 3 (as 162 5x3 1) 
Also we can see 16 = 1 = 4 =—2 =—5 (mod 3) 
We are just adding or subtracting multiples of ‘3’ 


6.7.1 Properties of Congruence 
In what follows n, a, b, c, d, x, y are integers. 


1. а= а (mod n) (Reflexive relation for all a € Z) 
2. a=b (mod n) € b = a (mod n) (Symmetric relation for all a, b € 2) 
3. a=b (mod n), b = c (mod n) > a = c (mod n) (Transitive relation for all Integers 
a,b,c) 
4. Ifa=b (mod n) and c = d (mod n), then 
(1) а+с=Ь + d (mod n) 
(ii) a— cs b — d (mod n) 
(i1) ac = bd (mod n) 
(iv) ax + cy = bx + dy (mod n) 
5. If as b (mod n), then 
(1) а+с=Ь + с (тол) 
(ii) a-c =b- c (mod n) 
(ш) ac = bc (mod n) 
(iv) a+ kn =b + kn (тол); А, є Z 
(v) a" = b” (mod n), m eN 
6. a=b(modc)= f(a)=f(b) (mod c) 
Where fis a polynomial over Z. i.e., f(x) is a polynomial with integer coefficients 


7. ah=ba(modn) => a=b| mod е 
(A,n) 


In particular, if gcd(A, n) = 1, then aA = bÀ (mod n) > a = b (mod n) 
8. If n + 0 and (a, n) = 1, then there exists an integer a’ such that aa’ = 1 (mod n) 
which is called the inverse of ‘a’ modulo n. 


Example 31 Find the largest positive integer n such that n^ + 100 is divisible by 
(п + 10). 


Solution: Using modulo (л + 10) numbers, we see that 


n+10=0 [mod(n + 10)] 


6.22 
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ie,  n=—10[mod(n+10)] 
i? = (-10) [mod (n+10)] 
--1000 [mod (n+10)] 
2. n3 41002 (—1000-- 100) [mod (n+10)] 


=- 900 [mod (n --10)]. 


Now, we want (n + 10) to divide т? + 100, implying that (7 + 10) should divide —900. 
The largest such n is 900 — 10 = 890, as (n + 10) cannot be greater than |-900 |= 900 
and the greatest divisor of |-900| is 900. 
So the largest positive integer п, such that n? + 100 is divisible by (n+ 10) is n = 890. 


Note: 900 = 3? x 2? x 5? has 27 divisors and each divisor greater than 10, gives a cor- 
responding value for n they are 2, 5, 8, 10, 15, 20, 26, 35, 40, 50, 65, 80, 90, 140, 170, 
215, 290, 440, and 890. 


Example 32 Determine all positive integers n for which 2" + 1 is divisible by 3. 


Solution: 2" + 1 = 2" + 1”. 

If n is odd, then (2 + 1) is a factor. Thus for all odd values of n, 2” + 1 is divisible 
by 3. 

For n even = 2 m say, 

4+1 92m ,. | 2 4" 1+2 

Now 3 = 4 – 1 divides 4" —1" but 31 2 = 3 f (2" + 1) for n even. 
Aliter: 2 = –1 (тоа 3) 
= 277“! = —] (mod 3) and 22" = 1 (mod 3) 
So, 2" + 1 = 0 (mod 3), if n is odd. 
and 2”+ 121-4 1 22 (mod 3), if n is even. 

Therefore, 2" + 1 is divisible by 3, if and only if, n is an odd number. 


Example 33 What is the remainder when 20162916 is divided by 2017? 


Solution: As 2016 = –1 (mod 2017) 
= 2016296 = 1 (mod 2017) 


Example 34 Find the remainder when 4527” is divided by 3. 
Solution: This problem doesn’t require much work, just one insight leads to immedi- 
ate solution, we note that 452 = —1 (mod 3), thus 

4527" z(-])?* =1(mod 3). 


The last congruence holds because 727? is surely even. 
Example 35 Suppose 5??? is divided by 24, find the remainder. 


Solution: It is not hard to find, by inspection, that 5522521 (mod 24). Now we can 
write 


55555 E 55554 .5= (5) 52 12777 .5=5 


Finding number ‘a’ such that 5“ = 1 (mod n) basically allows us to reduce the exponent 
in a problem, if the a is small such as 2, then the reduction is very drastic as seen in 
example above. 


Example 36 Show that 2+1 is divisible by 11. 
Solution: 2° = 32 =(-1) (mod 11) 
255 = (2°)!!=(-1)'! =-1 (mod 11) 


So,2°°+1=0 (mod 11) 
It is a multiple of 11. 


Example 37 Find the sum of all integers n, such that | € n € 1998 and that 60 divides 
3 2 
m + 30m + 100и. 


Solution: 
(i) If 60=3 x 4x 5 and 4|100n, then 4 should divide n? + 307°, i.e., 4 should divide 
n(n + 30). This implies that л is even. i.e., 2|n 
(ii) As 5| (30r? + 100n), 5 should divide n°. Hence, 5 should divide л. 
(iii) As 3 |3002, then 3 should divide т? + 1007, i.e., 3 should divide n(n? + 100и) = 
n(n? + 1 + 99) 
If n =+ 1 (mod 3), п = 1 (mod 3), and n+1=2 (mod 3), so neither of (n? + 
1 + 99) and n are divisible by 3. 
However, if n = 0 (mod 3), then n(n? + 1 + 99) is divided by 3, i.e., n(n? + 100) 
is divisible by 3 only if n is a multiple of 3. 


From (i), (ii), and (iii), we find that n must be a multiple of 2 x 3 x 5 = 30. So, we 
should find the sum of all multiples of 30 less than 1998 


S, = 30+ 60+--- + 1980 
= 30(1 4 2 +. + 66) = 66330. 


Example 38 Find the last two digits of (56789)". 
Solution: 56789 = 89 (mod 100) 
=-11 (mod 100) 
2. (56789)! = (-11)*' (mod 100) 
z(-11)?9 x(-11) (mod 100) 
=(11) x(-11) (mod 100) 
11221 (mod 100) 
11^241 (mod 100) 
11$221x41 (mod 100) 
=61 (mod 100) 
11'°=41x61 (mod 100) 
=01 (mod 100) 
11? = (01)? (mod 100) 
=1 (mod 100) 
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C1D' = 114 x(-11) (mod 100) 
=1x(-11) (mod 100) 
=-11 (mod 100) 

(56789)"' = 89 (mod 100) 


i.e., the last two digits of (56789)^! are 8 and 9 in that order. 


Example 39 Prove that 222255 + 55552222 is divisible by 7. 


Solution: Since 2222??? + 55552222 
= 22225555 + 45555 4. 55552222 _ 42222 _ 45555 | 4222 
2: (02925935 + 47533) тт (555577 үз 42222) zd 42222 (47? Е. 1) 


Now, 22225555 4555? is divisible by 2222 + 4 = 2226 2 7 х 318, 55552222 — 42222 ig 
divisible by 5555 – 4 = 5551 = 7 х 793 and 4?9— | = (43)!!! 1 = 64!!!!— 1 is divis- 
ible by 64 — 1= 63 =7х9. 

Thus 2222555? + 5555222? сап be split up into three terms each of which is divisible by 
7 and hence, the result. 


Aliter: 
222223 (mod 7) 
—2222 2922 (mod?) (1) 
—2222*z4 (mod 7) Q) 
= 2222°=8=1 (mod 7) (From (1) and (2)) 


= 222253 = [02220]? x 2222 = [(2222)6]9° x 2222! x 2222! 
=1x4x3 (mod 7) = 122 5 (mod 7) 


Also 5555 = 4 (mod 7) 
— 5555 24 (mod 7) = 1 (mod 7) 
= (5555)??? = (55555) x 5555? = 1 x 4x 4 (mod 7) = 2 (mod 7) 


and hence, 2222755 4.55552? =5+2=0 (mod 7) and hence, the result. 


Example 40 // a, b, c are any three integers, then show that abc(a’ — DB — с?) 
(с? — а?) is divisible by 7. 


Solution: Let us find the value of a? (mod 7) for any a € Z. 

As, a (mod 7) is 0, +1, £2, +3, a (mod 7) will be only among 0, +1. 

Now, if 7 divides one of a, b, c, the given expression is divisible by 7. If not, then 
cre (mod 7) will be only among 1 and —1. Hence, two of them must be the same, 
say a? and D? (mod 7). 

(а? — p) = 0 (mod 7). The given expression is divisible by 7. 


Example 41 Let f(x) be a polynomial with integral coefficients. Suppose that both f(1) 
and f(2) are odd. Then, prove that, for any integer n, f(n) # 0. 
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Solution: Let f(n) = 0 for some integer n 
If nz 1 (mod 2) 
Then f(n) = f(1) (mod 2) = 0 = odd (mod 2) which is a contradiction 
If n = 2 (mod 2) 
Then fn) = f(2) (mod 2) = 0 = odd (mod 2) which is a contradiction 
So, there exists no integer n, for which f(n) = 0. 


Example 42 Jfa, b, c are positive integers less than 13 such that 


2ab + bc + ca = 0 (mod 13) 
ab + 2bc + са = 6abc (mod 13) 
ab + bc + 2ca = 8abc (mod 13) 


Then determine the remainder when a * b * c is divided by 13. 


Solution: As 13 is prime, we may multiply each equation by (abc) |: 


2c! +а\ +6 = 0 (mod 13) (1) 
c!-2a +b! = 6 (mod 13) (2) 
c!+a!+2b'=8 (mod 13) (3) 


Adding (1), (2) and (3) we get 
4 (a! +b! +c) = 14= 1 (mod 13)=1+3 x 13 (mod 13) 


= a'+b!+c!=10(mod 13) (4) 


From (1) and (4) we get c ' = 10 = 3 (mod 13). 
c2 3! mod 13 
3c = 1 mod 13 
3с=1+2 x 13 (mod 13) = 27 (mod 13) 
c « 9 (mod 13) 


Uu Uu 


Similarly, a = 3 (mod 13) and b = 6 (mod 13) and therefore our answer is a + b + c 
=3+6+9 = 5 (mod 13). 


Example 43 Find the last three digits of 2005"! + 2005'? +... + 20052996. 
Solution: Finding last n digits of a number is done by finding the remainder when said 


number is divided by 10". 
We note that 2005 = 5 (mod 1000), so the sum is congruent to 


511 4 512 +... + 52006 (mod 1000), 


We have 5* = 625 and 5 · 625 = 125 (mod 1000), but 5 - 125 — 625, so powers 
of 5 modulo 1000 repeat periodically 625, 125, 625, 125, ... that is to say 5" = 625 
(mod 1000) for even n 2 4 and 5” = 125 (mod 1000) for odd m 2 5. So we can write 
the sum as 


51 512... + 52005 


= 1254+6254+125+---+125 +625 (mod 1000), 
1996 terms 


Now 


1254625 £125 +::-+125 +625 = 998 . 625 + 998 . 125 = 998 . 750 
1996 terms 
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Thus the sum is congruent to 


998 - 750 = ( 22 )(-250) = 500 (mod 1000). 


Example 44 Let n be a number that is made from a string of 5s and is divisible by 
2003. What is the last 6 digits of quotient when n is divided by 2003? 


Solution: Let 2003x — 55...55555555 
3x = 555 (mod 1000) 
x = 185 (mod 1000) 
x= 10°y + 185 Say 
2003(10?у + 185) = 55...55555555 
(2003000)y + 370555 = 55...55555555 
(2003000)y = 55...55185000 
3y = 185 (mod 1000) 
3y = 1185 (mod 1000) 
y = 395 (mod 1000) 


ууу ууу уу 


Hence, x = 395185 (mod 1000000) 


Example 45 //а and b are two integers such that 11 divides a? + b°, show that 121 
divides а? + P. 
Solution: Suppose 11 divides a? + b°. 
If 11 divides a’, then 11 should also divide p, which implies that 11 divides a and 
b both, and in turn 121 divides а? and also b? and hence, 121 divides db. 
Assume 11 divides neither а? nor b°. 
Let a = k (mod 11), where k= 1, 2, ..., 10. 
Therefore, a? = K (mod 11) = 1 (mod 11), where / = 1, 4, 9, 5, 3. 
Similarly, № = т (mod 11), where m = 1, 4, 9, 5, 3 
a’ + B) = (1+ т) (mod 11). But /+ m = 0 (mod 11) 
11 | (2 + 22) iff 11 |a? and 11|P? and hence, 121|(a’ + b’). 


Example 46 Show that if the sum of the square of two whole numbers is divisible by 3, 
then each of them is divisible by 3. 


Solution: Let x and y be any two integers 


Then х= 0, 1, 2 (mod 3) 

and v= 0, 1 (mod 3) 

Similarly, у =0, 1 (mod 3) 

So x! y! =0, 1, 2 (mod 3) (1) 


In Eq. (1), x y? is a multiplying of 3. Iff Eq. (1) is the result of adding x =0 (mod 3) 
and у? = 0 (mod 3) implying both x? and у” are divisible by ‘3’ and hence, both x and 
y are divisible by 3. 


Note: In general, if p = 3 (mod 4) and p | (а2 + p^, then p |a and p|b. 
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Solve the following: 
(а) 5x = 7 (mod 21) 
(b) 19x = 3 (mod 8) 
(c) 12x = 9 (mod 24) 
(d) 17x =3 (mod 210). 


. Find the last two digits of gu 
. Find the last two digits of 
. Find the remainder, when 1998??? + 19991? is divided by 7. 

. Prove that a number is divisible by 11 if and only if the difference of the sum of 


100 4100 
vene s 


the odd ranked digits and the sum of the even ranked digits is divisible by 11. 
[i.e., 11 | (did, ... d), o if and only if 11 | ((dj + d + d; + ...)— (d, + d4 + dg ...)) 
where di, d,,..., d, are the digits of the number (dd, ... dj), written in decimal 
form.] 


. А number is said to be palindromic if it reads the same backwards as forward (in 


decimal notation). For example, 181; 5005; 1234321. Prove that any palindromic 
number with an even number of digits is divisible by 11. 


. Derive a divisibility test by 7. 

. Derive a divisibility test by 13. 

. Prove that (49? + 71999...) is divisible by 9. 

. Show that (30° + 6195) is divisible by 31. 

. Prove that the number (107° — 76”°) is divisible by 1891. 

. Prove that (11"? + 127”*') is divisible by 133. 

. Find all sets of positive integers a, b, c satisfying the three congruences 


a=b (тойс), b=c (moda) c=a (modb). 


. . a? 4 b? 
If gcd(a, b) = 1 and p is an odd prime, show that gcd| a+ b, Tz lor p. 


a" — b” 
15. Ifa>b> 1 andn e N, show that ee a =b, b | = ged(a — b,n). 
a- 
16. Prove that if a, m, n are positive integers with m + n, then 


1 ifaiseven 
2 ifais odd 


Use this to show that there are infinitely many primes. 


gcd (a?" +1, a” + 1) -| 


6.8 Compete Resipue System (Морио п) 


Given any number n; the number of all possible remainders that can be obtained by 
dividing any integer by n is n. 


If (x4, x5, ..., X, } 18 a set of n integers such that x, = х; (mod n) Vi, j= 1,2,3, ..., и; 


i +j then {x,/i= 1,2, ..., п} is called a complete residue system modulo ‘n’. There can 


be 


an infinite number of complete residue systems for a given number n. 
Ifn = 5 (say) then (0, 1, 2, 3, 4} is a complete residue system. Also known as, least 


non-negetive system of residues (modulo 5) and also (5, 6, 7, 8, 9) or even (5, 11, 17, 
23, 29} are complete residue systems for modulo 5. 
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6.8.1 Reduced Residue System (Modulo n) 


A related concept is reduced residue system. It is a collection of all elements of a 
complete residue system modulo ‘n’ which are co-prime with ‘n’. For example, n = 
12, one complete residue system is (0, 1, 2, ..., 11}. If a is an element of this system 
and (a, 12) = 1, then the corresponding member in the complete residue system given 
above is one of 1, 5, 7, 11. Now we define the set (1, 5, 7, 11} to be a reduced residue 
system (mod 12). 

Formally, a reduced residue system modulo л is a set of integers (ri, r»,..., кь} sat- 
isfying the following conditions. 


(1) (r,n-L1sjsk. 
(ii) r; & rj (mod n), wherei £j, 1€ i, j <k. 
(11) For every integer x relatively prime to n, there is a 7” such that x = r, (mod n) 
where 1 <j <k. 


6.8.2 Properties 


l. Ifr,, 7%, ...,r,1isa complete residue system modulo п and (a, n) = 1, then агу, ar», 
..., dr, is also a complete residue system. This property also holds for reduced 
residue system. 

2. A reduced residue system modulo n can be formed from a complete residue sys- 

tem modulo n by removing all integers not relatively prime to n. 

. Ifp is a prime number then a reduced residue system modulo р is (1,2, ...,p— 1}. 

4. ф(п) 15 the number of elements in any reduced residue system (mod n), the func- 
tion @ is called Euler's totient function. 


UJ 


6.9 Some IMPORTANT FUNCTION/ THEOREM 


Ера 6.9.1 Euler’s Totient Function 


The number of positive integers less than or equal to n that are coprime to n is denoted 
by ó(n) and is called Euler's totient function. 

Euler's totient function is multiplicative, i.e., if ged(m, n) = 1, 

then ф(тп) = ф(т) - (n). 

It is also obvious that for prime p, ф(р) = p — 1, o(p") = p p =p "p 1). 

Also ф(1)=1. 

and it can be shown that 


1 
ф(п) = п: 1-2) 
I; 


15 Apr 1707-18 Sep 1783 


ie. If n= p? · pS... p% then 
Nationality: Swiss Pi Po, МАР» 


ssi- 3 


6.9.2 Carmichael Function 
Carmichael function is denoted A(n) and returns smallest natural number k such that 
a* =1 (mod n), 


for every integer a, where gced(n, a) = 1. 
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If we know the prime factorization of n, then we can compute Carmichael function: 


em forn-2* with a 23 
A(n) = ф(п) for n= p* with p>3 
ф(п) for n = 2% with a <3 


lem(4( pr). A(p,*- )) for n = TI”, p% ,wherea; > 0 


6.9.3 Fermat’s Little Theorem (FLT) 
For any prime number p and any integer a the following congruence holds 


а? =a (mod p), 
additionally from the modular cancellation law it follows that if gcd(a, p) = 1, then 


а?! = | (mod p). 
6.9.4 Euler's Theorem 
If ged(n, a) = 1, then 
а® = 1 (mod n) 
If n = р, then we obtain Fermat’s little theorem. 


Robert Daniel 


6.9.5 Carmichael's Theorem Carmichael 


If gcd(n, a) = 1, then 
a” = | (mod n), 
this theorem is stronger than Euler’s theorem because A(n) € (n). 
Example 47 Find the remainder when 35" is divided by 19. 
Solution: By Fermat's little theorem we have 35 2 (mod 19). This hints that we will 


want to find 5!" in modulo 18. Now note that ф(18) = 6. So by Euler's theorem we 


have, 55 = 1 (mod 18). 
: | Mar 1879—2 May 1967 
This hints that we will want to evaluate 117' In modulo 6, this is easy because E К у 
Nationality: American 


117 = (1) = 1 (mod 6). 
So there exists a such that 117° = ба + 1, hence 


51" = 562. 5 =5 (mod 18), 


This means that there exists b such that 5!!” = 18b + 5, so, 


35" 2319 . 35=35 = 15 (mod 19). 


Example 48 Show that 11" = 1 (mod 1065), 


Solution: Solution of this problem really shows how powerful Carmichael function is. 
First we can compute 
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John Wilson 


6 Aug 1741-18 Oct 1793 
Nationality: British 


A (10965 = lem(A (21968), д (51988) 


А (21988) = oo = 21966 


А (51958) = (51958) = 51968 , [1-3] = 4. 51967. 


Returning to beginning of ће problem we find that 
J. (101995) = tom(2!9%, 4. 51967) = 21966, 51967 
Now 
21966 , 51967) 191967 


So there exists a such that 1079 = а. A(10?65) and we are done by Carmichael 
theorem because 


11107 = 11079 = (arco) = 1 (mod 10965). 


6.9.6 Wilson's Theorem 
Natural number n = 2 is prime number if and only if (n — 1)! =—1 (mod n). 
Example 49 Find the remainder when 33! is divided by 37. 
Solution: Notice that 37 is prime, Wilson's theorem states that 36! = —1 (mod 37), now 
for simplicity let x = 33!, then 34 - 35 · 36. x 2 -1 (mod 37). 

We have 34 - 35 · 36 = (-3)(-2)(-1) = -6 (mod 37), 

So —6x =—1 (mod 37) = бх = 1 (mod 37), 

i.e., there exists a such that 6x = 37a + 1, looking at this equation modulo 6 we find 
37a =а=-—1 = 5 (mod 6), which is to say that there exists b such that a = 6b + 5, thus 


6x = 37 (66 + 5)+ 1 х= 372 +31. > х= 31(mod 37) 


Example 50 What is the remainder when 10! is divided by 13? 


Solution: 
By Wilson’s Theorem 
12! 2-1 (mod 13) 
12! 2 1 + 13 (mod 13) 
11! = 1 (mod 13) by ‘dividing’ by 12 
11!21-7 5x13 (mod 13) 
10! = 6 (mod 13) by ‘dividing’ by 11 


6.9.7 Chinese Remainder Theorem (CRT) 


Letn, ..., n, be natural numbers such that (n; п) = 1 for i £j. The system of congruence 
x =a, (mod nj) 
x = a, (mod ny) 


x =a, (mod n,) 


has a unique solution in modulo n; n, n, ... n, 
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Proof: n, n;...n,— N (say). Writing N. Nj, simultaneous solution x, is given by 
n А 
j 
xg = a Nx, + a5 NX + ++ + a, Nx, (mod № 
where x; is the individual solution Nx; = 1 (mod п). For i= 1, 2, 3, ..., r. 


Example 51 Find the last three digits of 124! 99 


Solution: We want to evaluate the number modulo 1000. Here we find ourselves in 
trouble, we have оса (124, 1000) = 1, so we cannot use Euler's theorem or Carmichael's 
theorem. But luckily Chinese remainder theorem can help us. First we write 1000 as 
product of coprime numbers 1000 = 8 - 125, now we have 


124190 = 0 (mod 8), 


and 
10492 c3) 99 = 1 (mod 125). 
Well, what was that for? Now we have system of congruences, namely 


124? 20  (mod8) | 
12499? =] (mod125) 


And remember that according to Chinese remainder theorem this system of congru- 
ences has unique solution in modulo 8 - 125 = 1000, which is exactly what we want! 
Notice that Chinese remainder theorem does not tell us how to find the solution, fortu- 
nately it is nothing hard. From first congruence there exists ‘a’ such that 134 "9 = 8a, 
so in second congruence we have 


8a = 1 (mod 125), 


i.e., there exists b such that 8a = 1255 + 1, looking at this modulo 8 we find that 3b = 
1 (mod 8) = 3b = 1 + 8 (mod 8) & b =3 (mod 8). This means that there exists c such 
that b = 8c + 3, thus 


124190 = 125(8с + 3) + 1 = 1000c + 376. 
So the last three digits are 376. 


6.9.8 Binomial Coefficient 


Number (2) , where 0 x <и, ne N is called binomial coefficient and we have 


n = n! . 
()- (n—k)!-k! 


6.9.9 Binomial Theorem 


The following expansion holds for any real numbers x, y: 
Cty = У Gy, пе 
і=0 


Example 52 Find last three digits of 9??. 


Solution: We wish to find remainder when 9” is divided by 1000. Now we will write 
9 = 10 – 1 and use binomial theorem 


6.31 


6.32 


Chapter 6 


9° = (10-1)? = -1-- ().10 — (?).100 (mod 1000) . 
Other terms in the expansion vanish because they are divisible by 1000. 


99! _ 98.99 
9712! 2 


9? =— 1 + 990 — 485100 = —111 = 889 (mod 1000). 


Now (7?) =99 and (%) = = 4851. Thus 


Aliter: We may compute A(1000) = 100, which is very useful to even remember. We 
must remember to check that indeed gcd(9, 1000) = 1 and by applying Carmichael’s 
Theorem we get 9' = 1 (mod 1000), i.e., 
9% = 9! (mod 1000), 

Where 9"! is so called modular multiplicative inverse of 9 modulo 1000, i.e., we have 
9.92] (mod 100). For simplicity denote 97! = x, we wish to find this number. The 
inverse can be generally found by noting that the congruence means that there exists a 
such that 9x — 1 = 1000a. 

Look at this equation modulo 9 to get 1000a = a =—1 = 8 (mod 9), which is to say 
that there exists b such that a = 9b + 8, thus 


9x = 1000(95 + 8) + 1 & x = 10006 + 889, 


Which means 
9° = x = 889 (mod 1000). 


6.9.10 Digit Sum Characteristic Theorem 


Sum of digits of a number is congruent to the number modulo 9. The same holds for 
modulo 3. 


Proof: Since 10" = 1 (mod 9) for all n € N, any number written in decimal representa- 
tion such as (a,a, 1а, ... аа) = а,+а, + +a, +a) (mod 9). 


Example 53 All two-digit numbers from 10 to 99 are written consecutively, i.e., N 
—101112...99. Show that 3? |N. From which other two-digit number you should start so 
that N is divisible by (a) 3 (b) 3”. 


Solution: N is divisible by 9, if the digit sum is divisible by 9. 


The digital sum of N: 

The number of 1% occurring in the digits 

from 10 to 19= 11 

and from 20 to 99 = 8. 

So, total of 1’s is 11 + 8 = 19. 

Similarly, No. of 2’s, 3’s,..., 9 are all equal to 19. 
So, sum of all the digits = 19 (1+24+3+---+9) 


QUUM ноо 


and as 9/855, 1011...99 is divisible by 9. 
When the numbers start from 12, the sum of the digits become 855 — 3 = 852 (Since 
10, 11 account for the digital sum 3) and hence, is divisible by 3. 
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(a) For divisibility by 3, it could start from 12, 13, 15, 16, 18, 19, 21, 22, 24, 25, ... 
(b) For divisibility by 3° = 9 the numbers may start from any of 18, 19, 27, 28, 36, 37, 


Example 54 Find the remainder when 4333??? is divided by 9. 


Solution: 4333 =4+3 +3 + 3 = 13 (mod 9) = 4 (mod 9) 
4333? = 4? (mod 9) 
= 64 (mod 9) 
=1 (mod9) 
= 43332335 = 1 (mod 9) 


i.e., when 43333333 is divided by 9, the remainder is 1. 


Example 55 Prove that among 18 consecutive three-digit numbers there is at least one 
number which is divisible by the sum of its digits. 


Solution: Among 18 consecutive integers there are two numbers which are divisible 
by 9. 

The sum of the digits of these two numbers must be 9, 18 or 27. 

If the sum of the digits is 9, then the number is divisible by the sum of the digits, so 
there 1s nothing to prove. 

If the sum of the digits is 27, then the three-digit numbers should be 999 2 9 x 111 
= 9 x 3 х 37 and hence, the result. Let both the numbers have 18 as the sum of their 
digits. Let those numbers be a and b with a « b. 

If a is odd and sum of its digits is 18, it is divisible by 9 but not by 18. However, the 
other number b is also divisible by 9 and b should be a + 9 = b is even and sum of its 
digits is 18, and hence, b is an even number as well as divisible by 9 = b is divisible by 
18. 


Example 56 Suppose ó(n) denotes digit sum of n. Find (6 (&(5°°!°))). 
Solution: First repeatedly using modulo 9 yields 
AAAI) Е ó(6(5295)) B &(5°°1°) = 52013 (mod 9) 


Thus finding 5??? in modulo 9 will help us. This can be done by finding $(9) = 6. So 
by Euler’s theorem we get 


52013 = (569335 . 53 = 53 = 8 (mod 9). 


Now it suffices to realize that the sought number will probably be very small because 
digit sum of a big number is much smaller than the number. So it suffices to establish 
some upper bounds on the number sought. We can of course establish sharp bounds, 
but it is not needed for this problem, we have ge 2 queue ‚ SO 


952013) « 9. 2014 = 18126 
Number less than 18126 with greatest digit sum is 9999, so 
5(5(57°'3)) « 9 - 9 - 9 - 9 = 36, 
Again number less than or equal to 36 that has greatest digit sum is 29, thus 
9090(52°'°))) < 11. 


But only positive number less than or equal to 11 and congruent to 8 modulo 9 is 8. 
Thus the number sought was 8. 
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(a) Prove that 1001 | (300999. ) 
(b) Prove that 13|(279 +37). 


(c) Prove that 11-31-61|(20P — 1). 
(d) Prove that 169 | (3°”*3 – 26п– 27) foralln e N. 
(e) Prove that 19 |(22"° +3) forall n e No. 


. Prove that the square of any prime number larger than 3 leaves a remainder 1 


when divided by 12. 


. Show that the eighth power of any number N is written in one of the forms 17m 
or 17m + 1. 

. Find the remainder when 2^? is divided by 1990. [RMO, 1990] 

. Find the remainder when 19? is divided by 92. [INMO, 1992] 

. Find the three last digits of quem 

. What is the fifth digit from the end (i.e., the ten thousand's digit) of the number 
- m 

. Show that (19? — 13°”) is positive and divisible by 162. [RMO, 1993] 


. Find all positive integers n for which 120|(n° — n). 


1 


. Prove that for all natural number n, an + С п + =n is a natural number. 
. If p> 5 is prime, prove that 30|(p* — 1) or 30\(p” — 19). 

. Prove that for every prime p > 7, p°— 1 is divisible by 504. 

. Ifpisa prime and a? 2 b? (mod p), prove that a? = b^ (mod p°). 


. Let k be a positive integer. Find the largest power of 3 which divides 10^ — 1. 
. Find the smallest four consecutive positive integers such that the least is divisible 


by 4, the next by 9, the next by 25 and the greatest by 49. 


. Solve the system of congruences simultaneously 


2x = 1 (mod 5) 
3x = 9 (mod 6) 
4x = 1 (mod 7) 


5x = 9 (mod 11) 

A photographer comes to take a group photograph of the students of the final 

year class in a school. He tries to arrange then in equal rows. But with 2, 3 or 4 

rows, he finds that there is one person left over each time. However, when he puts 

them into 5 equal rows, there is no such problem. What is the smallest number of 

students in the class consistent with this situation? 

Here is an ancient Chinese problem. A gang of 17 pirates steal a sack of gold 

coins. When they try to divide the loot equally, there are three coins left over. 

They fight over these extra coins and one pirate is killed. They try to divide the 

coins equally a second time, but now there are 10 left over. Again they fight and 

another of the gang meets an untimely end. Fortunately for the remainder of the 

gang, when they try to divide the loot, a third time an equal distribution results. 

What is the smallest number of coins they can have stolen? 

Let O(n) be the sum of digits of n. Prove that O(n) = Q(2n) implies 9|n. 

(a) Take any 2222 digit number that is divisible by 9. Let the sum of its digits 
equals to a. The sum of the digits in a equals to b and the sum of the digits in 
b equals c. What does c equal to? 


(b) When 4444 is written in decimal notation the sum of its digits is A. Let B 
be the sum of digits of A. Find sum of digits of B. 
21. Fora given positive integer k, denote the square of the sum of its digit by f(X) and 
f, =f, 1,001 Find the value of До (2/295), 
22. Prove the existence of a positive integer divisible by 1998, the sum of whose 
decimal digits is 1998. 


23. A composite number т that satisfies a”! = 1 (mod m) is called a pseudo prime 
to the base a, and if m is pseudo prime to every base a whenever gcd(a, m) = 1, 
the m is called a Carmichael number. Show that 341 1s a pseudo prime to the base 
2 and 561 is a Carmichael number. In fact, they are the smallest numbers of their 
respective kind. 

24. (a) Prove that if p|((p — 1)! + 1) and p > 1, then p is prime. 

(b) Prove that (p—1)!= p-1 (mod142-4----(p—1)) ifp isa prime. 


(c) Show that (p — 2)! — 1 = р" has no solution if p is a prime > 5 and n eN. 
(d) Show that (n — 1)! + 1 is a power of n if and only if n = 2, 3 or 5. 


(e) If pis a prime and 0 € k < p—- 1, prove that E = (-1)* (mod p). 


25. (a) If n is an even perfect number, then prove that n — $(n) is a square. Where 
even perfect numbers are given, by 2" (2" — 1) where p, 2" — 1 being prime 
numbers. 

(b) Prove that the sum of all positive integers less than or equal to » and co-prime 
to n equals пф(п)/2. 


(c) Find all positive integers n such that $(n) | n. 
(d) If ф(т) = ф(тп) and n > 1, prove that n = 2 and m is odd. 


(e) For any integers a, m, prove that a" = q"-9) (тойт). 


6.10 ScaLEs or NOTATION 


Every natural number that we use is expressed in expanded notation in the form of 
a,10" +а, 110"! + --- +a,10' + ap, where 0 < a; < 9 and a, + 0 and we can write it as 
(a,a, 4 ... ауа) and call a,, а, ,..., ау, ag as the digits of the number. 

Here a, means there are 'a,' 10"s in the number and so on. 

Thus, we have a place value for every digit. The numbers, that we use, are also called 
number in base 10 or number in decimal system. 

Bases other than 10 can also be used to represent numbers. Supposing b > 1 is the 
base, for the different place values we have different non-negative integral powers 
of b. 

Thus, every natural number m can be represented in base ‘b’, b >1, b e N as given 
below: 

m — a,b" a, у Б +- + аЬ! + ay where 0 < а,< b 1 foreach i = 0, 1, 2,--,n-1 
andl<a,<b-1. 


п 


1. Неге ‘b’ is called the base for the representation. 
2. Usually, we write the above as 


(ad, 4 ... aiao (1) 
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3. In base b system we use ‘b’ different numerals (0, 1, 2, 3, ..., b— 1). 
4. Given any numbers n, (say in base 10) and ‘b’ the base in which the number n 
is to be represented, we can find the number in the form given in Eq. (1) by the 


repeated application of the rule 


Dividend = Quotient x Divisor + Remainder. 


5. Base 2, base 8 and base 16 are very often used in computers and they are called 
binary, octal and hexadecimal systems, respectively. 


Example 57 Express 29, in base 2, base З and base 5 systems. 


Solution: We can write 29,, as 


(29, 225 2242241 


= 1.24 41.2? 412? 40241 


= (11101), 


29 

14,1 = ag 
7,0 =a 
3,1 =a 


or 


N N N N N 


1,1 = а3 
0,1 = ад 


(29) = (11101); 

(29)9=3° +2 
= 1.3°+0.374+0.37+2 
= (1002), 

|29 

9,2 = ау 

Eee 

10=a) 

0,1 = a, 


or 


чы WwW U UJ 


(29), = (1002), 


(29,2 52+ 4= 1.5? + 0.5 + 4= (104) 
10 5 


or 5|29 
515, 4 = а, 


51,0 = a, 
0,1 =a) 
Note that divisor |dividend 


quotient, remainder 
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Example 58 Express (1042), in base 12 system. 
Solution: In base 12 we have 12 numerals. We take them as 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 
A, B, where 

А = (10), 

В= (11) 

1211042 
1286,10 = ag 
127,2 =а 
0,7 =a, 


(1042) 19 = (72А), 
Example 59 4 three-digit number in base 11, when expressed in base 9, has its digits 
reversed. Find the number. 


Solution: (худ) = Gyx)g 
112х+ lly+z=92+9y4+x 


=> 120x + 2y - 80z = 0 
=> 60x + у— 40z =0 
=> 40z — 60x = y 
= 20(2z – Зх) = у, 


So 20|y, butas0€ y «9,y 20 
Therefore, 2z = 3x. As 0 < x, z < 9, the solutions are x = 2, z = 3 and x = 4, z = 6. 
Thus the two possible solutions are (203),, and (406) ,. 


Exercise Verify that these numbers when converted to base 9 get reversed. 


Example 60 Show that N 2 (123432 1), written in base b, b > 4 is a square number 
for all b. 


Solution: (1 2 3 432 1), in the expanded notation is b? + 2b° + 3b^ + AD? + 3b° + 2b 
+1,Ь> 4, 

Now, М= (P) + P? + Б + 1). 

This is true for all real number b and hence, is true for all b > 4, b e N also. 
Example 61 If 100” — 25 is written in decimal notation, find the sum of its digits. 


Solution: Since 100? = (102)? = 10% = 10000...0 (50 zeroes) 
100” = 25 = 10" = 25 


= 10000...00 — 25 


(50 zeroes) 
= 999...9975 
(48 nines) 
So the sum of its digits = 48 x 9+ 12 = 432 + 12 = 444. 


Example 62 When the numbers from 1 to n are written in decimal notation, it is found 
that the total number of digits in writing all these is 1998. Find n. 


Solution: To write the first nine single-digit number from 1 to 9, both inclusive the 
number of digits used = 9. 

To write the two-digit numbers from 10 to 99, number of digits used 
= (99-9) x 2 = 180. 


(513377 
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So, the number of digits used to write numbers from 1 to 99 is 189. 

Total number of digits used in writing up to л is 1998. 

The total number of digits used in writing all the three-digit numbers 

= (999 — 99) x 3 = 2700 > 1998. 

So, n should be less than 999. 

Number of digits used to write the three-digit numbers up to n is 
1998 — 189 = 1809. 


In each three-digit number, we use three digits. 


So, the number of three-digit numbers in 1 = — = 603. 


Therefore, n = 100 + (603 — 1) · 1 = 702. 


Example 63 Find the smallest natural number n, which has the following properties: 

(a) Its decimal representation has 6 as the last digit. 

(b) When its last digit is removed and placed in front of the remaining digits, the 
resulting number is four times the original number. 


Solution: If a, b, c, d, ..., k are the digits of a number written in decimal system, 
abcd...Ik, then 


10(abcd...1) + К = abcd...lk = 100(abcd ...) + (IK), etc. 


Now, let the unit digit of the number be 6 and all the other digits on the left of 6 is 
taken as x, then the number is x6. 
When 6 is written in front, the number becomes 6x and it is equal to 4 x x6. 


Note: 6x is not 6 x x, here 6 is the extreme left digit of the number. 


If 6x is a two-digit number, then 6x = 60 + x, if it is a three-digit number, then x is the 
last two digits of 6x and 6x = 600 + x, because 6 is in the hundreds place. 

Similarly, if it is a four-digit number, бх is 6000 + x and thus, 6x = 60 + x or 600 + x, 
or 6000 + x and so on, according to the number of digits in x (i.e., the place value of 6 
may be 10, 10°, 10? or 10* ... according to the number of digits of the given number.) 

However, x6 = 10x + 6, whatever be the number of digits x has. 

Thus, 4 x x6 = 4(10x + 6) = 6x 

=6х 10+ х 
where / is the number of digits in x 
39x = 6 x 10k— 24 
13x 22 x 10*— 8. 

To find the smallest value for x, we need to find the smallest power k for which 13|(2 
x TU =), 
i.e., 2x 10 = 8 (mod 13) or 10* = 4 (mod 13) 
AS 10 =—3 (mod 13) 
= 10? = 9 (mod 13) = -4 (mod 13) 
10* = 16 (mod 13) = 3 (mod 13) 
10° = —9 (mod 13) = 4 (mod 13) 
13|2x 10°- 8 
So, x has 5 digits and is given by 


y 


200000—8 199992 
13 


= 15384. 


The given number is 153846. 
Clearly, 615384 = 153846 x 4. 
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1. 
2. 


10. 


11. 


: (a b)io -(? 


Find all perfect squares whose base 9 representation consists only of 1%. 
(a) In base 9, find the greatest perfect square of 4 digits. 
(b) In base 16, find the greatest perfect square of 4 digits. 


. If the different letters used in the following expressions, denote uniquely a dif- 


ferent digit in base 10, and if V x VEXATION = EEEEEEEEE. Find the value of 
У+Е+Х+А+Т+І+О + №. 


. Find the numerical value of each of the letters in the following expression 


TWO + TWO = FOUR in (a) base 10 and (b) base 7. 


. Let abe the integer а = 111...1 and b = 1000...05 
ayer a 


mtimes m-lzeroes 


Prove that ab + 1 is a square integer. Express the square root of ab + 1 in the same 
form as a and b are expressed. 


. Let n be a five digit number (whose first digit is non-zero) and let m be the four 


digit number formed from n by deleting its middle digit. Determine all n such that 


т. à 
— 1s an Integer. 
n 


. For which positive integral bases b is 1367631, will be a perfect cube? 
. (a) Find all positive integers with initial digit 6 such that the integer formed by 


deleting this ‘6’ is E of the original integer. 
(b) Show that there is no integer such that the deletion of the first digit produces 
a result which is = of the original digit. 


| where (а Б) and (с а) are two digit numbers in base ten 
10 


(c a)io C 


[i.e., a, b are the digits of the number (a Б), and c, a are the digits of the number 
b 

(са) о. We get = by cancelling those digit ‘a’of the numerator with the unit digit 

‘a’ of the denominator]. Find all such two digit numbers. 


64 4. 
For example, m = 7 is the correct answer so here a= 6, b = 4, and c = 1. 


: _. ., aab b 
In the above problem, having found a, b, c, verify if ке СЕ 
саа сааа 


,.. canalso give 
a В г. 

the answer — by cancelling ће common digits ог not. 
ё 


If a, a, ..., a, are the digits of the number (a, a; ... ар) аі base d > 2, show that 
(d — 1) (a, a ... a); if and only if (d 1) | (a, + a, +++: + aj). 

Ifa, a, ..., a, are the digits of the number (a, а»... а) іп base d> 2, show that (d 
+ D)|(a, а»... aj) gif and only if the difference between the sum of the odd ranked 
digits and the sum of the even ranked digits is divisible by (d + 1). 


6.11 GREATEST INTEGER FUNCTION 


For a given х, an integer k such thatk<x<k+1,ke Z is called Greatest integer of x. 
Lx] represents the greatest integer less than or equal to x. f(x) = LxJ is called the greatest 
integer function or floor function. 
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A related concept {x}, the fractional part of x, is defined as {x}= x — Lx]. 
For example, 143 ]= 1,L10]= 10, L z|-— 4 andl-10]=-10. 
(4.7) = 0.7, {3.1} = 0.1, {-7.9} = 0.1, (76.3) = 0.7. 


6.11.1 Properties of Greatest Integer Function 
(1) lx]<x<lx]+1andx-1<lx]<x,0<x-lxļ<1. 
Gi) Ifx>0,Le]= Y^ 1 


lxi€x 


(iii) Ix m] lx] m, if m is an integer. 


Gv) Ex] - Ly] bx - y] ebd - Ly] 1 


0,if x is an integer 
(v) LxJ+L-xJ= i . В 
— 1, otherwise 


(vi) Lx] - HI if m 1s a positive integer. 
m m 


(vii) 1—x] is the least integer greater than or equal to x. This is denoted as [x] (read 
as ‘ceiling x’). For example, [2.5] - 3,| 22.5] = 2. 

(viii) Lx + 0.5] is the nearest integer to x. If x is midway between two integers, Lx + 
0.5 | represents the even number of the two integers. 


(ix) The number of positive integers less than or equal to л and divisible by m is 
given by H | 


т 


1 
(x) The number of perfect K^ powers form 1 to n is EI А 
Adrien-Marie Legendre (xi) If p is a prime number and e is the largest exponent of p such that p*||n!, 
(Read it ‘p° completely divides n") then e = ES . This formula known as 


i=l 
Legendre formula. 


Note: p*||n! = p^ |n! and p^! п! 


Example 64 [fn and k are positive integers and К> 1, prove that 


n M nal 2 2n 
18 Sep 1752-10 Jan 1833 k k | kI 


Nationality: French 


Solution: Let n=qk+r,0<r<k. 


и Cau ent ae, aa 08 ae, 
k k k k k k 
2n 2qk*2r | 2 


24+ "O<r<k. 
k 
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Thus, 
(1) r may be equal to k — 1, or (ii) r may be < k- 1. 


Ifr-k- 1, we have 
nj n+l| _ m: -— 
f =q, EA q k q 


A | = 7 =2q+1 dersi 5 ed 


So, by adding and equating, we get 


Б КИ ЫЕ 


(ii) If, r« k- 1 we have 


So, by adding, we get 


Combining (1) and (ii), we get 


jp sel 


Note: When k = 2, the above inequality holds as an equality. (verify). 


Example 65 Prove that Lx] Ly] <|х +y] 


Solution: 

x+y=lx]+ly]+ {x} + {y} 
- [х+у]=|х1+1у1+1{х}+ o 
= Ix -ylI2 lx] Ly] 


This can be generalized for п numbers: 


Lx le bod Lx] Le x ex 


Example 66 Prove thatlx | -E2x | - Lax |+ 8x ]-L16x ]-L32x ] 2 12345 has no solution. 
Solution: 12345 € x + 2x + 4х + 8x + 6x + 32x = 63x 
2 pen = 19220, 
63 21 
When х = 196, the L.H.S of the given equation becomes 12348 = х < 196 


=> TRTE 
21 


31 В А І 
Consider х in the interval (iss 57 1%], The LHS expression of the given equation 
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= 1954+0+3904+ 14+ 780-34 1560+ 74+ 3120 + 15 + 6240 + 31 
= 12342 < 12345 


31 
32 
For no value of x, ће given equality will be satisfied. 


When x <195—., the LHS is less than 12342. 


Example 67 How many zeroes are there at the end of 2000!? 


Solution: If k be the highest power of 5 and / be the highest power of 2 contained in 
2000!, then the highest power of 10 contained in 2000! is the minimum of k and /, as 
the highest power of 2 contained in any factorial is greater than the highest power of 
5 contained in it. 

For example, consider 10! 


10!=1x2x3x4x5x6x7x8x9x 10. 


So, the highest power of 2 contained in 10! is 2 x 22 x 2x 22 x 2 of 2, 4, 6, 8, and 10 
of the factors, i.e., 2° = 256 and the highest power of 5 in 10! is 5! x 5! of 5 and 10 
= 55295. 

IfLx] denote the greatest integer less than or equal to x, then the highest power of 
5 contained in 2000! is 


E EJ EJ 
+ + + 
5 52 53 


where 5” < 2000, for otherwise, E —0 and hence, the sum in (1) is not an 


| (1) 
5n 


infinite sum. 
Therefore, k = 400 + 80+ 16-34-0240... = 499. 
So, the number of zeroes at the end of 2000! is 499. 


Example 68 How many zeroes does 6250! end with? 


Solution: We need to find the largest e such that 10°|6250!. But as 10 = 2 x 5, this 
implies that we need to find the largest e such that 5°|6250! (clearly a larger power of 
2|6250!). 


But XE = 1250+ 250+50+10+2=1562. 


i 
i=l 


Hence, 6250! ends with 1562 zeroes. 


Example 69 /fn! has exactly 20 zeroes at the end, find n. How many such n are there? 


Solution: If e is the maximum power of 5 in n!, then 
en a(n n n n 
e=) |—|<)›|—|=—+——+— + 
о 
п 
5o” 


>e< 
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Here e is given to be 20. 
n > 80. For 80, e = 19. 


Therefore, 85 is the required answer. 86, 87, 88, 89 are also valid values of n. If solu- 
tion exists for this type of problem, there will be five solutions. 


Example 70 Find all n such that n! ends with exactly 497 zeroes. 


Solution: If e = 497, then n > 1988. (As e < | from previous example.) 


Consider 1990. 
For n= 1990, е = 495. 


For n = 1995, e = 496. But when n = 2000, e jumps to 499 as 2000 is a multiple 
of 125. 
For no n € N, n! ends with exactly 497 zeroes. 


Example 71 Find all n such that n! has 1998 zeroes at the end of n! 


Solution: You know that the greatest power of a> 1, a € prime, dividing n is given by 


19 ! 


B en Gn 1 | 2 
DOPO: (2 Q) 


We want to find и, such that 


2 1 n 
By Eq. (2) Bk | - | 
TS 2 FI NE 4 


So 7 > 1998 => n»7992. 


By trial and error, we take n = 7995 and then search for the correct value. If n = 
7995, then the number of zeroes at the end of 7995 is by Eq. (1) 


7995 7995 
— + ——— 

5 5° 
=1599+319+63+12 +2 = 1995. 


So true for n = 8000, we get the number of zeroes at the end of 8000! = 1600 + 320 + 
64 + 12 + 2 = 1998. 
All such п = 8000, 8001, 8002, 8003, 8004 


Note: Corresponding to 1997 zeroes at the end, there exist no n, as 7995! has 1995 
zeroes and the next multiple of 5, i.e., 8000 is a multiple of 125, it adds 3 more zeroes 
to 1995 given 1998 zeroes at the 9 end. 
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Charles Hermite 


24 Dec 1887-14 Jan 1901 
Nationality: French 
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1 
2 


10. 


11. 


12. 


13. 
14. 
15. 
16. 
17. 
18. 


19. 


20. 


21. 


. Prove that| 2х]— 21x] 2 0 or 1. 


. Prove that | 2x |+ | 2y | >|x]+ |y] + |x + y] А 
A Lax] 
. Prove that for any positive integer n and any real x, | = | =L x]. 
n 
. For a € (0,1), prove that Lx]-Lx-aJ=1 ого according as {x} < а or {x} >а, 
where {x} is the fractional part of x. 


. Prove that for any positive integer п, ‚== -|z| =], 
3 6 6 2 6 


. Find all the triples (x, y, z) of real numbers, satisfying the three equations 


x+| y |+{z} = 2002, {x}+ y +[z] = 200.1, Lx |-- {y}+ = 200 


. Find the number of positive integers x which satisfy: EI = Fal 
[RMO, 2001] 
1 1 1 
. Find all real ‘x’ satisfying, + ={x}+-. [RMO, 1997] 
T Lx] [2х1 e3 3 


. Forall n є N, prove that | л e n«1| =| J4n+1| 


n n 


If ne N and x ER, prove that E EPI 
n 


(This is known as Hermits Identity) 


Prove that for n = 1,2, 3, ..., peeled eee 
2 4 8 16 


Determine the number of distinct integers in the following sequence: 


ss ison os os] 

1999)? 11999 |'|1999 | "| 1999 | 

Find the highest power of 7 dividing 1998!. 

How many zeroes are at the end of 1005!? 

Find n such that there are 300 zeroes at the end of n!? 

How many zeros are at the end of (5)? 

Prove that n! for п > 1 cannot be a square or cube or any power of an integer. 
Show that the number 4! 5! + 6! + --- + 1998! is divisible by 24 but not by 25. 


2n 2п+1 
Show that | + ~) + 1 апа ( + ~) 2 | and are both divisible by 2”*!. Is 
this the highest power of 2 dividing either of the numbers? 


Prove that the two numbers Lan ], lbn] forn= 1, 2,3, ... comprise of all integers 
1, 2, 3, ..., without repetition if a and b are positive irrational numbers such that 
] 1 

= |: 

a b 


(2n)! 


For positive integers n, define A(n) to be "m 
n: 


Determine the sets of positive 


integers n for which, (i) A(n) is an even number, (ii) A(n) is a multiple of 4. 


22. For such integer п > 1, define a, = | | . Find the number of all п in the set 


[vn] 


11, 2, 3, ..., 2010} for which a, > a, |. [RMO, 2010] 

23. Let n be an integer greater than prime p. Show that p divides Wd = =| 
[RMO, 2003] 
24. Let m, n € N. Prove that XENON. is an integer. [IMO, 1972] 


m!nY(m ^ n)! 


6.12 DioPHANTINE EQUATIONS 


An equation of the form f(x,, x», X3, ..., x,) = 0 where fis an n-variable function with n 
2 2 is called diophantine equation. If fis polynominal with integral coefficients, then 
it is called algebraic diophantine equation. 

An n-tuple (a), à», ..., a,) € Z” satisfying the equation called a solution to the 
equation. 

In diophantine equation we basically concern with solvability of the equation, num- 
ber of solution finite or infinite and determining all solutions. 

Please observe following examples: 


Example 72 Determine the integer n for which п? + 19п + 92 із а square. 


[RMO, 1992] 
Solution: Let n? + 19n + 92 =x’, where x is a positive integer. 
Now, Ап? + 19n + 92) = 4x? 
= (ол + 19)? +7 = 4x? 
= QxY – (2n + 19 = 7 


=> (2x-2n-*19)0x-2n-19)-7 


As x is positive both cannot be negetive. 
Hence, both must be positive. There are two possibilities. 


2x+2n+19=1 
and 2x —2n-19=7 
—n--ll 


ог 2х + 2n+ 19 = 7 

апа 2х -2n— 19 = 1 
> n=-8 
Hence, n = —8, -11. 
Example 73 Find all unordered pairs of natural numbers, the difference of whose 
square is 45. 
Solution: Let x and y be the natural numbers such that xX- y = 45, where x > y. 
> (x - ye y) =45 
So, both (x — y) and (x + y) are the divisors of 45, and x + у > x — y, where x and y are 
positive integers. 
So, х-у= 1, апах+у= 45 (D) 
or х-у= 3, апах+у= 15 (2) 
or x-y=S,andx+y= 9 (3) 
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Diophantus of Alexandria 


AD 201-215 to AD 285-299 
Nationality: Greek 


His epitaph: This tomb hold Dio- 
phantus, Ah, what a marvel! And 
the tomb tells scientifically the 
measure of his life. God vouch- 
safed that he should be a boy 
for the sixth part of his life; when 
a twelfth was added, his cheeks 
acquired a beard; He kindled for 
him the light of marriage after a 
seventh, and in the fifty year after 
his marriage He granted him a 
son. Alas! Late-begotten and mis- 
erable child, when he had reached 
the measure of half his father's 
life, the chill grave took him.After 
consoling his grief by this science 
of numbers for four years, he 
reached the end of his life. 
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Solving (1), (2) and (3), we get 
х= 23, у= 22 and 
xz9,y-6and 
x=7,y=2 
So, the pairs of numbers satisfying the condition are (23, 22), (9, 6), (7, 2). 


Example 74 Find all positive integers n for which m +96 is a perfect square. 


Solution: Let n? + 96 = K, where ke N. 
Then К – п? = 96 
(k— nYk4- n) 2 96 2 3! x2°. 
Clearly k >n and hence, k-- n 2 k—n» 0. 


Since 3 is the only odd factor, both k and n are integers. We must have k + n and 
К — n both to be either even or odd. (If one is odd and the other even, then k and n do 
not have integer solutions). Also both k + n and k — n cannot be odd as the product is 


given to be even. So the different possibilities for k + п, k — n are as follows. 
k-n=2 and k+n=48 
or k-n-4 and k+n=24 
or k-n=6 and k+n=16 
or k-n=8 and k+n=12 


So, solving separately Eqs. (1), (2), (3) and (4), we get n = 23, 10, 5, 2. 
So, there are exactly four values of n for which n? + 96 is a perfect square. 


п= 23 gives 232+ 96 = 625 = 25? 
п= 10 gives 102+ 96 = 196 = 14? 
п= 5 gives 52+ 96= 121 = 11? 
п= 2 gives 22+ 96 = 100 = 10? 


Example 75 Find all the ordered pairs of integers (x, z) such that х? =2 + 721. 


Solution: Since x? — z = 721 
> x -22(x-z0 + х®+ 20) = 721 
For integers x, 2; x-xz4z»0 
=> х-2> 0). 
So (xz) + х2 + 22) = 721 = 1 х 721 
=7х 103 = 103 х7 = 721 x1. 


Case 1: x-z=1 > х=1+2 
апа ж + +22 (1+2) + (1+0) +22 = 721 


= 322 +32 72020 
=> 2 4z—240-0 
= (z+ 16)(z - 15) 20 
> 2=-16 or 2= 15. 


Solving, we get 
x=-15 or 16. 
So (-15, —16) and (16, 15) are two of the ordered pairs. 


(1) 
Q) 
(3) 
(4) 


Number Theory 


Case2: x-z=7 or x-27-z 


and x +xz+7 = 103 
= (7+2) +(7+2)z+7 = 103 
= 322 +21z-54=0 

= 2 +7z-18=0 

= (z+ 9)(z-2)=0 

=> z=-9 or z=2. 


So, the corresponding values of x are —2 and 9. 

So, the other ordered pairs are (—2, —9) and (9, 2). 

Corresponding to x — z= 103 and x — z= 721, the values are imaginary and hence, 
there are exactly four ordered pairs of integers (-15, —16), (16, 15), (-2, —9) and 
(9, 2), satisfying the equation x 22-472. 


Example 76 Let d be any positive integer not equal to 2, 5 or 13. Show that one can 
find distinct a, b in the set (2, 5, 13, d) such that ab —1 is not a square. [IMO, 1986] 


Solution: Here we should show that there does not exist any positive integer d, which 
makes (2d — 1), (5d — 1), (13d — 1) to be a square number simultaneously. 
Assuming the contrary, 


2d- 12x! 
54-1=у? 
134-1=2, 


where х, у апа z are positive integers, x! = 2d – 1 is an odd number, => x is odd => x? 
= 1 (mod 8). 

=> 2d- 1 = 1 (mod 8) 

— 2d = 2 (mod 8) > d= 1(mod 4) 

hence, d must be odd. Hence, y and z are even. 

Now, ge y — 8d 
=> (z — y)z + y) = 8d. 
Therefore, either (z — y) or (z + y) is divisible by 4. 

Ifz — y is divisible by 4, then z+ y= (z — y) + 2y is also divisible by 4 because (z — у) 
and 2y are divisible by 4. 

Similarly, if z + y is divisible by 4, then z — y = (z+ y) — 2y is also divisible by 4. 

Thus, (z — y)(z + y) is divisible by 4 x 4 = 16. 

Thus, 16|8d, where d is an odd number. 

This is a contradiction and hence, (2d — 1), (5d — 1) and (13d — 1) cannot simultane- 
ously be square integers. 


Example 77 Find all the positive integers x, y, and z satisfying 

у sz" = 5xyz 

Solution: х, у, апа z are integers and 5 is a prime number апа given equation is 
yi 


x y? .z" = Sxyz. 


Dividing both sides of the equation by xyz 


x : yt : z*- =5 


6.47 
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So, the different possibilities are 


х1 = 5 yad x74 =] 
ye ud or yf tes or gy 2] 
ge z” =] zeta5 


Taking the first column 
x=5,¥-1=1;y=2,y=2,andz=1 
and these values are satisfying the other expressions in the first column. 
Similarly, from the second column, we get y= 5, z= 2, and x = 1 and from the third 
column, we getz=5,x=2,andy=1. 
=> (х,у,2) = (5, 2, 1), (2, 1,5), (1, 5, 2) 


Example 78 Find all pairs of integers x, y, such that (xy — 1)? =(х+ 1)? ++ D. 


Solution: We have, (xy — 1)° = (х + D? + (y + D? 


= (xy = 1 — (x - IP = (y + IY 
> (xy — x — 2)(ху+ х) = (y +I) 
= x(xy — x - 2)(у + 1) = (y € I? (1) 
= (y + D[x(xy — x -2) - (у+ 1)] 20 (2) 


If y 2 —1, then x takes all the values from the set of integers. 
Similarly, we also get 


(х +1) Dxy-y-2)-G*1]-0 (3) 
If x = –1, then y takes all the values from the set of integers. 
If x z -1, y + -1, then from Eq. (1) 
x(xy x 2)(у + 1) = (y «1 


= xay-x-2)=(vt+1) (- yz-1) 
> xy—x’-2x-y-1=0 
= у(х —1)(х + 1) = (x +1)? 
Since x z -1, we have y(x — 1) = (x+ 1) 

x+l1 2 

x-1 x-1 
— (х-0|2 => х-1=+1,+2 


=> x=0,2,-1,3 
Now,x=0 2 y=-l 
x=2 => y-3 
x=3 => yo? 
Hence, the solution set is (3, 2), (2, 3), (x, –1), (-1, y). 
Example 79 Find all integral solutions of x° - зу? =-l, 
Solution: We have, x? — зу? =—1 
= x =3y’ - 1 2-1 (mod 3) 
2 (mod 3) 


Number Theory 


But, for any x € Z, x =0 (mod 3), or v=1 (mod 3) 
And hence, there is no solution for the given equation. 
Example 80 Show that 15x- ly = 9 has no integral solutions. 


Solution: Since the RHS is odd, x and y must be opposite parity (i.e., one even and the 
other odd). As 3| 15 and 3|9, 3 must divide 7? = — 3|y. 


y=3y 
Substituting and simplifying, we get 5x? —21y? = 3. 
Again, 3| 5x°, therefore, x = 3x, leading to the new equation 
15x? -7y? =1 
Take mod 3 of the equation, we get 
0— yf =1 mod 3 
or y? 2-1 (mod 3) 
But for any number n, n? = 0, 1 mod 3 which is a contradiction. 
Therefore, 15x? = 7 y? +1 has no solution in integers. 
Hence, the given equation has no integral solution. 


Example 81 Show that the quadratic equation х 75 14(q° + 1)2 0, where q is an 
integer, has no integral root. 


Solution: Assume its contrary that л be an integer root of xX +T- 14(¢ +1)=0. 
Then, и? + 7п – 14(4 +1)=0 (1) 
=> п =- 1и +24 + 2) 

= 7[т^ and hence, 7 |л as 7 is a prime number. 


Let, п=7п\. 
Then, Eq. (1) can be written as 


49n? t49n = 14(42 +1) 
> Tng t7n = 2(q? +1) 
So, 7 |204 + 1) and hence, 7 | (4 +1) 
= 4+1 = 0(той7) 
q^ = 6(mod 7) 
Аз q = 0, +1, £2, £3(mod 7) 
Ф = 0), 1, 4, 2(mod 7), respectively. 


Hence, q^ = 6(mod 7) for any integer. 
Therefore, there exists no integral root for the given quadratic equation. 


Example 82 Find all the integral solutions of x + 5y? +257 — 15xyz = 0. 
Solution: We shall use the identity 
1 

a +b? +c} —3abe = 5 (at 5t ola - by t (b-cY +(с- ay] 


525 


Writing a=x, b= 59 „с = 5 °2 in the given equation, it can be written as 
5 У 5 q 


х? + (51yy + (5222) - 3 x x x 5 Бух 5°72 = 0 
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Qe 4-513 y 4.525 2) x [(x — 519yy + (515 y- 5792)? + (5257 – 12 0 


=> (х+5'3у+ 557520 
бї [(х — 513у)2 + (55 — 5232)? + (529: — y! = 0. 
Ifx+ 513, + 5222 = 0, then 97 + 5232 — x, 

Clearly, the left-hand side is irrational, when у апа z аге integers other than zero, 
and the right-hand side is always an integer. 

So, x= у =2 = 0) 15 а solution. 

If (x 5'3у)2 + (515 — 5232) + (523: — x) = 0, then x= 5! у, у= 5182 and x = 5222. 

Again, this is possible only when x = y = z = 0 as we need integer values for x, y, and z. 
Aliter: Number theoretic solution 

x 5у? +257 – 15xyz = 0 

= X = 5(3xyz — y, — 52) (1) 


— 5 |х? and hence, 5|x 


Let, x = 5х1, then x? = 125] 
so that the equation becomes 
y = 5xyz- 25x, - 52 

= 5|y and let у= 5y, 
Again, the equation becomes г? = I5zxyy, — 5x? — 25y^ 
= 5|z and taking z = 5z,. 
We get, 

x + 5у + 257; - 15хууүл = 0 Q) 
This implies that 1f (x, y, and z) 1s an integral solution, then (Z Zana z) is also an 
integral solution to Eq. (1). pm d 


Arguing in the same way, we find 


x, A 21 
X = , = ‚2 = 
2 5 Y2 5 2 5 
x y 2 
ог 055025 meo 


is also an integral solution and thus, by induction method, we get 


x y 2 
Xn = To Vn =, 2р = dà 
5^ $^ 
is an integral solution for all n > 0. 
This means that x, y, and z are multiples of 5", for all n € М. 
This is possible only when x, y, and z are all zero. 


Example 83 Find all integers values of ‘a’ such that the quadratic expressions (x + a) 
(x + 1991) + 1 can be factored as (x + b)(x + c), where b and c are integers. 
[RMO, 1991] 


Number Theory 


Solution: (x + а)(х + 1991) + 1 = (x + b)(x + с) 
=> 1991 +a=b+c 
and 1991a + 1 2 bc 
(b — cy = (b + cy. — Abc 
= (1991 + a – 4(1991a + 1) 
= (1991+ aP —4x199la—4 
= (1991 - a? - 4 
or (1991 — a – (b с)? — 4. 
If the difference between two perfect squares is 4, then one of them is 4 and the other 
is zero. (Prove this) 
Therefore, 1991 — a = +2, (b — cy = 0 
=> а= 1991+2 = 1993 and b=c 


ог а= 1991-2 = 1989 and b=c. 
So, the only two values of a аге 1993 and 1989. 


Example 84 Find all the integral solutions оу? =1l+x+x’, 


Solution: If x > 0, then x «x? +1 +x<xX +2x+1= (x+ 1)? 
So x? + x + 1 lies between the two consecutive square integers and hence, cannot be a 
square. 

Ifx=0, y = 1+0+0=1 isa square number, the solutions in this case аге (0, 1), 
(0, —1). 

Again If x < —1, then x >x +х+ 1 >x 2x4 1, and hence, there exist no solution. 

For x =—1, we have 

y-21-1-«C1Y-1 
= +1, 


for x e (1, 0), x -4x41le€ (24) hence no such y. 


Thus, the only integral solutions are (0, 1), (0, 21), (-1, 1), (71, —1). 


Example 85 Find all integers x for which x ex cx txt lis a perfect square. 


Solution: If x^ x? +x ++ lisa perfect square, then let 


у= йн + +х+ 1. 


2 
А X 
consider G | z) = хі +34 


=y -167 +4x+4) 


As the discriminant of 3x? + 4x + 4 is less than 0, so 3х2 + 4x + 4 is always greater 
than zero. 
Thus, 
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But, x2 +% = E + 3 is non-negative for all x e Z 
2 2 


2,X 


e+e = 45 «p 


If x is even, then 
x 
> x7 4+—41 
pax +5 
2 А ыд ж. 5 2 44242 
> у> +x? +x Teu y =y s 


Not possible, if x # 0. x = 0 is the only solution when x is even. 


If x is odd, then x? + | + is an integer. 


1 
So, > zm 
bi | 2) 2 
В x^ x3 
In this case, y? > x! +x? +x? +x+1+| —- >- 
4 2 2 
that is, y? 2 y? + Жл = е 2х—3) 
| 4 2 4 4 
1, 
һепсе, 1 —2x-3)<0 
— x -2x-3s0 
— (x-3)x+1) <0 
—1<х<3 


The odd integral values of x are —1, 1 and 3 of which 1 does not give a perfect square. 
Hence, there are exactly 3 integral values of x, namely, 0, —1 and 3, for which the 
expression is a perfect square. 


Aliter: у =х & x? & x? +х+ 1, (1) 
obviously x 20 2 у= +1 
Letx #0 


Now, 4y? = 4x4 + 4x? + Ax? +4х+4 = (2х2 +x)? 3x? +4х +4 
As 3x? -4x «4» 0 Vx eR = 4y? > Qx? «xy 
Also (2x? +x)? 43x? +4х+4 < (2x? + х)? +8х? +4x+ 4 = (2x? + x+ 2)? 
=> 4y?«(2x? +х+2)? 
As (2x? + x}? < 4y? < (2x? e x - 2 > 4у? - Qx? +х+1)2. 
Now solving it with Eq. (1) we get x = 1, 3. 
Example 86 Find all solutions in positive integers of the equation 
1 1 1 7 


x y z 15 


Number Theory 


Solution: Without loss of generality, let us assume that x € y < 2. 


Then 1.1.1 
X y z 
L. ШИ ИИ И: 
<—4+—4+-< 
x x y zx 
Lye „шы 
x Эў 7 T 
3<x<6. 


Hence, x can take values 3, 4, 5 or 6 only. 


Cie ee ж 
z 15 3 15 
1 1 122 1 2 2 1 
—<—+—<— and —<—<->—<y<l5 
y yz y y 15 y 
8<у< 15 
" LE d 
id z 15 y 
2 "R 15y — 
2y-15 


For y = 8, 9, 10, 12 and 15 we get z = 120, 45, 30, 20 and 15 respectively. For other 
values of y, z is not integer. Thus, the solutions when x — 3 are (3, 8, 120), (3, 9, 45), 
(3, 10, 30), (3, 12, 20) and (3, 15, 15). Similarly for x = 4, we have (4, 5, 60), (4, 6, 20) 
and x = 5 we have (5, 5, 15), (5, 6, 10). For x = 6 no solution. 


Example 87 For any positive integer n, let s(n) denote the number of ordered pairs 
(x, y) of positive integers for which 1 + t = i 
x y n 
For instance if n = 2, we have s(n) = 3. 
1 1 1] 
For —+—=— 
x y 2 
1 1 1 1.1 t 1.1 1! 
= +—=—, 2+2=2, >+ = 
36 2 63 2 


thus the three ordered pairs are (4, 4), (3, 6), (6, 3) and hence, s(2) = 3. Determine the 
set of positive integers n for which s(n) = 5. 


Solution: Let us consider the general case 
1 1 1 
—+—=-. 
x y n 

Here both x and y are greater than n and let 

x=n+p and y=n+gq. 
1 1 
+ = 
(n+p) (n+q) п 


> n(n * p) + n(n * q) = (n * p)(n * q) 


Therefore, 
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> n Qn pq) 2 n^ 4 n(p ^ q) 4 pq 
— п? = pq. 


Here, s(n) = the number of p’s (ог q's) such that т? = pq and it is easily seen that р 
ranges over the divisors of n. 

Thus s(n) = the number of divisors of n? = t(n’). 

To find n such that s(n) = 5, we note that 1(n’) = 5 and 5 is a prime number. 

n can have only one prime factor (say) p and n = p (say). 
Up”) =21+1=5 

or, [33; 
The possible values for n such that s(n) = 5 is all squares of primes. 


Example 88 77e sum of several consecutive positive integers is equal to 1000. Find 
the numbers. 


Solution: Let x + (х+ 1) + --- + (х + (n— 1)) = 1000 (1) 
We have to find n and x, hence, the numbers that add up to 1000. 
From Eq (1), we have 


mx+14+2+4+---+(n-1)=1000,x,ne N,n>1 


=> mt M B ;Qxen 1) 21000 


=> п(2х+п-1) =2000= 24х52 (1) 


=> п|(24х 5). (2) 
Also n? <n(2x+n—1) = 2000 
> n<45 (3) 


Case 1: If is odd, then from (2) and (3) 
n=5, 5° 
Ifn=5, then 2х + 4 = 2° х 5° = 400 (From (1)) 
=» х= 198. 

So, in this case the numbers are 198, 199, 200, 201 and 202. 

If n = 5? = 25, then 2x + 24 = 2f x 5 = 80 (From (1)) 

Sx = 28; 

So the numbers are 28, 29, ..., 52. 
Case 2: If is even, then from (1) n must be divisible by 16 as 2x + n — 1 will be odd. 

So, n = 16 (as any other multiple of 16 which satisfies Eq (2) exceeds 45) 

16(2x + 15) = 2^ x 5° 

=> 2х + 15 = 5° = 125 
> 2х= 110 => x=55. 


So, the consecutive numbers in this case are 55, 56, ..., 70. 
Example 89 Determine all non-negative integral pairs (x, y) for which (xy — 7f =x + y. 


Solution: (xy — 7} = x? + y? is a symmetric equation in x, y. So, whenever (a, b) is a 
solution, (b, a) is also a solution. 


Again, if (a, a) is a solution, then 


(а? – Ty = 2а? 
— a — 14d? +49 =0 
=> A = 256 – 196 = 60 


is not a perfect square and hence, a is irrational. 
So, we will find all solutions (x, y) for which 0 € x < y. 


Qy- Ty 2x «y 
=> xy – l4xy + 49 2 3? +y 
Dividing Eq. (1) by y, both the sides we get 


2 
get P yi 


2 
or 16 41<14-142 +1 
y XY 


as we have assumed x < y. 


=x < 16, 
x «4. 
It means x can take the values 0, 1, 2 and 3. 
x=0 => yo7 
x=l = (у-7)=1+у 
=> -l4y=-48 


48 | 
= у= u not an integer. 


x=2 = Qy-TYy-y-«4 

=> 3у7—28у+45=0 

= yis irrational because 28° — 4 x 45 is nota perfect square. 
x=3 => (3y-T7yzy49 

=> 8) -42y+40=0 

=> 4y -2ly+20=0 

э -4 (4y-5)=0 


5 
=4 or y=-. 
y у А 


y 


(1) 


Neglecting y — 2, we get the following pairs (0, 7), (7, 0), (3, 4) and (4, 3) to be the 


only solutions. 


Example 90 Find all integers x, y satisfying (x — yy. + 2y? =27. 


Solution: (x — у)”, 2)? > 0 and since, 2y’ is even, (х — y)? is odd and hence, (x — y) 


should be odd. 


So, the different possibilities for (x — yy and y? are (1, 13), (9, 9), (25, 1) correspond- 
ing to у^” = 13. There is no solution as y is an integer. So, taking the other two-ordered 


pairs, we have 


Number Theory 
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х-у=+3,у= +3 (1) 
х-у=+5,у= +1 (2) 


Solving the systems given in (1), we get: (0, 3), (6, 3), (0, —3), (—6, —3). 
Solving the systems given in (2), we get: (6, 1), (— 4, 1), (76, —1), (4, —1). 


Example 91 Solve the following systems of equations in natural numbers: 
а? -B – с =ЗаЬс; d = 2(b + c). 


. А "EET 3 

Solution: Since, a, b and c are positive integers, a — b — с -3abc 
А 3 3 1.3 3, 23 3.3 

gives a > (b + с”) and hence, a > b also a° >с 


or a>banda>c 
> 2a > (Ь+с) 

= 4a > 2(Ь+с)=а” 
=> 4>a 


or a < 4. But, from second equation, а? is even and hence, a is even numbers. 
So, a= 2. But, b < a and c < a gives b = l and c= 1. 
The only solution is a = 2, b = c = 1, which satisfied the given system. 


Aliter: à? — 5? – с – 3abc = 0 
= (a— b — с)(а +b +e + ab—be+ac)=0 


1 
Now, а2 + b? + с +ab—be+ac= je 5 +(b-c)*(c+a)?]#0 


=>b+c=a 
= а? =2a 
—a-2a 

= р=с= 1. 


Example 92 А leafis torn from a paperback novel. The sum of the remaining pages is 
15,000. What are the page numbers on the torn leaf? [RMO, 1994] 


Solution: Let the number of pages in the novel be л. Since, the number of pages after 
a leaf is torn is 15,000, the sum of the numbers on all the pages must exceed 15,000. 


ie; PRD > 15,000 

= n(n + 1) > 30,000 

B (n+ 1 > n(n + 1) > 30,000 > 29929 = 173? 

=> (n+ 1) > 173 

=> n>172 (1) 


The sum of the numbers on the page torn should be less than or equal to 
(n—1)+n=2n-1. 
Hence, (1 +2 + --- + п) (2n — 1) € 15,000. 

n(n + 1) - 2(2n - 1) < 30,000 

n^ — 3n + 2 < 30,000 

(n — 2)(n — 1) € 30,000 

(n — 2Y < (n - 2)(n – 1) € 30,000 < 30276 = 174? 

(n—2) < 174 

n « 176. 


YUU ууу 


Number Theory 


By Eq. (1) and (2), we get 
172 € n < 176. 
So, n could be one of 173, 174 or 175. 
Ifn = 173, then 
n(n+1) 173x174 
2 

Thus, the sum of the numbers on the torn pages = 15,015 — 15,000 = 51, and this 
should be x + (x+ 1) = 2x - 1 = 51. 


= 15,051 


So, the page numbers on the torn pages = Z- =25 and 14 = 26. 
If n = 174, then 
m 1) 174x175 _ 15225. 
So, the sum of the numbers on the torn pages = 15,225 — 15,000 = 225, and in this case, 
the numbers on torn pages = са = 112 and = = 113; 


But, actually the smaller number оп ће torn page should be odd and hence, though 
it is theoretically correct, but not acceptable in reality. 


п(п+1) 175x176 
2 2 


If n2 175, then = 15,400 


and the sum of the numbers on the torn page is 400 = (15,400 — 15,000) which is impos- 
sible, because the sum should be an odd number. Hence, this value of л also should be 
rejected. 

So, the numbers on the torn page should be 25 and 26 and the number of pages 
is 173. 


2»1-] 
Example 93 Find all primes p for which the quotient is a square. 
[INMO, 1995] 
: 2Р1] 1, i 
Solution: If p = 2, = E is not even an integer. 
р 


Let p be a prime of the form 4k + 1. 
es Ak _ 
Pug 1297-4 
р 4К +1 
Since m? is an odd number, m=1 (mod 4) as all odd squares leave a remainder 1 
when divided by 4 and hence, of the form 4/+ 1 (say) then 
2% — 1 = (4k + 1)(41+ 1) = 1 (mod 4) 


— m? for some odd integer m then 255 — 1 - (4k Dm. 


But the left hand side 
2#— 1 2 (16  — 1) 2-1 (mod 4) 
= 3 (mod 4) 

and it is a contradiction and hence, p cannot be of the form 4k + 1. 

So, let p be of the form 4k 3. 

Firstly, let us take k= 0, then p = 3 

2Р-\—1_ 22-1 

Э 


Therefore, р = 3 is one of the solutions. 
Let p be 44+ 3 with k> 0. 


So =| is a square. 
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2P 1 8 = ~ 10" +1) and 2" 1 and 27** + 1 being con- 
secutive odd numbers are relatively prime. 
So, 27! — 1 = рт? 
= (271 — 12? + 1) = (4k + 3)m? = рт? 
So, рт? could be written as ри? x v? where pu’ and v? are relatively prime. 
Case 1: 22! — 1 = p? and 227! + 1 =v? 
=> 22/1 = y 1 = (0+ Dv- 1). 
So, (v + 1) and (v — 1) are both powers of 2. 

Two powers of 2 differ by 2 only if they are 2 and 22. In all other cases, the differ- 
ence will be greater than 2. 

So, v-1=2'=2 

у+1=22=4 > v-3 


ie? er oa 
Hence, k= 1 and p = 4k - 3- 7. 
Therefore, the only other possibility is p = 7. 


p] _ 271-1 _ 63 
р 7 


Case 2: 22! – 1 = у апі 22! + 1 = ри? 

As v=oddandk> 1 

21_ |= = -1=1 (mod 8) Contradiction, not possible. 
Thus the only primes satisfying the given conditions are 3 and 7. 
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. Show that there is no integral solution for the equation 19x3 — 84y? = 1984. 

. Prove that the equation 4x? — Ty? = 2010 has no solution in integers. 

. Show that there is no integral solution for the equation y= 3y“ = 1994. 

. Show that x? + 3xy – 2у? = 1992 has no solutions in integers. 

. Show that x? + Oxy + 4y? — 1995 has no solutions in integers. 

. Show that x* + y* — 2° = 1993 has no solutions in integers. 

. Show that, there аге no integers (т, n) such that, m? + (m+ 1 = n^ + (n 1). 

. Determine all non-negative integral solutions (n4, n,..., пуд) if any apart from 


Thus for p — 7, 2 = 9 which is a perfect square. 


оле олоо гә = 


permutations of the Diophantine equation nf +пў +---+ пі, = 1599. 


9. Prove that the equation x^ — y? = xy + 1995 has no solution in integers. 
10. Determine all integral solutions of a? + b? + c? = à? P?. 
[USA MO, 1976] 
(x y zy 
xz 


11. Discover all integers, which can be represented in the form 


12. Find all positive integers x such that x(x + 180) is a square. 

13. Find all positive integers n « 200, such that n + (п + 1)? is a perfect square. 

14. Find all positive integer ‘n’ such that, (n + 9), (16n + 9), (27n + 9) are all perfect 
squares. 

15. a, b, c are distinct digits. Find all (a, b, c) such that, the 3 digit numbers abc and 
cba are both divisible by 7. 


16. Prove that the equation x y + 2ху — mx — my — m — 1 = 0, m is a positive integer, 
has exactly m solutions (x, y) for which x and y are both positive integers. 

17. The equation d) +b? + с^ + Ф = abcd has the solution (a, b, c, d) = (2, 2, 2, 2). 
Find infinitely many other solutions in positive integers. 

18. In a book with page numbers 1 to 100, some pages are torn off. The sum of the 
numbers on the remaining pages is 4949. How many pages were torn off? 

[RMO, 2009] 
: ‘ TE: 1 1.1 4 
19. Find all triplets (x, y, z) of positive integers such that P +—+—= z 
y zZ 

20. Find all solutions of x? + ay = 42 where x, y, z are integers. 

21. Find all integer solution to x? + 615 = 2". 

22. Find all integers x, у, z such that 2* + 3" = Z". [INMO, 1992] 

23. Find integers x, y, z such that, xz4 yz + 4xy = 40 and x + y? t xyz = 20. 

24. Find all positive integer solution of the equation (2x — 1)? +16= y. 

25. Find all the triples of positive integers (x, у, z) satisfying 2" + 2" + 27 = 2336. 

26. Find all pairs(x, y), where (x, y) are integers, such that x? + 11? = у. 

27. Find all integers (x, y, z) such that xb у =z’, and that (x, y) = (у, z) = (5 2) = 1. 

28. Find the primitive solutions of the equation xb 2y? = 2° in integers. 

29. Find the primitive solution of the equation x + 3y =7 in integers. 


| Solved Problems| Problems 


Problem | What is the three digit number that is equal to 4 times the product of its 
digits? 
Solution: 
100a + 102 + с= 4ас = c=2k,1<k<4 

Then 5(10a + b) = k(4ab — 1) 
5 5j4ab-1 = 4ab-1=0mod5 = 4ab= 1 mod 5 => -ab = 1 mod 5 
=> ab = 4 (mod) 
> There are 16 possible values of (a, b) = (1, 4), (1, 9), (2, 2), (2, 7), (3, 3), G, 
8), (4, 1), (4, 6), (6, 4), (6, 9), (7, 2), (7, 7), (8, 3), (8, 8), (9, 1), (9, 6). 

Out of which only a = 3, b = 8 gives c = 4 which satisfies the given constrains and 
sought number is 384. 


Problem 2 On New Year 5 day, few kids get together and decide to play a simple math 
game. They write the year 2016 on the blackboard. Every minute they decide to do the 
following: the written number is erased and the product of its digits plus 12 is written 
on its place. What number will be written on the blackboard after 24 hours? 


Solution: The pattern just cycles 12, 14, 16, 18, 20, 12, 14, 16, ... with a period of 5 
and 12 being written on the first minute. 

Since 24(60) = 5 (mod 5), the number written on the 24th hour will be the Sth 
number in the sequence, which is 20. 


Problem 3 Find the product of 
101 x 10001 x 100000001 x --- x (1000...01) 


where the last factor has 2! — | zeroes between the ones. Find the number of ones in 
the product. 
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Solution: Since 101 x 10001 x --- x 1000...01 
= (107 + D(107 + 1)---(10? + 1) 
= (102 + 1)(104 + 1)---(10!28 + 1). 
Multiply and divide by 10? — 1 


Q0*- D0** Dos | pros +1у..-(107 +1) 


102—1) 

шы ШЕ = 4 84 Ту...(1027 
= 02 1)09 1)(104 + 1)(108 + 1)---(10? +1) 
==) quis 8 Ту...(1027 
“Gen? 1)(108 + D---(102 4 1) 
ac-p09 95 о 

_ (10? —1)[(102)!27 +(102)126 +...+102 +1] 


99 
= (102/27 +(102)126 +...+1. 


= 1025 +1022 +...+102 +1 
128terms 


=101010...101. 


(There are 128, 1% alternating zeroes and there are 127 zeroes in between.) 


Problem 4 Show that there exist no rational numbers a, b, c, d such that 


(at bV2)! +(c+dV2) 27 4 54/2. 


Solution: Any number in the form (a+b,/p)", where p is prime and a and b 


are rational will again be in the form «+ Jp where œ and В are rational. 
and (a - b p)" =a+ Bp < (a- bp)" =a- p-p This can be proved by induc- 


tion on natural number. 
So(a-b42)9 =a + 2 (say) 


then (а= b42)00 =d -b v2, 


where both @ + bı V2 and a-h J2 are both greater than zero, as on LHS the power 


is an even number 100. 
Similarly, (c +dV2)'!™ =c +d, V2 » 0 
and (c - d42)9? =c —d,V2 > 0. 


Now, (а + b42)99 4 (c+ d4/2)100 
= (а +b,V2)+(¢ + di v2) 
= (a +e) +(b +. 2 
= 7+5\/2. 
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Also (a—bV2)! + (c — q4/2)109 
= (а *e)- (bh +d, W2 »0 Q) 
and taking conjugate of Eq. (1), we get 
(a, +¢,)-(b, +4, N2 21-542 « 0. (3) 


But this is a contradiction to Eq. (2) and hence, there do not exist rational numbers a, 
b, c, d to satisfy the given equation. 


Problem 5 Prove that log42 is irrational. 


Solution: If possible, let log,2 be a rational number Р where р, q are integers, q # 0. 


q 
log;2 = = 
q 
> eS) 
> 3P = 21 


3|3? but 31 27 and also 22^ and 2] 3" and hence, it is a contradiction. 
[or 3” is ап odd number and 2“ is an even number but an odd number equals to an 
even number is a contradiction.] 


Problem 6 Show that any circle with centre (42,43) cannot pass through more than 
one lattice point. 

[Lattice points are points in Cartesian plane, whose abscissa and ordinate both are 
integers.] 


Solution: If possible, let (a, b), (c, d) be two lattice points on the circle with (3. AB ) 
as centre and radius ‘R’. 


(a- V2} + (b- V3)? =R? = (c- 42) «(a - 43)? 


=> а? +b? -c -q?-2(2asA3b)- 2(42c + Уза) 
= 242 (a - c) - 243 (b — d). (1) 
Let а?+Ь?—с‹” Ф =r, 2(a-c)=p 
and 2(b-d)=q; p,q, re Z 
From Eq (1) we get pV2 + 4/3 =r (2) 


> 2pqve =r? —2p* – 34? 
Dog M _ 
=>  forpq #0, V6 = LA contradiction 
Pd 


^ pq-0 => р=0огд=0 


using Eq. (2) we get p=g=r=0 
Hence,a=c,b=d = Circle cannot pass through more than one lattice point. 


Problem 7 Let m, m», ms, ..., m, be a rearrangement of numbers 1, 2, 3,..., n, suppose 
that n is odd. Prove that (m,— 1) x (m,— 2) X --- x (m,— n) is an even integer. 
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: . n-1 , n+l , . 
Solution: Since л is odd, there are os even integers and ES odd integers, i.e., there 


is one more odd integer than even integers. Thus, even after pairing of each even inte- 


ger m, with an odd integer i there exists an m, and k, both of which are odd integer, so, 
(m, — К) is even and hence, the product is even. 


Problem 8 There are n necklaces such that the first necklace contains 5 beads, the 
second contains 7 beads and, in general, the ith necklace contains i beads more than 
the number of beads in (i — 1)th necklace. Find the total number of beads in all the n 
necklaces. 


Solution: Let us write the sequence of the number of beads in the 1st, 2nd, 3rd, ..., 
nth necklaces 


— 5, 7, 10, 14, 19, ... 


= (4 * 1), (4+ 3), (4+ 6), (4+ 10), (4+ 15), ..., [emm 


5, = Total number of beads in the n necklaces 


S, =| 4-444 ridges MERO 
— 


n times 


= 4n + Sum of the first n triangular numbers 
1 2 
=4п+ 3 У (n^ + n) 


-Anez (Y Yin) 
ыы 1 n(n41) 


=4n+ 
2 6 2 2 


= n(n *1)(2n-41) " п(п+1) 
12 4 


= zn +2n(n+1)(n+2)] 


= sb? t 3n4 26]. 


2т+1 2т+1 
Problem 9 Show that for ftm =1| (3+ 202) * « (3-242) > -6| 


both f(m) + 1 and 2f(m) + 1 are perfect squares for all m € N by showing that f(m) is an 
integer. 


Solution: First let us show that the expression is an integer. 

fm) = s (Gea aya +(3-2V2)2m41 -6) 
= 1 2т+1 \32т+1 2m+1 \22m-1 2 2m4l|42m-3 4 
= Ва el афо tse yD) 


ee (m) 042)" —3] 
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All terms in the above expression except 32—71 _ 3 are multiples of 4, as the even pow- 


ers of 24/2 is a multiple of 4. Now 32”*! —3 = 3(9" —1) and 9 = 1 (mod 4) > 9"2 1 
(mod 4) => 4|(9" — 1) = Қт) is an integer. 
Now, 


f(m)+1= x [ (3+ 2V2)?""! +(3-242)2 -6 |+1 


ege VD e a 2m 6+8] 


(as3+2V2 = (1+ 42y?) 
= Ex + 4/2)2"+1)2 -(ü- J2yimay? +2] 


= хаж) e (a - 2m - Cay 


1 2т+1\? 2т+1\? 
1+) | +(-) | -2x( 4 J2)2"(1— J2yma 


Since, 
(1+ J2y2 nid (1 —Jf2)2m41 =[(1+V2)(1- V2) Pp"! =(-1)2""! --]. 


So, the given expression is equal to 


(em -(1- J2yima » 


which is a perfect square of an integer. 
242 


(1+ М2 yim -(1- J2 yin 
242 


249 as a factor in the numerator. 
Now, 


2 Ут) [(+2V2)2"41 + (3-242ym — 6]+1 


Note that is an integer, as all the left over terms contain 


= x[G+ Рут (32412) — 2] 


Since т) is shown to be an integer, so 2m) + 1 is also an integer. Now, 2m) + 1 
can be written as 


D KA+ J2yind2 +(1- J2yimay E 
= za «Vae - (0-2) 42x {(1+-¥2)2™1(1 — J2)m1] 
_ [e J2yima +(1 —/2)2m+l | 


2 


which is a perfect square of an integer. 
By a similar reasoning, the expression 


(1+/2)?т+\ +(@—/2)?+! 
2 


is an integer. Hence, the result. 
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Problem 10 Show that 3; 07 122 * (17-1242) —2]a perfect square of the 


т(т+1 
MATL. where m € N, (i.e., the expression is a triangular integer which also 


form 
a square integer.) 

Solution: 

As 1741242 =(3+2V2)?,17-12V2 = (3 - 2V2)? 
and (34+2V2)(3-2V2)=1 


So, given expression becomes 


=. «13+202) -(3-242y^ -2x(3+2V2) (3-24/2] 


_| G+2V2)" - a-242y | 
442 


: UI [> 3+2\/2 = (1+ 422] 


4/2 
-fer os} (14 V2)" -a-42y |] а) 
d 2 242 


Which is clearly a square number. 
In the expansion of 


(+2) +(1-/2) 


2 


= : |« +0) (v2) +(4 Yy42)* T: | is clearly an integer. 


Simi бУЛ” CANON 5 [042 «py OD] is a 


integer also as V2 will get cancelled. 


à А 1 А 
Now we will show the Eq. (1) can be written as F m(m+1). Consider 


S 1741242 +17—12/2)" —2] 


_fa+ vay" «a-A2y | Гаж)" ам)" | 
2 34 


жы 200808 


2 4 4 


For all n, we shall show that 


(L-/2) -0-N2Y'P. (1-42) 1-2)" 


4 4 
are consecutive integers. 
Now, 
(1-2y «0-42 1e 42y" «(1- J2y" 2(-1 
4 4 
| B+2V2)"  3-242y + 2(—1)" 
4 


and similarly, 


(014-2) - a-42y _ 4242y « 3-242) - 2(-1y" 
4 4 


G«2/2y «G-242y = 2| Q3" + ee? ey +] 


= even integer = 2k (say) 


2k- 


From Eqs. (2) and (3), we find that one of them 2 and other 


2k+2 бї 


: 1 1 
and 20+ 1) and both аге integers also, they differ by 5 (К+1) 2 (k-1)=1. 


(1) 


Q) 


(3) 


1 
ri 


Note that 3 х[(17+ 1242) +(17- 124/2)" — 2] gives you an infinite family of square 


and triangular numbers. 


Problem 11 Show that n= z [17+ 1242)" t7 -1242)" t6]is an integer for all 


m € Nand hence, show that both (n — 1) and (2n — 1) are perfect squares for all me N. 


Solution: The terms containing V2 vanishes in the expansion of (17+124/2)" +(17— 


1242 )" and integral terms are all multiples of 8 and hence, л is an integer. 


n-1- SIT H2)" +(17-12V2)" +6—8] 


= E x[07+12V2)" +(17=12V2)" — 2] 


As 1711242 = (3+ 242y?, 


again both (17+ 12V2)(17-12V2) and (3+ 2V2) x (3- 24/2) are equal to 1. 


So, 


S7 «12/2 *(17-1242y* -2] 
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= [toe 22 +(8-2V3)")?-2x (3+ 202)" G-2)] 


_| G«2/2)" -G- 242)" | 
242 


and 2n-1- 2x [(17+12V2)" 07-122)" +6-4] 


- [ал+ 125/2) +(17-1242)" +2] 


_ mis - 3-242) | 


2 
and hence, the result. 


Problem 12 5 = 1! + 21+ 3! +4! +... + 19971. Find the unit digit and tens digit of S. 


Solution: From 5!, all the numbers will have the unit digit zero and from 10!, all the 
unit and tens digit will be zero. 
So, the unit digit of the number S is the unit digit of 


11+21+31+41=1+2+6+ 24 = 33. 
That is unit digit of S is 3. 
The tens digit of S, is the tens digit of 
1!+2!4+3!+4!4+5!+6!+7!+8!4+9! 
= 33 + 120 + 720 + 5040 + 40320 + 362880. 


So to get the tens digit of S, add only the tens digit of 
33 + 120 + --- + 362880 which is 3+2+2+4+4+24+8=21 
So, the tens digit of S 15 1. 


Problem 13 Show that the square of an integer cannot be in the form 4n + 3 or 
4n + 2 where n є N. 
Solution: Let us take the square of an even integer, say, 2a. 
m = 2a 
2_ — йй 

=> m^ =2aX 2a = 4а 
and 442 is not in the form of 4n + 3 or 4n + 2. 
If m is an odd number, then m = 2a + 1 
and m? = (2a +1} = 4d? + 4a +1 

= 4a(a * 1) - 12 4n +1. 
Here again the square is not in the form of 4n + 3 or 4n + 2. 


In other words, any number in the form of 4n + 3 or 4n + 2 cannot be a square 
number. 


Note: When m is odd, m? = 4а(а + 1) + 1. 
As either a or a+ 1 is even, m? =8k+ 1 for some ke N. 
The square of an odd number is in the form 8k + 1. 
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Problem 14 Show that no square number can end with 4 ones or 4 nines. 


Solution: Let n ends with 4 ones 


i.e., n= 10000k + 1111 
=8/+7 (as 1111=8 x 138 +7) 


Similarly, let n ends with 4 nines, 
і.е., n = 100004 + 9999 = 8m + 7 


In both the cases, n cannot be а square number, because the square of an odd num- 
ber is in the form of 8k + 1. 


Note: A perfect square number can have only 0, 1, 4, 5, 6, 9 in its units place. 
Similarly, the last two digits of a perfect square number are 00, 01, 21, 41, 61, 81, 
04, 24, 44, 64, 84, 25, 16, 36, 56, 76, 96, 09, 29, 49, 69, 89. 
Observe that if last digit is ‘6’ then second last digit can be any odd digit out of 1, 3, 
5, 7, 9, if last digit is a perfect square, i.e., 1, 4, or 9 then second last digit can be any 
even digit out of 0, 2, 4, 6, 8, if last digit 0 then second last digit will be ‘0’ if last digit 
5 then second last digit will be ‘2’. 


Problem 15 4 four-digit number has the following properties: 


(a) It is a perfect square 
(b) The first two digits are equal 
(c) The last two digits are equal 


Find the number. [RMO, 1991] 


Solution: Let N — aabb be the representation of such a number. 
1<а<9, 0<b<9. 
Then N= 1000a + 100a + 10b + b= 1100a + 115 
= 11 (100a + b) 
Since N is a perfect square and 11 1s a factor of N, 
11N 2 11|(100a +b) 2 11(a+b) > a b - 1k 
Butl<a+b<l8>5at+b=ll>b=1l-a>b>0 
The last two non-zero digits of a perfect square where both the digits are equal is 
only 44. So, b=4 
: a=7 
N=7744 is the only possibility. 
№= 11х 704= 11х11 х 64 = 88°. 


This is the only solution. 


Problem 16 Prove that the product of four consecutive positive integers increased by 
l is a perfect square. 


Solution: Let the consecutive positive integers be n, п + 1, n - 2 and n + 3. 
Consider the expression 


М=п (п + 1)(п + 2)(п +3) +1 
= (п? + 3п)(п^ + 3п +2) +1 
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= (n° + Зп)? + 2( + 3n)+1 
= [G2 + Зи) + If = (и2 + Зи +1)? 


and hence, the result. 


Problem 17 Three consecutive positive integers raised to the first, second and third 
powers, respectively, when added, make a perfect square, the square root of which is 
equal to the sum of the three consecutive integers. Find these integers. 


Solution: Let (n — 1), n, (n + 1) be the three positive consecutive integers (n > 1). 
Then (n-D +и2 + (п + 1) = (п - 1 +и + п +1) = ny 295? 

п= 1+? + п? + Зп + Зп+ 1 2 9? 

m – 5и + 4п= 0 

n(n- 1)(п – 4) = 0 

п=0 or n=1 or n=4, 


ууу] 


Аз п> 1, п = 4, corresponding to which the consecutive integers are 3, 4 and 5. 
Problem 18 Prove that the product of 8 consecutive natural numbers is never a per- 
fect 4th power of an integer. 

Solution: Let, x be the least of the 8 consecutive natural numbers. Let, their product be P. 
Then, Р = х(х + 1)( + 2)(x + 3)x + 4)(х + 5)(х + 6)(х + 7) 


= x(x + 7)(х + 1)(х + 6)(x + 2)(х + 5)(х + 3)(х + 4) 


= (02 + 7х)(х^ + Tx + 6)(х” + 7х + 10)(х^ + 7х + 12) 
Let, x +7x+6 bea. 
Then, P = (a — 6) а(а + 4)(а + 6) = (à? — 36)(a’ + 4a) 
= a* + 4a? — 364? — 144a 
=a‘ + 4а(а? — 9a — 36) = a^ + 4a (a + 3)(a — 12) 
Now, а= х2 +7х + бапіх> 1 = а2 14. = a-12»0 
and hence, P = af + 4a(a + 3)(а – 12) >а“. 
Again, 
(a I) = а + 4а? + ба? + 4a + 1 > а* + 4a? — 36a’ — 144a. 
Thus, af < P < (a + 1) and so, P lies between 4th power of consecutive integers and 
hence, cannot be a perfect 4th power. 


Problem 19 Show that a positive integer n good if there are n integers, positive or 
negative and not necessarily distinct, such that their sum and product both equal to n. 
Example 8 is good as 
8=4х2х1:1:1:16—1): (71) 
=4+2+1+1+1+1+(—1)+(—1)=8. 
Show that the integers of the form (Ak + 1) where k 2 0 and АЇ(1> 2) are good. 


Solution: 
Case 1: п= 46+ 1 


n= 4k +1= (4k +1) х (D?* x (-1?* 
=(4k+1)+(414+---+)D+[(-D+(-)+---+(D] 


2k times 2k times 


Case 2: n = 4l, in this place there are two cases where (a) / is even with / 2 2 and (b) 
lis odd with / 2 3 
(a) n = Al, l is even. 


Consider, integers w and v, such that 
n - Al z 21x 2x (D)" x (-1)" 
= 21+2+(1+1+-::+1) +[(—1)+(—1)+---+(—1)] 


w times vtimes 


Now, by the definition of good integer, we have 2+ w + v = 4/(there are 2 + w + 
v factors). 


=> и+у=41—2 (1) 
Again, since 4/ = 2/+ 2+ w — v, we get 
w—vz2l-2 Q) 


Solving Eqs. (1) and (2), we get w-3/ — 2 and v = /. 


(b) / 1s odd. With / 2 3. 


Choose w and v, such that 
n-4l- (2D)x(-2)x(1)* (- 1)" 
= 21+(—2)+(1+1+:::+1)+[-10) CDD C] 


w times v times 


Again, since there are w + v + 2 factors, we have 
w+v+2=4] or wc v-4l-2 
and 4/ = 21 — 2 + w — v (by definition of good integer) 
— w—vz2l42 
Solving w = 3/ and v=/-2 
Since, / is odd and / 2 3 
1-22>1 
Now, n= 4l = 21x (-2) x (D?! x (-1)? 
=21+ C2) (0 9-14 DC) - (71) 9 (71)] 
3l times (/—2) times 
=2]-2+31-(1-2) = 4l. 


| Check Your Understanding | Your Understanding 


1. 


че л Б 


Show that the number of divisors of an integer is odd if and only if this integer is 
a square. 


. Represent in all possible ways (a) 1547 and (b) 1768 as difference of two squares. 
. Prove if a three digit integer n is relatively prime to 10 then 101th power of n ends 


with the same three digits of n. 


. Find natural numbers x, y such that vx + у=7апа x+ Jv =, 

. Prove that а? — b? = 2011 has no integer solutions. 

. Prove that if integer a is not divisible by 2 or 3 then а? — 1 is divisible by 24. 

. Show that for any natural number n, п? + 2n + 12 and n? + 3n + 5, both are not 


divisible by 121. 


. Show that for any natural number 7, n? — 3n — 19 is not divisible by 289. 


[RMO, 2009] 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


. Prove that there is one and only one natural number n such that 95425 42" tea 


perfect square. 


. What is the largest n for which 47’ + 410% + 4" is a perfect square? 


E 2 hei E 
. Prove that the equation —+ У „2 2] has no solution in positive integers x, y, z. 


y z x 


. Find all pairs (x, y) of integers such that x= y + 2y? + 1. [Bulgarian MO, 1999] 
. Let m be a 2002 digit number each digit of which is 6. What is the remainder 


obtained when m is divided by 2002? 


. Show that (2 +43 ) | is odd for every positive integer л. 


Note: For any real number x, | x | denotes the largest integer less than or equal to x. 


. Show that there exists no integer n, such that the sum of the digits of n° is 2000. 
. Find the number of perfect square divisors of the number 12! 
. Show that every integer in the infinite sequence 49, 4489, 444889, 44448889, ... 


is a square. 


. Find the number of 2 digit natural numbers, which, when increased by 11, has the 


order of digits reversed. 


. Prove that J33/3 is irrational. (Do not assume V3. as irrational to prove this.) 
. Show that, there is no three digit number abc (а + c) such that, abc-cba is a perfect 


square. 


. Nisa natural number, such that it is the product of three distinct prime numbers. 


Find all such prime numbers, so that, the sum of all its composite divisors is equal 

to 2N 4 1. 

Prove that there exist arbitrarily long sequence of consecutive positive integers, 

none of which is a power of an integer with an integer exponent greater than 1. 

Given m and n as relatively prime positive integers greater than one, show that 
logio m 
logio n 


is not a rational number. 


The nonzero real numbers (a, b) satisfy the equation a b (ap +4)= 2(a$ t bô); 
Prove a, b cannot both be rational under this condition. 

Show that, in the year 1996, no one could claim on his birthday, that his age was 
the sum of the digits of the year, in which, he was born. Find also the last year, 
prior to 1996, which had this property. 

If à? + 22+ с^ = D where a, b are consecutive positive integers and c = ab, show 
that VD is always an odd integer. 

Sequences А and В, both contain the same number 95. Find the next number in 
the sequence A which is also in В. 

A: 19, 95, 171, 247, ... 

B: 20, 45, 70, 95, ... 

A sequence is generated, starting with the first term /,, as a 4 digit natural number. 
The second, third and the fourth terms are obtained by squaring the sum of the 
digits of the previous terms; for example, if t, = 9999, t, = 36? = 1296, t, = 18? 
= 324, ty = 9? = 81, and so on. Start with 2012, i.e., let ^, = 2012. Form the se- 
quence and find the sum of the first 2013 terms. 

A sports meet was organized for 4 days. If on each day, half of the existing 
medals and one more medal was awarded, find the number of medals awarded for 
each day. 
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There are two natural numbers, whose product is 192. It is given that the quo- 
tient of the AM to the HM of their greatest common measure and least common 


1 
multiple is A Find these numbers. 


Find all integers a, b, c, d satisfying the condition 

)1<а<Ь<с<4 

(ii) ab+cd=a+b+c+d+3 [RMO, 2002] 
Does there exist a positive integer whose prime factors include at most the primes 
2, 3, 5 and 7 and which ends in the digits 11? If so, find the smallest such positive 
integer; if not, show why none exists. 

Show that if n is a positive integer such that 27 + 1 and Зи + 1 are both squares 
then n is a multiple of 40. 

The digital sum (л) of a positive integer n, expressed in base ten, is defined 
recursively as follows: 
D(n)2nifl«n«9 
D(n) = D(ag + a, + a; t: a) ifn > 9 (where ag, a, а), ..., а„ are all digits of n 
in the scale of 10, i.e., n = a„10” +а, 10" | +--+ a,10 + а. 

For example, D(989) = D(26) = D(8) = 8 

(1) Check whether D((1234);) = D(5) = 5. 

(iii) Hence prove the result: D((123); x (34);) = D(D((123); x D((34),)). 

Show that the cube roots of three distinct prime numbers cannot be the three 
terms (not necessarily consecutive) of an arithmetic progression. 


[USA MO, 1973] 
Find the number of 4-digit numbers in base 10, having non-zero digits and which 
are divisible by 4 but not by 8. [RMO, 2010] 


Let E(m) denote the number of even digits in m. For example, E(2) = 1; E(19) 
= 0; Е(5672) = 2, etc. Prove the following result: 

Е(Е(101) x E(201) x E (301) x---x E(2001)) = 1. 

In 1930, a correspondent proposed the following question: ‘A man's age at death, 
was (1/29) of the year of his birth’. How old was he in 1900? 

Find the number of triples (x, y, z) such that, when any of these numbers is added 
to the product of the other two, then, the result is 2. 

Find all pairs of positive integers (a, b) with a > b, such that, the sum of their sum, 
difference, product and quotient is 36. 

Let a, b, c, d, e be consecutive positive integers, such that, (b + c + d) is a perfect 
square and (a+ b + с + d + е) is a perfect cube. Find the smallest value of c. 
Determine whether integers x, y exist such that, (x + y) and (х? + у) аге сопѕеси- 
tive integers. 


Find the number of all integer-sided isosceles obtuse-angled triangles with perim- 
eter 2008. [RMO, 2008] 


If nj, пу, пз, ..., n, are ‘p’ positive integers, whose sum is an even number, prove 
that the number of odd integers, among them, cannot be odd. 


Show that there do not exist any distinct natural numbers a, b, c, d such that 
а? + - +d andae b-c«d. 


Prove that if the coefficients of the quadratic equation ax? + bx + c = 0 are odd 
integers, then the roots of the equation cannot be rational numbers. 


Prove that ry =x + y? has no integral solution except x = y = 0. 
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Prove that the sequence J24n +1 with n є N contains all prime except 2 and 3. 


Let A denote a subset of the set {1,11,21,31,...,541,551}, having the property 
that no two elements of 4 add up to 552. Prove that A cannot have more than 28 
elements. 
Prove that the ten's digit of any power of 3 is even. [RMO, 1993] 
Consider the equation in positive integers xb y = 2000 with x < y. 

(i) Prove that 31< y < 45 

(ii) Rule out the possibility that, one of x, y even and the other is odd. 
(i1) Rule out the possibility that, both x, y are odd. 
(iv) Prove that, y is a multiple of 4. 

(v) Obtain all solutions to this problem. 


N is a 50-digit number (in the decimal notation). All the digits except the 26th 
digit (from the left) are 1. If N is divisible by 13, find the 26th digit. 
[RMO, 1990] 
Show that the equation х'+3= 4у(у + 1) has no integral solution. 
Show that there exists no positive integers m and n such that both т^ + п” and т> 
— i? are perfect squares. 
Find three consecutive integers each divisible by a perfect square greater than 1. 
Find three consecutive numbers, the first of which is divisible by a square, the 
second by a cube and the third by a fourth power. 
Solve the equation у = х + SX – 6x + 8 for positive integers x and у. 
[RMO, 2000] 
Suppose N is an n-digit positive integer such that (a) all the n-digits are distinct 
and (b) the sum of any three consecutive digits is divisible by 5. Prove that л is at 
most 6. Further, show that starting with any digit one can find a six-digit number 
with these properties. [RMO, 1996] 
(i) Consider two positive integers a and b which are such that аЬ? is divisible by 
2000. What is the least possible value of the product ab. 
(ii) Consider two positive integers a and b which are such that a^^ is divisible by 
2000. What is the least possible value of the product ab. [RMO, 2000] 


Prove that if leashes 


i . А 

ў is expressed as a fraction, where p 2 5 is а 
p- 

prime, then р? divides the numerator. 


Challenge Your Understanding 


1. 


Let a and b be two positive rational numbers, such that, ¥a+%Jb is rational. 
Prove that 3/a and 3/b themselves are rational. [INMO, 1998] 


. We call an integer ‘FORTUNATE’ if it can be expressed in the form n = 54x? 


+37 y for some integers x and y. Prove that, if ‘n’ is ‘fortunate’, then, 1999n is 
also ‘fortunate’. 


. We define ‘Funny Numbers’ as follows 


(1) Every single digit prime is ‘Funny’. 

(11) A prime number with two or more digits is ‘Funny’ if the numbers obtained 
by deleting either its leading digit or its unit digit are both ‘Funny’. Discover 
all ‘Funny Numbers’ in the set N. 


10. 


11. 


12. 
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14. 


15. 


16. 


17. 


18. 


. A natural number n is said to be a ‘superstar’ if the number is less than 10 times 


the product of its digits. 
(i) Examine if 10 and 200 are ‘superstar’ numbers. 
(ii) Find the number of ‘superstar’ numbers between 10 and 200. 


. Show that т> + 3m^n – 5s? n? —15m?n? + 4mn* +12n> — 33 = 0 has no solution 


in integers m, n. 


. Find the least natural number whose last digit is 7 such that it becomes 5 times 


larger when this last digit is carried to the beginning of the number. 
1 1 


. Consider the set 4 of numbers t | sil we delete two of them, say ‘a’ 


273777 2013 
апа ‘b’ and in their place, we put only one number (a + b + ab). After performing 
the operation 2012 times, what is the number that is left? 


. Prove that for every natural number m 2 2 there exists m distinct natural numbers 


1-1 1 1008 
т, M, +++, My, Such that — + — +: + — = : 
non n, 2012 


. Anintegerz will be called ‘good’ if we can write n 2a, a5 ... a, wherea, a», ..., 


1 1 
a, are positive integers (not necessarily distinct) satisfying m + Ж Жр 7 =1. 
1 & k 
Given the information that the integers 33 through 73 are good, prove that every 
integer greater than or equal to 33 is good. 
[USA MO, 1978] 
Three nonzero real numbers a, b, c are said to be in harmonic progression 1f 


1 2 | aw | 
кире зш P Find all three-term harmonic progression a, b, c of strictly increasing 
a c 


positive integers in which a = 20 and b divides c. [RMO, 2008] 


Prove that for every positive integer п there exists a positive integer x such that 
each of the terms of the infinite sequence x +1, x* +1, х" +1, ... is divisible by n. 


Determine the 3-digit numbers, which are equal to eleven times the sum of the 

squares of their digits. [IMO, 1960] 

7-digit numbers are formed by the digits 1, 2, 3, 4, 5, 6, 7. In each number, no 

digit is repeated. Prove that among all these numbers, there is no number, which 

is a multiple of another number. 

Prove that among any 39 consecutive natural numbers it is always possible to find 

one whose sum of digits is divisible by 11. 

Find one pair of positive integers a, b such that, 

(i) ab(a + b) is not divisible by 7. 

(ii) (a + b)'— a! — b! is divisible by 7’. [IMO, 1984] 

Positive integers are written on all the faces of a cube, one on each. At each cor- 

ner (vertex) of the cube, the product of the numbers on the faces that meet the 

corner is written. The sum of the numbers written at all the corners is 2004. If T 

denotes the sum of the numbers on all the faces, find all the possible values of 7. 
[RMO, 2004] 

Find all natural numbers n, such that, n + s(n) + s(s(n)) = 2010, where s(n) = sum 

of the digits of n. (Example n = 238; s(n) = 13; s(s(n) = 4.) 

Find the smallest n, such that, any sequence aj, a5, аз ..., a, whose values 

are relatively prime square-free integers between 2 and 1995, must contain a 

prime. 


Number Theory 


6.73 


6.74 


Chapter 6 


19. 
20. 


21. 
22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


What is the smallest perfect square that ends with 9009? 
Let 5, = (1, n, m, n, ...) where n is an integer greater than 1. Find the smallest 
number k = k(n) such that there is a number which may be expressed as a sum of 
k (possibly repeated) elements of S, in more than one way. Rearrangements are 
considered the same. 
Find all positive integers n, such that ^ + 3" is perfect square. 
Prove that there is an infinite number of non-congruent triangles T such that 
(i) the lengths of the sides of T are consecutive integers and 
(ii) the area of T'is an integer. 
Prove that the area of a right triangle with integral sides can never be a perfect 
square. 
Prove that every even integer can be written in the form (x + yy + 3x + у with x, 
y non-negative integers. 
Find the positive integers n with exactly 12 divisors 1 = di < d; < d} <: < d 
= n such that the divisor with index d, — 1 (that is d; ;) is (dj + d; + d4) ds. 
[Russian MO, 1989] 
The geometric mean of any set of m non-negative numbers is the mth root of their 
product. 
(1) For which positive integers n is there a finite set S, of n distinct positive 
integers such that the geometric mean of any subset of 5, is an integer? 
(ii) Is there an infinite set S of distinct positive integers such that the geometric 
mean of any finite subset of S is an integer? 
[USA MO, 1984] 
What is the smallest integer п, greater than 1, for which the root mean square of 
the first n positive integers is an integer? 
[USA MO, 1986] 
Let a and В be the roots of the quadratic equation x? + mx — 1 = 0, where m is an 
odd integer. Let 2, = а" + f", and n 2 0. Prove that for n = 0, (a) А, is an integer 
and (b) ged(A,,, А) = 1. [RMO, 2004] 


Find the least natural number n such that, if the set 4, = (1, 2, 3, ..., n) is arbitrarily 
divided into two non-intersecting subsets, then one of the subsets contains 3 dis- 
tinct numbers such that the product of two of them equals the third. 
[IMO Shortlisted Problem, 1988] 
For the Fibonacci sequence defined by а, у =a, + a, (п > 1), а= 0, a; =a) = 1 
find the greatest common divisors of 1960th and 1988th terms of the Fibonacci 
sequences. [IMO Shortlisted Problem, 1988] 
(1) Given any positive integer п, show that there exist distinct positive integers x 
and y such that x + i divides у + j for j = 1,23, ..., n. 
(ii) If for some positive integers x and y, x + j divides y + j for all positive integers 
j, then x = y. [INMO, 1996] 
Determine the set of all positive integers n for which 3"! divides 2? + 1. Prove 
that 3"? does not divide 2? +1 for any positive integer n. [INMO, 1991] 
In any set of 181 square integers, prove that one can always find a subset of 19 
numbers, sum of whose elements is divisible by 19. [INMO, 1994] 
Let (a, ау, ..., алууу) be a permutation (that is a rearrangement) of the numbers 1, 
2, ..., 2011. Show that there exists two numbers j, k such that 1< j< k € 2011 


and |a - |-|a, =. [RMO, 2011] 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


Suppose the integers 1, 2, 3, ..., 10 are split into two disjoint collections а), a», аз, 
ад, as and b,, bz, b3, b4, b; such that a, < a, «a4 < a4 < a; and b, > b, > b» b,» 
" 


(i) Show that the larger number in any pair {а„ b;}, 1 <j < 5, is at least 6. 


(ii) Show that |a; — 5| - |a; — b; |+ |a; — b; |+ |a4 — b4 | + |as — 5 |= 25 for every 
such position. [RMO, 2002] 

A natural number п is chosen strictly between two consecutive perfect squares. 
The smaller of these two squares is obtained by subtracting k from n and 
the larger is obtained by adding / to n. Prove that n — kl is a perfect square. 
[RMO, 2011] 

Find three distinct positive integers with the least possible sum such that the sum 
of the reciprocals of any two integers among them is an integral multiple of the 
reciprocal of the third integer. [RMO, 2010] 
In a group of ten persons, each persons is asked to write a sum of the ages (in 
integers) of all the other 9 persons. If all the ten sums form the 9 element set 
(82, 83, 84, 85, 87, 89, 90, 91, 921 find the individual ages of the persons. 
[RMO, 1993] 

Let A be a set of 16 positive integers with the property that product of any 2 dis- 
tinct members of 4 does not exceed 1994. Show that there are numbers a and 5 in 
A such that gcd(a, b) > 1. [RMO, 1994] 


п>1 апа (bn) 
such that following conditions hold simultaneously, 
(i) 1<а<а<а;<...; 


Prove that there exists infinite sequences (a, ) of positive integers 


n2l 


(ii) a, <b, « a2, forall n2 1; 


n? 


(iii) a, — 1 divides 5, — 1, forall n z 1; 
(iv) a? —1 divides 52 —1, for all n 2 1. [RMO, 2008] 


Let a, b, c be three natural numbers such that a < b < c and gcd(c — a, c — b) = 1. 
Suppose there exists an integer d such that a + d. b + d, c + d forms the sides of a 
right triangle. Show that there exists integers /, m such that c+ d= P т. 

[RMO, 2007] 
Prove that there are infinitely many positive integers n such that n(n + 1) can be 
expressed as sum of squares of two positive integers in at least two different ways. 
(Here а? + P? and P? + а? are considered as the same representation). 

[RMO, 2006] 
A 6x 6 square is dissected into 9 rectangles by lines parallel to its sides such that 
all these rectangles have integer sides. Prove that there are always two congruent 


rectangles. [RMO, 2006] 

Determine all triples (a, b, c) of positive integers such that a < b < c and a + b + 

€ t ab + bc * ca = abc +1. [RMO, 2005] 
1 1 1 

Find all triples (a, b, с) of positive integers such that С + al + т |" + 1, -3. 
a c 

[RMO, 1996] 

Prove that the product of the first 1000 positive even integers differs from the prod- 


uct of the first 1000 positive odd integers, by a multiple of 2001.  |[RMO, 2001] 


Consider the set X = (1, 2, 3, ..., 9, 10}. Find two disjoint non empty subsets А 
and B of X such that 
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() AUB=X; 
(ii) prod (A) is divisible by prod (B), where for any finite set of numbers C, prod 
(C) denotes the product of all numbers in C; 

(iii) the quotient prod (A)/prod (B) is as small as possible. [RMO, 2003] 
Prove that the only solutions in positive integers of the equation m” = n" are 
т=п and (m, nj = (2,4). 
52 is the sum of two squares and 3 less than 52 is also a square. Prove that there 
exist infinitely such numbers, n such that n is the sum of two squares and (и — 3) 
is also a square. 
Find the number of quadratic polynomials, ax’ + bx + c, which satisfy the follow- 
ing conditions: 
(1) a, b, c are distinct, 
(ii) a, b, c € (1, 2, 3, ..., 1999} and 


(iii) x + 1 divides ax? + bx + c. [RMO, 1999] 
: : "T . 2 4mn 
Find all solutions in integers m, n of the equation (m- п) = RE. 
mrn— 
[RMO, 1999] 
If A is a fifty-element subset of the set (1, 2, 3, ..., 100} such that no two numbers 
from A add up to 100, show that A contains a square. [RMO, 1996] 


Given any positive integer п show that there are two positive rational numbers a 
and b, a + b, which are not integers and which are such that a — b, a bw —Ё, 
..., q^ — b” are all integers. [RMO, 1996] 
Find all natural number n for which every natural number, whose decimal repre- 
sentation has (n — 1) digits 1 and one digit 7, 1s prime. 


If 2-- 24285? +1 is an integer, prove that it must be a square. 
Show that the equation а? + 2D? + 4c? = 9d? has no non-trivial integer solutions. 
Let (x,) and {y,} be two sequences of integers defined as follows: 


xj-Lhx;-lLlx,;4i-x,T2x,49212,5,... 


Уо =Ly = T, Yny =2y, *3y, 4,7 =1,2,3,... 


Thus, the first few terms of the sequence are 
x51,1,3,5,11, 21, ... 
y- 1, 7,17, 55, 161, 487, ... 
Prove that except for the 1 there is no term which occurs in both the sequences. 
[USA MO, 1973] 
Let gcd(a, Б) = 1. 
(i) Show that the equation ax + by = n has no solution in non-negative integers 
x and y if n 2 ab — a — b, but has a solution if n » ab — a — b. 
(ii) Show that exactly one ofthe equations ax + by 2 m, ax+by=nhasasolu- 
tion in non-negative integers x and y if m + n 2 ab — a — b. 


1 T 11: 
(iii) Show that there are 3 (a —1)(b—1) positive integers n not, expressible in the 


form ax + by with x, y € No. 


(iv) Show that the sum of such integers as in part (iii) 1s 1 (a -D(b-1)(2ab—a 
—b- 1). 

Find all x e N for which the product of the digits d(x) of x, when x is writen in 

decimal notation equals x? — 10x — 22. 

Prove that y? = х? + 7 has по integral solution. 
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7.| DEFINITION OF FACTORIAL 


The falling product of first n natural numbers is called the "n factorial" and is denoted 
by n! or |n. 

That 15, n! = n(n — 1) (n- 2) ... 3x2x1 

For example, 4! 24x3x2x1224; 5!=5x4x3x2x1=120; 


Qn)! 12:3-(2n-1)2n) 


(by using the definition of factorials) 


n! n! 
_ {1-3-5---(2n-I}{2-4-6---2n}  {1-3-5---(2n—1)} 2^ n! 
n! n! 


(By taking 2 out from all terms of the second factor in Numerator) 
= {1-3-5+-- (2n- 1)) 2" 
Factorials of proper fractions and of negative integers are not defined. Factorial n is 
defined only for whole numbers. 


7.1.1 Properties of Factorial 


(a) 
(b) 


(c) 


(d) 


Example 1 /f 2 


0! = 1 (by definition) 
п! =1х2х ...х(п- ) хи= П х2х ... х (и |] и= (п 1) п 
Thus, n! = и ((n — 1)!) 
If two factorials, i.e., x! and y! are equal, then 
(x, y) = (0, 1) or (1, 0) or (k, k) V ke №, 
n! ends in 0, for all n > 4. (Number of 5’s in n!, n > 4, is always less than the num- 
ber of 2%. Therefore for every 5, there is a 2. Hence n!, n > 4, ends in 0). 
n! 


Р ! 
4\(n—4)! 


! 
( т 2)! an are in the ratio 2:1, then find the value of n. 
п— 2)! 
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n! 
2(n-2) 2  n!x4l((n-4) 2 4x3 2 
Solution: =-> =— = = 
п! ] 2!(я-2)!хп! 1 (n-2)x(n-l1 1 
4\(n—4)! 


= (п– 2) (п– 3)=6 = n -5n20— п= 0, 5 
But, for n = 0, (п — 2)! and (n — 4)! are not meaningful 
So,n=5. 


7.2 Basic COUNTING PRINCIPLES 


7.2.1 Addition Principle 


Let A = {а a5 ..., а„} and B= {b}, bo,..., Б„} be sets. 

Let A and B be disjoint (or mutually exclusive) set, i.e., А r^ B = ф (the empty set). 

Then an element of A or an element of B can be chosen in n + m ways. 

It can be extended as 

Let a set A; have k; elements and any two sets 4,$ be disjoint, i = 1, 2,..., n. Then 
any element of A, or A, ог... or A, can be chosen in k, + k, + --- +k, ways. 

In set theoretic notation, the extended form is stated as: 

If Aj, i= 1, 2,..., n, are n finite pair-wise disjoint (or mutually exclusive) sets, i.e., 
АА = 6 fori £j; і, ј = 1, 2,... п; then 


U4l= 2, |a| 
i=l {= 


That is, the cardinality of the union of finite number of pair-wise disjoint finite sets is 
the sum of the cardinalities of the individual sets. 

Here |A,| is the number of elements of the set А,. Other notations for number of ele- 
ments of the set А, are n(A;) or #(A,), etc. 


In other words: 

If there are 
n, ways for the event E, to occur 
n, ways for the event E», to occur 


n, ways for the event ЕЁ, to occur 


where k= 1, andifthese are pair-wise disjoint (or mutually exclusive), then the number 
k 


of ways for at least one of the events E}, Е,,..., Ep to occuris m +m +: +n; = Ут. 

i=l 
Example 2 There are 15 gates to enter a city from north and 10 gates to enter the city 
from east. In how many ways a person can enter the city? 


Solution: Number of ways to enter the city from north = 15. 
Number of ways to enter the city from east = 10. 

A person can enter the city from north or from east. 

So, number of ways to enter the city = 15 + 10 = 25. 


Example 3 There are 15 students is a class in which 10 are boys and 5 are girls. The 
class teacher selects either a boy or a girl for monitor of the class. In how many ways 
the class teacher can make this selection? 


Combinatorics VES 


Solution: A boy can be selected for the post of monitor in 10 ways. 
A girl can be selected for the post of monitor in 5 ways. 
Number of ways in which either a boy or a girl can be selected = 10 + 5 = 15. 


Example 4 Find the number of two digit numbers (having different digits) which are 
divisible by 5. 


Solution: Any number of required type either ends in 5 or in 0. Number of two digit 
numbers (with different digits) ends with 5 is 8 and that of ends with 0 is 9. 
Hence, by addition principle the required number of numbers is 8 + 9 = 17. 


7.2.2 Multiplication Principle 


Let A = {a}, a5,..., a,} and B = {b}, bz, ..., Б„} be sets. 

An ordered pair (a, b), where a є A, b e B, can be formed in n x m ways. 

It can further be extended as 

Let a set A; have k; elements, i= 1, 2, ..., n. 

An ordered n-tuple (а a5,..., a, ) where a; є А, for each i, can be formed in 
k X kx ky X +++ X К, ways. 

In set theoretic notation, the above principle is stated as: 


LIA = A x Ay xx А, = ((a,,05 d5,...,0,) : a; € Aj i= 1, 2, 3, ..., r} denotes the 


i=l Ў 


Па 


i=l 


r 


= [|4]. 


i=l 


cartesian product of the finite sets А, 4», ..., 4, then 


In other words: 

If an event E can be decomposed into r ordered sub events Ej, E», ..., E. and if there 
are n, ways (independent to other sub events) for E, to occur, n, ways (independent 
to other sub events) for the event E, to occur, ..., п, ways (independent to other sub 
events) for E, to occur, then the total number of ways for the event Е to occur is given 
by ni хл, X+ XN, 


Example 5 A Hall has 3 gates. In how many ways can a man enter the hall through 
one gate and come out through a different gate? 


Solution: Suppose the gates are A, B and C. Now there are 3 ways (A, B or C) of А 
entering into the hall. After entering into the hall, the man come out through a dif- B«Cc 
ferent gate in 2 ways. Hence, by the multiplication principle, total number of ways is A 
3 x 2 = 6 ways. с<в 


Example 6 There are 3 routes to travel from City A to City В and 4 routes to travel 
from City B to City C and 7 routes from C to D. In how many different ways (routes) a 
man can travel from City A to City D via City B and City C. 


о —. 


City A City B City C City D 
3 ways 4 ways 7 ways 


Solution: 


The man can perform the task of travelling from City A to City B in ways = 3. 
The man can perform task of travelling from City B to City C in ways = 4. 
Similarly from City C to City D in ways = 7. 
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Place: 


Number 
of choices: 5 


21 20 19 4 


Using fundamental principle of counting, total routes to travel from A to D via B 
and via C 2 mx nxp-3x4x7284 routes. 


Example 7 Jf S= (a, b, c,..., х, у, 2}, find the number of five-letter words that can be 
formed from the elements of the set S, such that the first and the last letters are distinct 
vowels and the remaining three are distinct consonants. 


Solution: 


As there are 5 vowels and 21 consonants, position 1 and 5 can be filled in 5 and 4 ways 
respectively and 2, 3, 4 can be filled in 21, 20 and 19 ways respectively. Therefore, the 
total number of ways 

=5x4x21x20~x 19 


= 400 x 399 = 159600. 


Example 8 4 city has 12 gates. In how many ways can a person enter the city through 
one gate and come out through a different gate? 


Solution: Since, there are 12 ways to enter into the city. After entering into the city, the 
man can come out through a different gate in 11 ways. 
Hence, by the fundamental principle of counting. 

Total number of ways is 12 x 11 = 132 ways. 


Example 9 4 basket contains 12 apples and 10 oranges. Ram takes an apple or an 
orange. Then Shyam takes an apple and an orange. In which case does shyam have 
more choice: When Ram takes an apple or when he takes an orange? (Consider apples 
and similarly oranges are distinguishable.) In how many ways both of them can take 
the fruits? 


Solution: 


Case 1: Ram takes an apple 
Shyam has to take one apple and one orange from 11 apples and 10 oranges. 
Number of ways in which Shyam can take his fruits = 11 x 10 = 110. 


Case 2: Ram takes an orange 

Shyam has to take one apple and one orange from 12 apples and 9 oranges. 
Number of ways in which Shyam can take his fruits = 12 x 9 = 108. 
Shyam has more choice when Ram takes an apple. 
Using addition principle, number of ways in which both can take a fruit 
=12x 110+ 10 x 108 
= 1320 + 1080 = 1400 


Example 10 4 number lock has 3 concentric rings on which the digits 0, 1,2, ..., 9 are 
engraved. Only one particular arrangement on the rings, say ABC, against an arrow 
opens the lock. What is the number of unsuccessful attempts to open the lock? 


Solution: Total number of numbers formed by the digits 0, 1, 2,..., 9 on the three rings 
= [0x 10 x 10 (by multiplication principle) and number of successful attempts = 1 
= Number of unsuccessful attempts = 10° — 1 

= 999 


Note: Here the method for counting used is called indirect method of counting.) 


Example 11 4 binary sequence consists of 0% or 1 5 only. Find the number of binary 
sequences having n terms. 


Solution: Since every term of the binary sequence has two options (0 or 1), therefore 
2x2x2x---x 2 


= 2" (using multiplica- 
n times 


the number of binary sequences of n terms = 


tion principle). 


Example 12 How many (1) 5 digit (її) 3-digit numbers can be formed using 1, 2, 3, 7, 
9 without any repetition of digits. 


Solution: 
(1) 5-digit numbers: 

Making a 5 digit number is equivalent to filling 5 places. 
The last place (unit's place) can be filled in 5 ways using any of the five given 
digits. 
The ten's place can be filled in four ways using any of the remaining 4 digits. 
The number of choices for other places can be calculated in the same way. 
Number of ways to fill all five places 
=5x4x3x2x1=5!=120 
=> 120 five-digit numbers can be formed. 

(ii) 3-digit numbers: 
Making a three-digit number is equivalent to filling three places (unit’s, ten’s, 
hundred’s). 
Number of ways to fill all the three places = 5x 4x 3 = 60 


=> 60 three-digit numbers can be formed. 


Example 13 How many 3-letter words can be formed using a, b, c, d, e if: 

(1) Repetition is not allowed 

(1) Repetition is allowed? 

Solution: 

(1) Repetition is not allowed: 

The number of words that can be formed is equal to the number of ways to fill 
the three places. 
First place can be filled in five ways using any of the five letters (a, b, c, d, e). 
Similarly second and third places can be filled using 4 and 3 letters respectively. 
=> Total number of ways to fill = 5 x 4x 3 = 60. 
Hence 60 words can be formed. 

(ii) Repetition is allowed: 
The number of words that can be formed is equal to the number of ways to fill 
the three places. 
First place can be filled in five ways (a, b, c, d, e). 
If repetition is allowed, each of the remaining places can be filled in five ways 
using a, b, c, d, e. 
Total number of ways to fill = 5x 5x 5 = 125. 
Hence 125 words can be formed. 


Example 14 How many four-digit numbers can be formed using the digits 0, 1, 2, 3, 
4, 5 without repetition? 


Solution: For a four-digit number, we have to fill four places and 0 cannot appear in 
the first place (thousand’s place). 
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Place: 


Number 
ofchoices:1 2 3 4 5 


Place: (| [| 


Number 
of choices: 1 2 3 


Place: 


Number 
of choices: 5 4 3 


Place: 


Number 
of choices: 5 5 5 
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Number 
of choices: 


5 


5 


4 


3 


Place: 


Number 


of choices: 4 4 3 


Place: 


Number 


of choices: 4 4 3 


Place: 


Number 
of choices: 5 


4 3 


2 


1 


For the first place, there are five choices (1, 2, 3, 4, 5); Second place can then be filled in 
five ways (0 and remaining four-digits); Third place can be filled in four ways (remain- 
ing four-digits); Fourth place can be filled in three ways (remaining three-digits). 
Total number of ways = 5x 5 x 4 x 3 = 300 
=> 300 four-digits numbers can be formed. 


Example 15: /n how many ways can six persons be arranged in a row? 


Solution: Arranging a given set of n different objects is equivalent to fill л places. 
So arranging six persons along a row is equivalent to fill 6 places. 


Place: 


Number of choices: 6 5 4 3 2 1 


Number of ways to fill all places 2 6x 5x 4x3x2x126!- 720. 


Example 16 How many 5-digit odd numbers can be formed using digits 0, 1, 2, 3, 4, 
5 without repetition? 


Solution: Making a 5-digit number is equivalent to fill 5 places 
To make odd numbers, fifth place can be filled by either of 1, 3, 5, i.e., 3 ways. 
Number of ways first place can be filled in = 4 (excluding 0 and the odd number 
used for the fifth place). 
Similarly second, third and fourth places can be filled in 4, 3, 2 ways respectively. 
Using fundamental principle of counting, total number of ways to fill 5 places. 
= Total 5-digit odd numbers that can be formed = 4 x 4 x 3x 2x 3 = 288 ways. 


Example 17 How many 5-digit numbers divisible by 2 can be formed using digits 0, 
1, 2, 3, 4, 5 without repetition. 


Solution: To find 5-digit numbers divisible by 2, 
We will make 2 cases. In first case, we will find number of numbers divisible by 2 
ending with either 2 or 4. In second case, we will find even numbers ending with 0. 


Case 1: Even numbers ending with 2 or 4: 

Making a 5 digit number is equivalent to filling 5 places 

Fifth place can be filled by 2 or 4, i.e., 2 ways. 
First place can be filled in 4 ways (excluding 0 and the digit used to fill fifth place) 
Similarly places second, third and fourth can be filled in 4, 3, 2 ways respectively. 
Using fundamental principle of counting, total number of ways to fill all 5 places 

together = 4 X 4 x 3 x 2 x 2 = 192. (1) 


Case 2: Even numbers ending with 0: 
Making a 5-digit number is equivalent to fill 5 place. 
Fifth place is filled by 0, hence can be filled in 1 way. 
First place can be filled in 5 ways (Using either of 1, 2, 3, 4, 5). 
Similarly places second, third and fourth can be filled in 4, 3, 2 ways respectively. 
Using fundamental principle of counting, total number of ways to fill 5 places 
=5x4x3x2x1=120 (2) 
Combining (1) and (2), 
Total number of 5 digit numbers divisible by 2 = 192 + 120 = 312. 


Example 18 How many 5-digit numbers divisible by 4 can be formed using digits 0, 
1, 2, 3, 4, 5 without repetition? 


Solution: Making a 5-digit number is equivalent to fill 5 places. 
A number would be divisible by 4 if the last 2 places are filled by either of 04, 12, 20, 
24, 32, 40, 52. 


Case 1: 
Last 2 places are filled by either of 04, 20, 40. 
Fourth and fifth places can be filled in 3 ways. (either of 04, 20, 40). 
First place can be filled in 4 ways (excluding the digits used to fill fourth and fifth 
place. 
Similarly second and third place can be filled in 3 and 2 ways respectively. 
Using fundamental principle of counting, total number of ways to fill 5 places 
=4x3x2x3=72 ways (1) 


Case 2: 
Last 2 places are filled by either of 12, 24, 32, 52 
Fourth and fifth place can be filled in 4 ways (either 12, 24, 32, 52). 
First place can be filled in 3 ways (excluding 0 and the digits used to fill fourth and 
fifth place) 
Similarly, second and third place can be filled in 3 and 2 ways respectively. 
Using fundamental principle of counting, total number of ways to fill 5 place 
=3x3x2x4=72 ways. (2) 
Combining (1) and (2), 
Total number of ways to fill 5 places = Total 5-digit numbers divisible by 4 
=72+72 = 144. 


Example 19 How many six-digit numbers divisible by 25 сап be formed using digits 
0, 1, 2, 3, 4, 5 without repetition? 


Solution: Numbers divisible by 25 must end with 25 or 50. 


Case 1: Number ending with 25 


Place: ESTE SE AE LILI 


Number of choices: 3 3 2 1 1 1 


Using fundamental principle of counting, total 6 digit numbers divisible by 25 ending 
with 25 
=3 х3 ! = 18 numbers are possible. 


Case 2: Number ending with 50 


Place: 
Number of choices: 4 3 2 1 1 1 


Using fundamental principle of counting, total 6 digited numbers divisible by 25 end- 
ing with 50 

= 4! = 24 numbers are possible. 

Hence, total numbers of multiples of 25 

= 18 + 24 = 42. 


Example 20 Find the number of 4-digit numbers greater than 3400, when digits are 
chosen from 1, 2, 3, 4, 5, 6 with repetition allowed. 


Combinatorics 


pA 


Place: 


Number 
ofchoices: 4 3 2 


Place: 


Number 
of choices:3 3 2 
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Place: 


Number 


of choices: 3 6 
Place: 3 
Number 

of choices: 1 6 


Solution: To count the number of numbers greater than 3400, we consider the follow- 
ing two cases: 


Case 1: Thousand’s place filled by 4 or 5 or 6 

(That is, thousand’s place can be filled in 3 ways) each digit (of last three digits) has 
6 options (i.e., they can be filled by any of 1, 2, 3, 4, 5, 6). Using multiplication prin- 
ciple, the number of such numbers = 3 x 6x 6x 6 = 648 


Case 2: Thousand’s place filled by 3 and hundred's place filled by 4 or 5 or 6. 
(That is, thousand's place can be filled in 1 way and hundred's place can be filled in 
3 ways) 
Using multiplication principle, the number of such numbers = 1 x 3x 6x 6 = 108 
Cases I and II are mutually exclusive (i.e., cannot occur together) and exhaustive 
(i.e., all possibilities are covered) 
2. Using addition principle, the number of 4-digit numbers greater than 3400, 
(formed by 1, 2, 3, 4, 5, 6) = 648 + 108 = 756. 


Example 21 Find the number of odd integers between 30,000 and 80,000 in which no 
digit is repeated. 


Solution: 
Let abcde be the required odd integers. 

а can be chosen from 3, 4, 5, 6 and 7 and e can be chosen from 1, 3, 5, 7, 9. Note 
that 3, 5 and 7 can occupy both the positions a and e. 

So, let us consider the case where one of 3, 5, 7 occupies the position a. 


Case 1: If a gets one of the values 3, 5, 7, then there are 3 choices for a, but then, e 
has just four choices as repetition is not allowed. Thus, a and e can be chosen in this 
case in 3 x 4= 12 ways. 

The 3 positions b, c, d can be filled from among the remaining 8 digits in 8 x 7x 6 
ways. Total number of ways in this case = 12 x 8x 7x 6 = 4,032. 


Case 2: If a takes the values 4 or 6, then there are two choices for a and there are five 
choices for e. 

There are again eight choices altogether for the digits 5, c, d which could be done 
in 8 x 7 X 6 ways. 

Therefore in this case, the total numbers are 2 x 5x 8 x 7 x 6 = 3,360. 

Hence, total number of odd numbers between 30,000 to 80,000, without repetition 
of digits is 4,032 + 3,360 = 7,392. 


Example 22 А number of four digits is to be formed from 1, 2, 3, 4, 5 and 6. Find the 
number of 4-digit numbers 
(1) if repetition of a digit is allowed. 
(ii) if no repetition of a digit is allowed. 
(111) How many of the numbers are divisible by 4, if 
(a) repetition is allowed? 
(b) repetition is not allowed? 


Solution: 

(i) Since each digit of a 4 - digit number can be one from 1, 2, 3, 4, 5, 6, therefore us- 
ing multiplication principle, the number of 4 digit numbers (repetition is allowed) 
-6x6x6x6-6' 

(ii) Using multiplication principle, the number of 4-digit numbers (repetition 1s not 
allowed) = 6 x 5 x 4 x 3 = 360 


(iii) If a number is divisible by 4, then the last two digits must form one of the follow- 

ing numbers : 

12, 16, 24, 32, 36, 44, 52, 56, 64 ( 9 in all) 

(a) Number of numbers, divisible by 4 (repetition is allowed) = 6 x 6 x 9 = 324 

(b) Number of numbers, divisible by 4 (repetition is not allowed) = 4 x 3 x 8 = 96 
Note that in (a), to fill the places of last two digits (considered it as one 2-digit number) 
9 options are available as stated above. 

Note that in (b), since repetition is not allowed, so the number formed by the last 

two digits cannot be 44. So it can be one from the remaining 8 options. 


Example 23 Find the sum of all five-digit numbers that can be formed using digits 1, 
2, 3, 4, 5 if repetition is not allowed? 


Solution: There are 5! = 120 five digit numbers and there are 5 digits. Hence by sym- 
metry or otherwise we can see that each digit will appear in any place (unit's or ten's 


5! 
Or...) — times. 
5 


Let X = Sum of digits in any place 


! ! ! ! ! 
ME CR LU COUP INCUN Fee CUNT 
5 5 5 5 5 


! ! 
э X = Ëx(5+4+3+2+)=Ž(15)=51x3 


— The sum of the all numbers = X + 10X + 100X + 1000X + 10000X 
=X(1+10+ 100 + 1000 + 10000) 
= 51х3 (1+ 10+ 100 + 1000 + 10000) 
= 120 x3 (11111) = 3999960. 


Example 24 Find the sum of the four digit numbers obtained in all possible permuta- 
tions of the digits 1, 2, 3, 4. 


Solution: There are 4! (= 24) 4-digit numbers made up of 1, 2, 3, 4. In these 24 num- 
bers, in unit place all 1, 2, 3, 4 appear 3! (=6) times. Similarly, in the ten’s, hundred’s, 
thousand’s places too, they appear 6 times. 
Sum = 6(4+3+2+1) + 10 x 6 (4+3+2+1)+100 x 6(4+3+2+1)+1000 x 6(4+3+2+1) 
= 60 + 600 + 6000 + 60000 = 66, 660 


Example 25 Find the sum of 5-digit numbers obtained by permuting 0, 1, 2, 3, 4. 


Solution: There are 5! (= 120) 5-digit numbers made up of 0, 1, 2, 3, 4. In all these 
120 numbers in unit’s place all 0, 1, 2, 3, 4 appear 4! (= 24) times. Similarly in ten’s, 
hundred’s, thousand’s and ten thousand’s places too they appear 24 times. 

Sum of 5-digit numbers made up of 0, 1, 2, 3, 4 


= 24(1+2+3 +4) + 10 х 24(1+2+3 +4) + 100 х 24(1+2+3 +4) 
+ 1000 х 24 (1+2 +3 + 4) + 10000 х 24(1+2+3 + 4) 
= 240 + 2400 + 24000 + 240000 + 2400000 = 26,66,640. 
Required sum = Sum of 5-digit numbers made up of 0, 1, 2, 3, 4 — sum of 4 digit num- 
bers made up of 1, 2, 3, 4 


= 26,66,640 — 66660 {Obtained from previous example} 
= 25,99,980. 
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Example 26 Find the sum of all four digit numbers that can be formed using the digits 
0, 1, 2, 3, 4, no digits being repeated in any number. 


Solution: Required sum of numbers = [Sum of four digit numbers using 0, 1, 2, 3, 4, 
allowing 0 in first place] — [Sum of three digit numbers using 1, 2, 3, 4]. 


= [041424344] [1410+ 107+ 10] (1 +2+3+4) (1+ 10+ 10) 


= 24x 10x 1111—6x 10x 111 = 259980. 


Example 27 Let S be the set of natural numbers whose digits are chosen from (1, 2, 
3, 4} such that 


(i) When no digits are repeated, find n(S) and the sum of all numbers in S. 
(п) When S is the set of up to 4-digit numbers where digits are repeated. Find |S| and 
also find the sum of all the numbers in S. 


Solution: 

(1) S consists of single-digit numbers, two-digit numbers, three-digit numbers and 
four-digit numbers. 
Total number of single-digit numbers = 4 
Total number of two-digit numbers = 4 x 3 = 12 
(Since repetition is not allowed, there are four choices for tens place and three 
choices for units place.) 
Total number of three-digit numbers = 4 x 3 x 2 = 24 
Total number of four-digit numbers = 4 x 3 x 2 x 1 = 24 

n(S)=44+ 12 + 24 + 24 = 64. 
Now, for the sum of these 64 numbers, sum of all the single-digit numbers = 
1+2+3+4= 10. 
(Since there are exactly 4 digits 1, 2, 3, 4 and their numbers are 1, 2, 3 and 4.) 
Now, 
The total number of two-digit numbers is 12. 
The digits used in units place are 1, 2, 3 and 4. 
In the 12 numbers, each of 1, 2, 3 and 4 occurs thrice in units sen 2 = J 
Again in tens place, each of these digits occurs thrice. 
So, sum of these 12 numbers 
=30х(1+2+3+4)+3х(1+2+3+4) 
= 300 + 30 = 330. 

The number of three-digit numbers is 24. 
So, the number of times each of 1, 2, 3, 4 occurs in each of units, tens and hun- 


dreds place is = =6. 

So, the sum of all these three-digit numbers is 

100 x 61 +24+34+4)4+ 10 х 614+24+3+44+1x 614+2+4+3+4 4) 
= 6,000 + 600 + 60 = 6,660. 

Similarly, for the four-digit numbers, the sum is computed as 

1000 x 61 +24+3+4)+ 100 x 6(1+2 +3 + 4) + 10x 6(1+2 +3 + 4) 
+1х6(1+2+3 +4) = 60,000 + 6,000 + 600 + 60 = 66,660 


[Since there are 24 four-digit numbers, each of 1, 2, 3, 4 occurs in each of the four 


eq . 24 А 
digits m = 6 times.] 


So, the sum of all the single-digit, two-digit, three-digit and four-digit numbers = 
10 + 330 + 6,660 + 66,660 = 73,660. 
(п) (a) There are just four single-digit numbers 1, 2, 3 and 4. 
(b) There are 4 x 4 = 16 two-digit numbers, as digits can be repeated. 
(c) There are 4 x 4 x 4 = 64 three-digit numbers. 
(d) There are 4x 4 x 4 x 4 = 256 four-digit numbers. 


So, total number of numbers up to four-digit numbers that could be formed using 
the digits 1, 2, 3 and 4 is 4+ 16+ 64+ 256 = 340. Sum of the 4 single-digit num- 
bers = 1+2+3+4= 10. To find the sum of 16 two-digit numbers each of 1, 2, 


: А 1 ; 
3, 4 occur in each of units and tens place = — = 4 times. 


So, the sum of all these 16 numbers is 
=10х4(1+2+3+4)+4(1+2+3+4) 
= 400 + 40 = 440. 

Similarly, the sum of all the 64 three-digit numbers 


=100x (1424344) 10x x 12634) Mx x(1+2+3+4) 


= 16,000 + 1,600 +160 = 17, 760. 


Again the sum of all the 256 four-digit numbers 


= 1000 x(1+2+3+4)+100x 2 x (024344) 


H10x x (12434) e b 12434) 


= 6,40,000 + 64,000 + 6,400 + 640 = 7,11,040 


Therefore, the sum of all the numbers is 
=10 + 440 + 17,760 + 7,11,040 = 7,29,250. 


Build-up Your Understanding 1 


1. How many four digit numbers can be made by using the digits 1, 2, 3, 7, 8, 9 when 
(1) repetition of a digit is allowed? 
(11) repetition of a digit is not allowed? 

2. Find the total number of 9-digit numbers of different digits. 

3. Find the total number of 4 digit number that are greater than 3000, that can 
be formed by using the digits 1, 2, 3, 4, 5, 6 (no digit is being repeated in any 
number). 

4. How many numbers greater than 1000 or equal to, but not greater than 4000 can 
be formed with the digits 0, 1, 2, 3, 4, repetition of digits being allowed? 

5. How many numbers between 400 and 1000 (both exclusive) which can be made 
with the digits 2,3,4,5,6,0 if 
(1) repetition of digits not allowed? 

(11) repetition of digits is allowed? 

6. A variable name in a certain computer language must be either an alphabet or a 
alphabet followed by a decimal digit. Find the total number of different variable 
names that can exist in that language. 
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21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


. Tanya typed a six-digit number, but the two 1% she typed did not show. What ap- 


peared was 2006. Find the number of different 6-digit numbers she would have 
typed. 


. A letter lock consists of three rings each marked with fifteen different letters. It is 


found that a man could open the lock only after he makes half the number of pos- 
sible unsuccessful attempts to open the lock . If each attempt takes 10 seconds. 
Then find the minimum time he must have spent. 


. Find the number of 6-digit numbers that can be formed using 1, 2, 3, 4, 5, 6, 7 so 


that digits do not repeat and terminal digits are even. 


. Find the total number of numbers that can be formed by using all the digits 1, 2, 


3,4, 3, 2, 1 so that the odd digits always occupy the odd places. 


. Find the number of 6-digit numbers which have 3 digits even and 3 digits odd, if 


each digit is to be used atmost once. 


. Find the number of 4-digits numbers that can be made with the digits 1, 2, 3, 4 


and 5 in which at least two digits are identical. 


. Find the number of 5-digit telephone numbers having atleast one of their digits is 


repeated. 


. Find the number of 3-digit numbers having only two consecutive digits identical. 
. Find the number of different matrices that can be formed with elements 0, 1, 2 or 


3, each matrix having 4 elements. 


. Find the number of 6-digit numbers in which sum of the digits is even. 
. Find the number of 5-digit numbers divisible by 3 which can be formed using 0, 


1, 2, 3, 4, 5 if repetition of digits is not allowed. 


. Find the number of 4-digit numbers divisible by 3 that can be formed by four dif- 


ferent even digits. 


. Find the number of 5-digit numbers divisible by 6 which can be formed using 0, 


1, 2, 3, 4, 5 if repetition of digits is not allowed. 


. Find the number of 5-digit numbers divisible by 4 which can be formed using 0, 


1, 2, 3, 4, 5, when the repetition of digits is allowed 

Natural numbers less than 10 and divisible by 4 and consisting of only the digits 
0, 1, 2, 3, 4 and 5 (no repetition) are formed . Find the number of ways of forma- 
tion of such number. 

Find the number of natural numbers less than 1000 and divisible by 5 which can be 
formed with the ten digits, each digit not occurring more than once in each number. 
Two numbers are chosen from 1, 3, 5, 7,..., 147, 149 and 151 and multiplied 
together. Find the number of ways which will give us the product a multiple of 5. 
A 7-digit number divisible by 9 is to be formed by using 7 digits out of digits 1, 
2, 3, 4, 5, 6, 7, 8, 9. Find the number of ways in which this can be done. 

Find the number of 9-digits numbers divisible by nine using the digits from 0 to 
9 if each digit is used atmost once. 

Among 9! permutations of the digits 1, 2, 3,..., 9. Consider those arrangements 
which have the property that if we take any five consecutive positions, the product of 
the digits in those positions is divisible by 7. Find the number of such arrangements. 
Find the number of distinct results which can be obtained when n distinct coins 
are tossed together. 

Three distinct dice are rolled. Find the number of possible outcomes in which at 
least one die shows 5. 

A telegraph has ‘m’ arms and each arm is capable of ‘n’ distinct positions includ- 
ing the position of rest. Find the total number of signals that can be made. 

Find the number of possible outcomes in a throw of n distinct dice in which at 
least one of the dice shows an odd number. 


31. Find the number of times the digit 5 will be written when listing integers from 1 
to 1000. 

32. Find the number of times of the digits 3 will be written when listing the integer 
from 1 to 1000. 

33. If 33! is divisible by 2", then find the maximum value of n. 


34. Let E RS ERE PEE) t to 50 t then find th 
. e = vem rm: - 
3 50 3 50 3 50 upto erms, then fin e expo 


nent of 2 in (E)!. 

35. 3-digit numbers in which the middle one is a perfect square are formed using the 
digits 1 to 9 . Find their sum. 

36. Findthe sum ofall the 4-digiteven numbers which can be formed by using the digits 
0, 1, 2, 3, 4 and 5 if repetition of digits 1s allowed. 

37. Find sum of 5-digit numbers that can be formed using 0, 0, 1, 2, 3, 4. 

38. Find sum of 5-digit numbers that can be formed using 0, 0, 1, 1, 2, 3. 

39. The integers from 1 to 1000 are written in order around a circle. Starting at 1, 
every fifteenth number is marked (that is 1, 16, 31, etc.) This process is continued 
until a number is reached which has already been marked, then find the all un- 
marked numbers. 

40. Let Sbe (1, 2, 3, 4, 5, 6, 7, 8, 9, 10}. Find the number of subsets 4 of S such that. 
xe Aand2x e S — 2x e А. 


7.3 COMBINATIONS 


7.3.1 Definition of Combination 


Let A, B, C, D be four distinct objects. The number of ways in which we can select two 
objects out of A, B, C and D is six and these are AB, AC, AD, BC, BD and CD. 

These ways of selection of two objects from four different objects are also known 
as combinations of A, B, C and D taken two at a time or we can say grouping of A, B, 
C and D taken two at a time. 

Similarly (a, b, c}, {b, c, d}, (a, c, d}, (a, b, dj are all the selections of 3 objects 
from a, b, c, d. So we say that the number of ways of selecting 3 objects out of given 
4 objects is 4 or the number of combinations of 3 objects out of given 4 objects is 4. 


Note: 

By changing the relative positions of objects, we do not get any new combinations. 

Combination (selection or group) of objects A, B is same as combination of objects 

B, A. Thus we treat AB and BA as same combination (selection or group). Formally 
A combination of objects is merely a selection (suppress order) from a given lot 

of objects, i.e., a combination is just a set, elements of which are not arranged in a 

particular way. 


7.3.2 Theorem 


n! 
The number of selections of r objects at a time out of n distinct, is Vince 


n 
This number is denoted as "C, or C(n, r) or | } 
ГА 


Proof: 


n 
| |] represents the number of selections of r — 1 objects out of n distinct objects. 
x 
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Number of ways to select rth object from remaining n — (r — 1) objects is n — (r 1). 
By multiplication principle, the number of ways to select r objects out of distinct 


n 
objects is apparently | | (п—т+ 1). 
r 


However, each selection is counted r times. Note that we are aiming at counting the 
unordered selections. 
For example, (a, b, c} or {b, a, c} or (c, a, b) are to be considered as one selection 


(not 3 selections) 
n-r«*l . 
Therefore "C, — "C, .., - (recurrence relation) 
r 


n n n-(r-1)+1 n pores 
C, = "С, 2 те 
r-l Pel 
о ECT ues 
r-2 
n-lIn-2)-(n-r-4] 
А п" Xn-2)--( ) 
; r(r-1):-24 
—1 =2 +++ — 1 
_ WMn-Y(n=2)--(=r+)) (Note that "C, = п) 
r(r-1)-2-1 


|. n(n-l1)-(n-rl)(n-r)n-r-1)--2.1 
(r(r -1)---2-D(n—r)n-r-1)---2-1) 
В п 


К FKn-r)! 


n! 


n EUNT 
in generat | )- r\(n-r)! 
r 0 , for<0 orr»mnmneNygreZ 


O<r<n;r,neNo 


0 
Note: о) is defined as 1. 


7.3.3 Properties of "| 0<г<п;г,п єй 
г 


Toi 


f |" п+1 
(vi) r+l | r+l 
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mires 
(е0 r ar r 


n 
Gx) (a) Ifnis even | is greatest for = = 
ГА 


п+1 
"ES 


n = 
(b) If 1 is odd, | | is greatest for r = = 
r 
nj. И п п 
In general | | is maximum at r= BH H 
Te 


Combinatorial proof of (v): 
Consider a group of n people. A committee of r people is to be selected, out of these 
selected r people one chairperson is nominated. 
This can be done in following two ways: 
(1) Select r people from n people and select one person for chairperson from se- 
lected r people. 


n r 
This can be done in| LH Ways. 
r 


Gi) Another alternative is to select one person as the chairperson from n people and 
select remaining (r — 1) people from remaining (n — 1) people. 


: . (n п—1 
This сап be done 16 М | ways. 
j= 
EFE =n 
r r-1 
Students are advised to develop the combinatorials proofs of the remaining properties. 


Example 28 /f "C, , = 36, "C, = 84 and "C, , , = 126, then find r. 


Solution: 
"C. _ 84 
"С, 36 
gei 7 ‚. "С, n-r*l 
14 3 9 wd F 
=> 3n-3r+3=7r 
=> 10r—3n =3 (1) 
and "Cia, _n-(r+1)+1 126 CC, n-r*l 
^C, (r1) 84 BO — 
Па д ЭРЕ 
r+1 2 
=> 5r-2n=-3 => 10r—4n=-6 (2) 


Subtracting Eq. (2) from Eq. (1), we get n = 9 
10r-272310 >r=30>r=3 
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Example 29 There were some men and two women participating in a chess tournament. 
Every participant played two games with every other participant. The number of games 
that the men played among themselves exceed by 66 that of the games which the men 
played with the two women. What was the total number of participants? How many 
games were played in all? 


Solution: Let the number of men participants be m. 
The number of games which men have played among themselves is (7) =m(m-1). 


The number of games which the men played with each of the two women is 2m x 2. 
[m men played 2 x m game with the first woman and another 2 x m game with the 
second woman.] 
According to the data given 
m(m = 1) - 2x2m — 66 

— m -5m-66-0 

= (т- 11)(т+ 6)=0 

=> т = 11(т = —6 is not acceptable) 


So, there are totally 11 + 2 = 13 players. 


= 156. 


The number of games played is 2 x PC, = 2х 13 a 


7.3.4 Some Applications of Combinations 
7.3.4.1 Always Including p Particular Objects in the Selection 


The number of ways to select r objects from n distinct objects where p particular 
objects should always be included in the selection =" "C, _„. 


Logic: 
We can select p particular objects in 1 way. Now from remaining (л — p) objects we 
select remaining (r — p) objects in" ^C, |, ways. 

Using fundamental principle of counting, number of ways to select r objects where 
p particular objects are always included 


= n-p Ер 
Sie Се "Gale 


Example 30 /n how many ways a team of 11 players be selected from a list of 16 play- 
ers where two particular players should always be included in the team. 


Solution: Number of ways to make a team of 11 players from 16 players always includ- 
: І 16-2 14 
ing 2 particular players = Cj.57 C, 


7.3.4.2 Always Excluding p Particular Objects in the Selection 


The number of ways to select r objects from n different objects where p particular 
objects should never be included in the selection =” "C, . 


Logic: 

As p particular objects are never to be selected, selection should be made from remain- 
ing n — p objects. Therefore r objects can be selected from (n — p) different objects in 
"РС, ways. 


Example 31 /n how many ways a team of 11 players can be selected from a list of 16 
players such that 2 particular players should never be included in the selection. 


Combinatorics 


Solution: The number of ways to select a team of 11 players from a list of 16 players, 
always excluding 2 particular players = -ag TE "o Ti 


Example 32 А mixed doubles tennis game is to be arranged from 5 married couples. 
In how many ways the game can be arranged if no husband and wife pair is included 
in the same game? 


Solution: To arrange the game we have to do the following operations. 
(i) Select two men from from 5 men in o^ Ways. 
(ii) Select two women from 3 women excluding the wives of the men already se- 
lected. This can be done in ^C; ways. 
(ш) Arrange the 4 selected persons in two teams. If the selected men are M, and M, 
and the selected women are W, and W,, this can be done in 2 ways : 
MW, play against M;W, 
MW; play against M, W4 
Hence the number of ways to arrange the game 
=°?С,?С, (2)= 10x 3x2 = 80. 


7.3.4.3 Exactly or Atleast or Atmost Constraint in the Selection 


There are problems in which constraints are to select exactly or minimum (atleast) or 
maximum (atmost) number of objects in the selection. In these problems, we should 
always make cases to select objects. If we do not make cases, we will get wrong answer. 
Following illustrations will show you how to make cases to solve problems of this type. 


Example 33 /n how many ways can a cricket team be selected from a group of 25 
players containing 10 batsmen, 8 bowlers, 5 all-rounders and 2 wicketkeepers? 
Assume that the team of 11 players requires 5 batsmen, 3 all-rounders, 2-bowlers and 
1 wicketkeeper. 


Solution: Divide the selection of team into four operations. 


(i) Selection of batsman can be done (5 from 10) in МС ways. 

(ii) Selection of bowlers can be done (2 from 8) in AE. ways. 

(iii) Selection of all-rounders can be done (3 from 5) in т С, ways. 

(iv) Selection of wicketkeeper сап be done (1 from 2) in aC ways. 

10!x8x7x10x2 

—Theteamcan be selected in ^C, x C, x C, x^C, ways 515121 = 141120. 
Example 34 /n a group of 80 persons of an association, a chairman, a secretary and 
three members are to be elected for the executive committee. Find in how many ways 
this could be done. 


Solution: This would be done in: 
Chairman can be elected in C, ways, 

Secretary can be elected in ^C, ways and the three members can be elected in "C, 
ways. 

So, the total number of ways in which this executive committee can be selected is 


78x 77x 76 
1x2x3 

= 80x 79x 13x77 x 76 

= 800,320 ways. 


50°С x TO x PC. =80х79х 
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Example 35 А box contains 5 distinct red and 6 distinct white balls. In how many ways 
can 6 balls be selected so that there are at least two balls of each colour? 


Solution: The selection of balls from 5 red and 6 white balls will consist of any of the 
following possibilities. 


Red Balls (out of 5) 2 3 
White Balls (out of 6) 4 3 


If the selection contains 2 red and 4 white balls, then it can be done in °C, °C, ways. 
If the selection contains 3 red and 3 white balls then it can be done in °C, °C, ways. 
If the selection contains 4 red and 2 white balls then it can be done in °C, °C, ways. 
Any one of the above three cases can occur. Hence the total number of ways to 

select the balls. 

eU DD Deu. G 

= 10(15) + 10(20) + 5(15) 

= 425. 


Example 36 /n how many ways a team of 5 members can Бе selected from 4 ladies and 
8 gentlemen such that selection includes at least 2 ladies? 


Solution: As the selection includes ‘atleast’ constraint, we make cases to find total 
number of teams. 


Ladies in the team Gentlemen in the team Number of ways to select team 
2 3 ^C; x °C, 
3 2 С.С; 
4 1 Со) 


Combining all cases shown in the table, total number of ways to select а team of 5 
members 


eC XE TUO xo teo tU eds. 


Example 37 /n a company there are 12 job vacancies. Out of 12, 3 are reserved for 
'reserved category' candidates and rest 9 are open for all. In how many ways these 
12 vacancies can be filled by 5 from ‘reserved category’ and 10 from general category 
candidates? 


Solution: There are 12 vacancies. As 3 are reserved for ‘reserved category’ candi- 

dates, it means we have to select 12 candidates (to fill 12 vacancies) such that selection 

should include at least 3 candidates from ‘reserved category’. As rest 9 vacancies are 

open for all, it means ‘reserved category’ candidates can also take these vacancies. 
As selection includes atleast constraint, we need to make following cases: 


Reserved category General category candidates Number of ways to select 
3 9 *0,x PG; 
4 8 5C, х 9С, 
5 7 56, x Pc, 


Combining all cases shown above, we get, number of ways to fill 2 vacancies 


eC x Cee M ape 
= 100 + 225 + 120 = 445 ways. 
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Example 38 4 man has 7 relatives, 4 of them ladies and 3 gentlemen; his wife has 7 
relatives, 3 of them are ladies and 4 gentlemen. In how many ways they can invite a 
dinner party of 3 ladies and 3 gentlemen so that there are 3 of man 5 relatives and 3 
of wife s relatives? 


Solution: The possible ways of selecting 3 ladies and 3 gentleman for the party can be 
analysed with the help of the following table. 


Man’s relative Wife’s relative 
Ladies (4) Gentleman (3) Ladies (3) Gentleman (4) Number of ways 
3 0 0 3 16,6, C, 6, - 16 
2 1 1 2 "Gc, C, C; 324 
1 2 2 1 АСС, ЗСС, = 144 
0 3 3 0 ^C, C, O1 


Total number of ways to invite = 16 + 324 + 1444+ 1 = 485. 


7.3.4.4 Selection of One or More Objects 


7.3.4.4.1 From n Distinct Objects 
The number of ways to select one or more objects from n different objects or we can 
say, selection of at least one object from n different objects = 2" — 1. 


Logic: 
The number of ways to select 1 object from n different objects = "C, 
The number of ways to select 2 objects from n different objects = "С, 


The number of ways to select n objects from n different objects = "С, 
Combining all above cases, we get the number of ways to select at least one (one or 
more) object from n different objects 

ССС Срна О, 

= 2" 1 [Using sum of binomial coefficients in the expansion of (1 + х)" = 2"] 


Alternate logic: 
Let us assume 4}, а), 43,..., а, be n distinct objects. Objects a, а a; d; 


719 


We have to make our selection from these n objects. Was 2 2 2 2 


We can make out selection from a, object in 2 ways. 

This is because either we will choose a, or we would not choose a,. Similarly selec- 
tion of a5, a3, ..., a, can be done in 2 ways each. 

Using fundamental principle of counting, the total number of ways to make selec- 
tion from d, az, ..., а, 


=2x2x2x2...n times 
22" 


But the above selection includes a case where we have not selected any object. On 
subtracting this case from 2" we get, the number of ways to select atleast one (one or 
more) object from n different objects = 2" — 1 
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Notes: 
1. The number of ways to select 0 or more objects from n distinct objects = 2” 
2. The number of ways to select at least 2 objects from n distinct objects 


=2"-1-"C, 
3. The number of ways to select at least r objects from n distinct objects 
=9" 1 "©, "С, "СУ "T "C, 0r" C," „+1* Cote + С,„ 


7.3.4.4.2 From п Identical Objects 
The number of ways to select one or more objects (or at least one object) from n identi- 
cal object = л. 


Logic: 


To select r objects from n identical objects, we cannot use | | formula here, as all 
" 


objects are not distinct. In fact, all objects are identical. It means we cannot choose 
objects. It does not matter which r objects we take as all objects are identical. 

The number of ways to select 1 object from n identical objects = 1 

The number of ways to select 2 object from n identical objects = 1 


The number of ways to select n objects from n identical objects = 1. 
Combining all above cases, we get 
Total number of ways to select 1 or more objects fron n identical objects 
=l+1+---ntimes=n 
Notes: 
1. The number of ways to select r objects from л identical objects is 1. 
2. The number of ways to select 0 or more objects from n identical objects =n + 1. 
3. The number of ways to select at least 2 objects from n identical objects = n — 1. 
4. The number of ways to select atleast r objects from n identical objects is 
n-(r-1-n-r-«l 
5. The total number of selections of some or all out of (p + q +r) objects where p are 
alike of one kind, q are alike of second kind and rest r are alike of third kind is 
(p+ 1) (9+1) (r+ 1) - 1. [Using fundamental principle of counting] 


7.3.4.4.3 From Objects Which are not All Distinct from Each Other 

The number of ways to select one or more objects from (p +q +r --- + n) objects where 
p objects are alike of one kind, q are alike of second kind, r are alike of third kind, ... 
and remaining 7 are distinct from each other 


= [0+ D (q* D (r1) 2"]-1. 


Logic: 
The numbers of ways to select 0 or more objects from p alike objects of one kind 2 p + 1 
The number of ways to select 0 or more objects from q alike objects of second kind 
=qtl 
The number of ways to select 0 or more objects from r alike objects of third kind 
=r+1 


The number of ways to select 0 or more objects from n distinct objects = 2” 


Combining all cases and using fundamental principle of counting, we get: 
Total number of ways to select 0 or more objects 
= [(р+ 1) (+1) (r* 1)... 2" (1) 
But above selection includes a case where we have not selected any object. So we 
need to subtract | from the above result if we want to select at least one object. 
Therefore, the total number of ways to select one or more objects (at least one) from 
p alike of one kind, q alike of another kind, r alike to third kind ... and n distinct objects 


= [(р+ 1) (+1) (+1)... ]2" 1 


Notes: 

1. The number of ways to select 0 or more objects from p alike of one kind, q 
alike of second kind, r alike of third kind and и distinct objects = (p + 1) (4 + 1) 
(r + 1) 2". 

2. The number of ways to select objects from p alike of one kind, q alike of second 
kind and r alike of third kind and n distinct objects such that selection includes at 
least one object each of first, second, and third kind and atleast one object from n 
different kind 2 pqr(2" — 1). 

3. The number of ways to select objects from p alike of one kind, q alike of second 
kind and r alike of third kind and n distinct objects such that selection includes at 
least one object of each kind = pqr. 


Example 39 A man has 5 friends. In how many ways can he invite one or more of them 
to a party? 


Solution: If he invites one person to the party, number of ways — "e 1 
If he invites two persons to the party, number of ways = aC, 
Proceeding on the similar pattern, total number of ways to invite 


=°C, + °C, + °C, + °C, + °C, 
=5+10+10+5+1= 31 


Alternate Method: 
To invite one or more friends to the party, he has to take 5 decisions, one for every 
friend. 

Each decision can be taken in two ways, invited or not invited. 

Hence, the number of ways to invite one or more 


= (number of ways to make 5 decisions - 1) 
=2x2x2x2x2-1=2°-1=31 
Note that we have to subtract 1 to exclude the case, when all are not invited. 
Example 40 Prove that there are 2(2" ! — 1) ways of dealing n distinct cards to two 


persons. (The players may receive unequal number of cards and each one receiving at 
least one card). 


Solution: Let us number the cards for the moment. Let us accept the case where all the 
cards go to one of the two players, also with just two cards, we have the possibilities, 


AA AB BA BB (1) 


Here, AA means A gets card 1 and also card 2, 
AB means A gets card | and B gets card 2, 
BA means B gets card 1 and A gets card 2, 
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BB means B gets card 1 and also card 2. 
Thus, for two cards we have four possibilities. 
For three cards 
AAA, ABA, BAA, BBA, AAB, ABB, BAB, BBB (2) 
That is, for three cards there are 2? = 8 possibilities. Here, 1f the third card goes to A, 
then, in Eq. (1) annex A at the end, thus getting 
AAA, ABA, BAA, BBA. 
Thus, the possibilities doubled, when a new card (third card) is included. 
In fact just with one card it may either go to A or B. 
By annexing the second card, it may give 


AA BA giving (1) 
AB BB 


Thus, every new card doubles the existing number of possibilities of distributing the 
cards. 

Hence, the number of possibilities with n cards is 2". But this includes the 2 distri- 
butions where one of them gets all the cards, and the other none. 

So, total number of possibilities is 2" —2 = 2(2"  ! — 1). 


Note: We can look at the same problem in the following way. The above distribution 
of cards is the same as number of possible n-digit numbers where only two digits 1 
and 2 are used, and each digit must be used at least once. This is 2"— 2 = 2(2" ^! — 1). 
Aliter: Since л cards are dealt with and each player must get at least one card, player 
1 can get r cards and player 2 get (n — r) cards where 1 <r € n – 1. Now, player 1 can 
get r cards in C(n, r) ways. Total number of ways of dealing cards to players 1 and 2 


n-l n 
= У С(п, r) = У С(п, r) - C(n, 0)- C(n, п) = 27-2. 
г=1 г=0 


Example 41 Find the number of ways in which one or more letters сап be selected 
from the letters: 
AAAABBBCDE 


Solution: The given letters can be divided into five following categories: (AAAA), 
(BBB), C, D, E 
To select at least one letter, we have to take five decisions—one for every category. 
Selections from (AAAA) can be made in 5 ways: include no A, include one A, include 
AA, include AAA, include AAAA. 

Similarly, selections from (BBB) can be made in 4 ways, and selections from C, D, 
E can be made in 2 x 2 x 2 ways. 

=> Total number of selections = 5 x 4 x (2x 2x 2) – 1 = 159 

(excluding the case when no letter is selected). 


Example 42 The question paper in the examination contains three sections: A, B, C. 
There are 6, 4, 3 questions in sections A, B, C respectively. A student has the freedom 
to answer any number of questions attempting at least one from each section. In how 
many ways can the paper be attempted by a student? 


Solution: There are three possible cases: 


Case 1: Section A contains 6 questions. The student can select at least one from these 
in 2°-1 ways. 


Case 2: Section B contains 4 questions. The student can select at least one from these 
in 1 ways. 
Case 3: Section C can similarly be attempted in ded ways. 
Hence, total number of ways to attempt the paper 
sg pe ngo n» 
=63x 15x 7=6615. 


Example 43 Find the number of factors (excluding 1 and the expression itself) of the 
product of a! b ае f where a, b, c, d, e, f are all prime numbers. 


Solution: A factor of expression a b с де fis simply the result of selecting none or 
опе or more letters from 7 a’s, 4 b’s, 3 с”, d, e, f 
The collection of letters can be observed as a collection of 17 objects out of which 7 
are alike of one kind (a’s), 4 are of second kind (b’s), 3 are of third kind (c’s) and 3 are 
distinct (d, e, f ). 

The number of selections = (1 + 7) (1 + 4) (1 + 3) 22528x5x4x8- 1280. 

But we have to exclude two cases : 

(1) When no letter is selected, (1) When all letters are selected. 

Hence the number of factors = 1280 — 2 = 1278. 


Example 44 Find the number of positive divisors of n = pi pe eps. where рі, 
D»... p, are distinct prime numbers and k, ky,..., К, are positive integers. 
Solution: A divisor d of n is of the form 

d= рі - p?-- pr where 0< I, Sk, i- 1,2, ...,r. 


Associate each divisor d of n with an r tuple (/,, L, ..., 1) such that 0 € /; < К. There- 


fore, the number of divisors is the same as the number of r tuples (/, b, ..., 1), 0 € /; 
Skhi-1,2,...,r 

Since /,, can have k, + 1 possible values 0, 1, 2, ..., kı similarly 5, can have / + 1 
values and so on. The number of r-triples (/;, b, ..., /,) is 


(+ D) x (k + Dx S Dx x (k,+1)= П +0 


i=] 


That is the total number of divisors of 


n= pi: py py is (k +1006 +1) (k, +1) [ [o +D. 
i=l 


Note: Also refer article 6.6 on page 6.13 of number theory chapter. 


7.3.4.5 Selection of r Objects from n Objects 
when All n Objects are not Distinct 


In this problem type we will discuss how to select r objects from n objects when all n 
objects are not distinct. 

For example, selection of 3 letters from letters AABBBC. 

To find number of ways to select, it is possible to derive a formula that can be 
applied in all such cases. 

Instead of formula, we will discuss a method (procedure) that should be applied to 
find selections. 

The method involves making cases based on alike items in the selection. You should 
go through the following examples to learn how to apply this ‘method of cases’ to find 
selections of r objects from n objects when all n objects are not distinct. 
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Example 45 /n how many ways 3 letters can be selected from letters AABBBC. 


Solution: The given letters include AA, BBB, C, i.e., 2A letters, 3B letters and 1C 
letter. 

To find number of selections, we will make the following cases based on alike letters 
we choose in the selection. 


Case 1: All 3 letters are alike 
3 alike letters can be selected from given letters in only 1 way, i.e., BBB. 
=> The number of selections with all 3 letters alike = 1 (1) 


Case 2: 2 alike and 1 distinct letter 
2 alike letters can be selected from 2 sets of alike letters (AA, BB) in ^C, ways. 

1 distinct letter (distinct from selected alike letters) can be selected from remaining 
letters in “С, ways. (either А ог В). 

Using fundamental principle of counting, total number of selections with 2 alike 
and 1 distinct letter 


- 2С, х С = 4 ways (2) 


Case 3: All letters distinct 

All 3 letters distinct can be selected from 3 distinct letters (A, B, C) in 1 way. 
— Total number of ways to select 3 distinct letters is 1 way (3) 
Combining (1), (2) and (3). 
Total number of ways to select 3 letters from given letters = 1 - 4 + 1 = 6. 


Example 46 Jn how many ways 4 letters can be selected from the letters of the word 
INEFFECTIVE? 


Solution: INEFFECTIVE contains 11 letters: EEE, FF, II, C, T, N, V 
We will make following cases to select 4 letters. 


Case 1: 3 alike and 1 distinct 
3 alike letters can be selected from 1 set of 3 alike letters (EEE) in 1 way. 
=> The number of ways to select 3 alike letters = 1 
=> The number of ways to select | distinct letters = 6 
=> Total ways =6x 1=6 (1) 


Case 2: 2 alike and 2 alike 
‘2 alike and 2 alike’ means we have to select 2 groups of 2 alike letters (EE, FF, П) in 
Cc ways. 

=> The number of ways to select ‘2 alike and 2 alike’ letters = ; С„=3. (2) 


Case 3: 2 alike and 2 distinct 
1 group of 2 alike letters can be selected from 3 sets of 2 alike letters (EE, FF, II) in 
KOA ways. 

2 distinct letters can be selected from 6 distinct letters (C, T, N, V, remaining 2 sets 
of two letters alike) in °C, ways. 

The number of ways to select ‘2 alike and 2 distinct letters’ 


Сух Сои 15 =45 (3) 


Case 4: AII distinct letters 
All distinct letters can be selected from 7 distinct letters (I, E, E, N, C, T, V) in 7 
ways. 

=> The number of ways to select all distinct letters = аў =35 (4) 


Combining (1), (2), (3), and (4), we get, 
Total number of ways to select 4 letters from the letter of the word ‘INEFFECTIVE’ 
=6+3 + 45 + 35 = 89. 


Example 47 /n how many ways a child can select 5 balls from 5 red, 4 black, 3 white, 
2 green, | yellow balls? (Assume balls of the same colour are identical) 


Solution: It is given that child can select 5 balls from RRRRR BBBB WWW GG Y 
balls. We will make following cases: 


(i) All alike: 

There is one group of all alike balls (5 red balls) 
— Number of ways to choose 1 group = lg 1=1 

Gi) 4 alike and 1 distinct: 
There are 2 groups of 4 alike balls (4 red balls, 4 black balls) and after selecting 
one group, there are 4 distinct balls left from where we require to choose one ball. 
= Number of ways to select ‘4 alike and 1 distinct’ ^C, x ^C, =8 

(11) 3 alike and 2 alike: 
Select 3 alike balls from 3 groups of 3 alike balls (RRR, BBB, WWW) in? C, ways. 
Then select 2 alike balls from remaining 3 groups of 2 alike balls in С | ways. 
=> Number of ways to select ‘3 alike and 2 alike’ 
=3C,x3C,=9 

(iv) 3 alike and 2 distinct: 
Select one group of 3-alike balls from 3 groups of 3-alike balls in С | ways. Se- 
lect 2 balls from remaining 4 distinct balls in “С, ways. 
— Number of ways to select ‘3 alike and 2 distinct’ 
=°C x^C,- 18 

(v) 2 alike, 2 alike and 1 distinct: 
Select 2 groups of 2-alike balls from 4 groups of 2-alike balls in б, ways. Fur- 
ther select 1 ball from remaining 3 distinct balls in ^C | ways. 
— Number of way to select ‘2 alike, 2 alike and 1 distinct? 
=‘C, x3C, = 18 

(vi) 2 alike and 3 distinct: 
Select one group of 2-alike balls from 4 groups of 2-alike balls in Ec ways. Then 
select 3 balls from remaining 4 distinct balls in С ways. 
=> Number of ways to select ‘2 alike and 3 distinct’ 
-^C, x 4c, = 16 

(vii) All distinct: 
Select 5 distinct balls from 5 distinct balls (R, B, W, G, Y) in 3 C; ways. 
= Number of ways to select ‘All distinct’ 
="C,=1. 
Combining all above cases, total number of ways in which child can select 5 balls 
=14+8+4+94184+18+ 16+1=71 ways. 


7.3.4.6 Occurrence of Order in Selection 


If n objects are chosen as ‘first (n — 1) objects are chosen and then nth object’ or ‘n 
objects are chosen one by one' then always ordered selections are made and hence the 
repetitions. So in the final count, these repetitions are to be deleted. 


Example 48 /n how many ways we can select two unit square on an ordinary chess 
board such that both square neither in same row nor in same column. 
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Solution: First square is selected in 64 ways. 
After selection of first, we can’t select any of the remaining 7 squares which are in the 
same row with first square and similarly we cannot select any of remaining 7 squares 
which are in the same column with first square. So number of choices for second 
square is 64&—1—7—7=49. 

Hence, apparently, by multiplication principle, number of ways = 64 x 49. 

But in this count, repetitions occurred. In fact, each selection is counted twice. 

64x 49 


So final answer = = 1568 ways. 
Example 49 Find the number of pairings of a set of 2n elements [e.g., ((1, 2), (3, 4), 
(5, 6)} ((1, 3), (2, 4), (5, 6)} are two pairings of the set (1, 2, 3, 4, 5, 6}]. 


Solution: Let 4 = {1, 2, 3, 4,..., 2n — 1, 2n}. 
A pair having 1 as one element (out of the two elements) can be obtained in (2n — 1) 
ways. Say, selected element is k (Assuming k # 2). Similarly a pair having 2 as one 
element (out of two elements), can be obtained in 2n — 3 ways, etc. 

Number of pairings = (2n — 1)2n — 3) 2n— 5) --- 3-1 


Aliter: First pair can be obtained in "C, ways. Second pair can be obtained in "^ °C, 
ways. 


2n-4 
"С, ways. 


Third pair can be obtained in 

nth pair can be obtained in ^C, ways. 

Apparently, by multiplication principle, 

number of pairings = "C, .?" 2С, ...?C, , 

But in this count, too many repetitions have been counted. In fact, each pairing is 
counted n! times. 
ig л nus NM С, . 4G; 

n! 


(Verify this number is same as (2n — 1) (2n – 3) 2n — 5) --. 3 · 1) 


Required number — 


7.3.4.7 Points of Intersection between Geometrical Figures 


We can use "C, (number of ways to select r objects from n different objects) to find 
points of intersection between geometrical figures. 


For example: 


1. Number of points of intersection of ‘n’ non-concurrent and non parallel lines is "C,. 
Logic: When two lines intersect, we get a point of intersection. Two lines from n 
distinct lines can be selected in "С, ways. Therefore, number of points of intersec- 
tion is "C). 

2. Number of lines that can be drawn, passing though any 2 points out of n given 
points in which no three of them are collinear, is "C). 

Logic: A line can be drawn through two points. Two points can be selected from 
n distinct points in "C; ways. Therefore, number of lines that can be drawn is "C). 

3. Number of triangles that can formed, by joining any three points out of n given 
points in which no three of them are collinear is "C;. 

Logic: A triangle is formed using 3 different points. Three points can be selected 
from п distinct points in “С, ways. Therefore, we can form "C; triangles using n 
distinct points. 


4. Number of diagonals that can be drawn in a ‘n’ sided polygon is M 
Logic: There are л vertices in a 7 sided polygon. When two vertices are joined 
(excluding the adjacent vertices), we get a diagonal. The number of ways to select 
2 vertices from n vertices is "C,. But this also includes п sides (when adjacent 
vertices are selected). Therefore number of diagonals 


А nn-l ,. n(n—3) 


= "C, -n 
А 2 2 
Aliter: n — 3 diagonals emerge from each vertex. For example, from vertex named 1, 
n — 3 diagonals emerge whose other ends are vertices 3, 4, ..., n — 1. 


Number of diagonals apparently, by multiplication principle, is n(n — 3) but each 
diagonal is counted twice. 
n(n—3) 


Required number = 2 


мену that, "C, — n is same 51029). 


Example 50 How many triangles сап Бе formed by joining the vertices of a hexagon? 


Solution: Let А, 4», 43, ..., A, be the vertices of the hexagon. One triangle is formed 
by selecting a group of 3 points from 6 given vertices. 
Number of triangles = Number of groups of 3 each from 6 points. 
6! 
= °C, = —_ = 20. 
313! 
Example 51 There are 10 points in a plane, no three of which are in the same straight 
line, except 4 points, which are collinear. Find the 
(i) number of straight lines obtained from the pairs of these points; 
Gi) number of triangles that can be formed with the vertices as these points. 


Solution: 
(i) Number of straight lines formed joining the 10 points, taking 2 at a time 


Number of straight lines formed by joining the four points (which are collinear), 
taking 2 at a time = ^C; = ЗЕ =6 
But, 4 collinear points, when joined pairwise give ошу one line. 
So, required number of straight lines = 45 — 6 + 1 = 40. 
(ii) Number of triangles formed by joining the points, taking 3 at a time 
= NC, = T 120 
317! 
Number of triangles formed by joining the 4 points (which are collinear), taken 
3 at a time = 1б, = 4. 
But, 4 collinear points cannot form a triangle when taken 3 at a time. 
So, required number of triangles = 120 — 4 = 116. 


Example 52 There are 12 points in a plane, 5 of which are concyclic and out of 
remaining 7 points, no three are collinear and none concylic with previous 5 points. 
Find the number of circles passing through at least 3 points out of 12 given points. 
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Solution: Consider Set A consists of 5 concyclic points. Set B consists of remaining 
7 points. 


Case 1: Circle passes through 3 points of set B 
Number of circles = "С, 


Case 2: Circle passes through 2 points of set B and one point of set A 
Number of circles = "С, · °С, 


Case 3: Circle passes through 1 point of set B and two points of set A 
Number of circles = "C, «°C, 


Case 4: Circle passes through no point from set B. 
Number of circles = 1 
All 4 cases are exhaustive and mutually exclusive. 
So, total number of circles 


=?С,+7С,.°С,+7С,.?С,+1 


7! 7! 5! 
=—— +—.5 +7. 
314!  2!5! 213! 


7.6.5 7.6 5.4 
= ——— +—. 5+7. 
1.2.3 1.2 1.2 


=35+105+70+1 
=211. 


Aliter: Select three points out of 12 in "C, ways. This number includes the number 
of circles obtained from 3 points out of 5 concyclic points. Note that we get the same 
circle by selecting any three points out of 5 concyclic points but we count it ° С; times. 
Required number = "C, – °С, +1 
— 211. 


Example 53 /n a plane there are 37 straight lines, of which 13 pass through the point 
A and 11 pass through the point B. Besides, no three lines pass through one point, no 
line passes through both points A and B, and no two are parallel. Find the number of 
points of intersection of the straight lines. 


Solution: The number of points of intersection of 37 straight lines is "TO But 13 
straight lines out of the given 37 straight lines pass through the same point A. There- 
fore instead of getting BC points, we get merely one point A. Similarly, 11 straight 
lines out of the given 37 straight lines intersect at point B. Therefore instead of getting 
uo points, we get only one point В. Hence, the number of intersection points of the 
lines is?" C, — °C, — ПС, 4 2 = 535. 


Example 54 /, and 1, are two parallel lines; m and n are the points on l, and l,, respec- 
tively. Find the number of triangles that could be constructed using these points as 
vertices. 


Solution: Any two points on /, and a point on /, form a triangle; again any two points 
on /, and a point on /, also form a triangle. 

2 points can be chosen in "C, ways from m points of /, and we have n choices for a 
point on /, and similarly, 2 points can be chosen in "C, ways from n points of /, and in 
m ways we can choose a point on /,, 


Therefore, the number of triangles formed is given by 


т(т-1)  na-) mn 


"С,хп+"С,хт =nx 5 3 (т+п-— 2). 


Example 55 /fm parallel lines in plane are intersected by a family of n parallel lines. 
Find the number of parallelogram formed. 


Solution: A parallelogram is formed by choosing two straight lines from the set of m 
parallel lines and two straight lines from the set of л parallel lines. 

Two straight lines from the set of m parallel lines can be chosen in "C, ways and two 
straight lines from the set of n parallel lines can be chosen in "С, ways. Hence, the 
number of parallelograms formed. 


mim -1). n(n—1) = mn(m—1)(n-1) 


= "CÇ. x "С, = 
С 2 2 4 


Example 56 /n a plane, a set of 8 parallel lines intersects a set of n other parallel 
lines, giving rise to 420 parallelograms (many of them overlap with one another). Find 
the value of n. 


Solution: If two lines which are parallel to one another (in one direction) intersect 
another two lines which are parallel, we get one parallelogram. Thus, we can choose 
C(8, 2) pairs of parallel lines in one direction and the number of parallel lines intersect- 
ing there will be C(n, 2) pairs. 

So, the number of parallelograms thus obtained is 


C(n, 2) x C(8, 2) = 420 


a ЖП BET. 490 
1.2 1.2 
=> n(n-1)=30 
=> n=6(orn=—5, which is not admissible) 


Thus n = 6 is the solution. 


Example 57 Prove that, if each of the m points in one straight line be joined to each of 
the n points by straight lines terminated by the points then excluding the given points, 


these lines will intersect in zm (m — 1)(n — 1) points. 


Solution: Two straight lines intersect in one point. 

So to get one point of intersection, we require two points on the first line (/,) and 

two points on the second line (/,). 
For joining A of /, to C and D of l, they intersect in А, which is not counted as the 
required point. However, AD and CB intersect at the point P,, AC and BD intersect only 
when extended which is also not counted as the required point. Thus to get an intersec- 
tion, other than the points in /, and /,, we should take two points from each of /, and /, 
and joined them in cross pattern. 

The number of ways we can choose two points from /, in which m points are plotted, 
is "С,. Similarly, we can choose two points from /, in "С, ways. For each pair of points 
from /, and 5, we get one point of intersection. 

So, the total number of points when there are "C; pairs from /, and "С, pairs from 
Lis 
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m(m —1) " n(n—1) 
1.2 1.2 


"С, х "Cy — 
1 
= а" -D(n- 1). 


Example 58 Let there be n concurrent lines and another line parallel to one of them. 
Find the number of different triangles that will be formed by the (n + 1) lines. 


Solution: The number of triangles = Number of selections of 2 lines from the (n — 1) 
lines which are cut by the last line 


= "çC. = (1—1)! _ (1—1)(1—2) 
2° 2-3) 2 


Example 59 Out of 18 points in a plane no three are in the same straight line except 
five points which are collinear. Find the number of straight lines that can be formed by 
joining any two of them. 


Solution: The number of straight lines = ые = СС, = 1) = 144. 


Example 60 There are p points їп a plane, no three of which are in the same straight 
line with the exception of q, which are all in the same straight line. Find the number of 


(1) straight lines 
(11) triangles which can be formed by joining them. 


Solution: 
(1) If no three of the p points were collinear, the number of straight lines = Number 

of groups of two that can be formed from p points =”С,. 
Due to the q points being collinear, there is a loss of ^C, lines that could be 
formed from these points. 
But these points are giving exactly one straight line passing through all of them. 
Hence, the number of straight lines 2 "C, — 1C, + 1. 

(ii) If no three points were collinear, the number of triangles = ^C, 
But there is a loss of ^C, triangles that could be formed from the group of col- 
linear points. 
Hence the number of triangles formed = ^C, — “С. 


Example 61 The sides AB, BC and CA of a triangle ABC have a, b and c interior 
points on them respectively then find the number of triangles that can be constructed 
using these interior points as vertices. 


Solution: Required number of triangles 
= Total number of ways choosing 3 points 
— Number of ways of choosing all the 3 points either from AB or BC or CA 
= db c _ (С, + С, + С) 


Example 62 Let А„ i = 1, 2, ..., 21 be the vertices of a 21-sided regular polygon 
inscribed in a circle with centre O. Triangles are formed by joining the vertices of 
the 21-sided polygon. How many of them are acute-angled triangles? How many of 
them are right-angled triangles? How many of them are obtuse-angled triangles? How 
many of them are equilateral? How many of them are isosceles? 


Solution: Since this is a regular polygon with odd number of vertices, no two of the 
vertices are placed diagonally opposite, so there is no right-angled triangle. Hence 


number of right-angled triangle is zero. Let A be the number of acute-angled triangles. 
To form a triangle we need to choose 3 vertices out of the 21 vertices which can 
: 21x20x19 Е : : 

be done іп C(21,3) = E = 1330 ways. Since the triangles are either acute ог 
obtuse, we get A + O = 1330. 

Let us find O, the number of obtuse angled triangles first. 

Draw one diameter say passing through A4,. Now let us count all obtuse angle triangle 
on right side of the diameter and having one verfex at A,. For these triangles we need 


10 
two more vertex out of A, to А. Which can be seleted in | | ways. 


Hence total number of obtuse angle triangles is 21 - | А | = 945 


Now acute angle triangles 
А = 1330 – 945 
= 385 
A triangle 4,4,4, is equilateral if A, A, А, are equally spaced. 
Out of A,,..., 45,, we have only 7 such triplets 
А AgAj5, АА. А5444. Therefore, there are only 7 equilateral triangles. 
Consider the diameter 4,OB where В is the point where А0 meets the circle. If 
we have an isosceles triangle A, as its vertex then 4, is the altitude and the base is 
bisected by 4,B. This means that the other two vertices, A; and А,, are equally spaced 
from B. 
We have 10 such pairs, so we have 10 isosceles triangles with A, as vertex of which 
one is equilateral. 
Because proper isosceles triangles with А, as vertex (non-equilateral) are 9, with 
each vertex А, i= 1, 2,..., 21 we have 9 such isosceles triangles. 
So, total number of isosceles but non-equilateral triangles are 9 x 21 = 189. But the 
7 equilateral triangles are also to be considered as isosceles. 
The total number of isosceles triangles is 189 + 7 = 196. 


Note: This problem can be generalized to a regular polygon having n vertices. Find 
the number of acute, obtuse, right, isosceles, equilateral and scalene triangles. 


7.3.4.8 Formation of Subsets 


In these type of problems, we select elements from a given set to form subsets. We are 
supposed to form subsets under constraints. For example, two subsets P and Q are to 
be formed such that P L О has all elements, P ^ О has no elements, etc. To understand 
the problems based on this type, read the following examples carefully. 


PJQ РГО 


Example 63 Let X be a set containing п elements. A subset Р of set X is chosen 
at random. The set X is then reconstructed by replacing the elements of set P and 
another set Q is chosen at random then find the number of ways to form sets such 
that P O Q =X. 
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Solution: As P U Q =X, it means every element would be either included in P or in О 
or both so for every element, there are 3 choices. 
= Number of ways to select P and О such that (PU Q — X) = 3". 


Example 64 Let X be a set containing n elements. A subset P of set X is chosen at 
random. The set X is then reconstructed by replacing the elements of set P and another 
set О is chosen at random. Find number of ways to choose P and О such that P O О 
contains exactly r elements. 


Solution: P О has r elements. It means r elements out of n elements should be pres- 
ent in either P or in О or in both. r elements out of n elements can be selected in "C, 
ways. 
Each of these r elements has 3 choices 

= Number of ways to select elements of P and Q = 3" 

Each of remaining (n — r) elements has 1 choice, i.e., neither belongs to P nor 
belongs to О > Number of ways = 1". 

= Number of ways to select P and О such that P U О has exactly r elements 


= n C3 r ( 1 yr = n C3 A 


Example 65 Let X be a set containing n elements. A subset P of set X is chosen at 
random . The set X then reconstructed by replacing the elements of set P and another 
set О is chosen at random. Find number of ways to select P and О such that P ^ Q is 


empty, i.e, Рт О = ф. 


Solution: P ^ О = @. It means P and О should be disjoint sets. That is there is no ele- 
ment common in P and Q. 
— For every elements in set X there are 3 choices. Either it is selected in P but not in 
Q or selected in Q but not in P or not selected in both P and Q. 

= Number of ways to select P and О such that P r^ Q is ф= 3". 


Example 66 Let X be a set containing n elements. A subset P of set X is chosen 
at random. The set X is then reconstructed by replacing the elements of set P and 
another set Q is chosen at random. Find number of ways to select P and Q such that 


P =0. 


Solution: P =O or Dr, It means P and О are complementary sets, i.e., every element 
present in X is either present in P or Q. 
— For every element there are 2 choices to select. Either it will be selected for P or it 
will be selected for Q. 

= Number of ways to select = 2" 


Example 67 Let X be a set containing n elements. A subset P, is chosen at random 
and then set X is reconstructed by replacing the elements of set Р}. A subset P, of X is 
now chosen at random and again set X is reconstructed by replacing the elements of 
P. This process is continued to choose subsets Ps, P4, Ps,..., P,, where m = 2. Find 
numbers of ways to select sets such that: 


(i) P,P, = ófori*jandi,j 1,2, ..., m. 
(п) РР, Рт... OP, = ф. 
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Solution: 


(i) PAP, =OViF; 


Every element in X has (m + 1) choices because either it can be selected for P, or * 
P, or P, ог... or P,, or not get selected in any of the sets. D o o 
= Number of favourable ways = (m + 1) (m+ 1) ... n times = (m + 1)" Е 


(п) РР, Р, ... Р, = ф. 

This means there is no element to be common to all sets Ру, P», Р, ... P,,. 
For each element out of a), a», ... a, there аге (2" — 1) choices to get selected. It 
can be selected in any sets but not for all sets together so we subtract 1 from 2". 


Total ways to select Р, P5, P3, ..., Р, such that P, A P; ... Р, = Qis (2" – 1)". 


7.4 THE BIJECTION PRINCIPLE 


LetA-(a,,25 ...,a,} and B= (b, bo, ..., Dy }. 

Iff: A — Bis an injective function then n < m. 

Iff: A > B is a surjective function then n 2 m. 

Iff: A > B is injective and surjective then fis known to be a bijective function. For 
a bijective function, n = m. 


Example 68 What is the total number of subsets of a set containing exactly n elements? 


Solution: It is a well known result, number of subsets = 2”. 
Let S= {а}, dy, аз, ..., a, } be a set of exactly п elements. 
Let P be the set of all subsets of S and О be the set of all binary sequences of л ele- 
ments. 

Let A € P. Let f: P — О be a function that associates a binary sequence with A as 
follows: 

a; € A, iff ith term of the sequence is 1. 

For example, subset (a5, a4, a, .., } corresponds to binary sequence 


010 100...0 1 0 
2nd 4th (n —l)th 
place place place. 


Observe that, for every subset A, there 1s a binary sequence of n terms and for every 
binary sequence of n terms as stated above, there is a subset A of S. 
Therefore f'is a bijection between P and Q. 


Hence, the number of subsets = number of binary sequences = 2". 


Example 69 Consider a network as shown in the figure. Paths from 
A to B consists of the horizontal or vertical line segments. 
No diagonal movement is allowed. We can only move left to right or down to up. 
One sample path from A to B is shown. B 
(1) How many paths are there from A to B? 
(п) How many paths go via C? C D 
(111) How many paths go via CD? 


Solution: Assign 0 for horizontal line segment of one unit. Assign 1 for vertical line 
segment of one unit. For example, corresponding to the path shown in the figure, we 
can write one binary sequence as 0, 0, 0, 1, 1, 1, 0, 0, 0, 1, 1, 0, 1. A 


7.34 Chapter 7 


Note that there are 7 horizontal and 6 vertical line segments, of one unit each, in every 
path from A to B. 
(i) Since, for every path between А and В, there is a binary sequence of 7, 0% and 
6, 15 and for every sequence we can have corresponding one path made up of 
horizontal and vertical lines. Therefore there is bijection between the set of all 
paths from A to В and the set of all binary sequences of 7, 0% and б, 1%. 
—Number of paths between A and B = Number of binary sequences 


13 
= Number of ways to select 7 places to put 0 out of 13 different places = | | 


_ 13! 
716! 
(п) Number of paths through С 
= (Number of paths from А to C) x (Number of paths from C to В) 
= Number of ways to select 4 places to put 0 out of first 8 different places 
x Number of ways to select 3 places to put 0 out of next 5 different places 


8 5 
= x 
4) \3 
8! 5! 
x 
414! 3!2! 
(Note that there are 4 horizontal and 4 vertical line segments of one unit each, 


in every path from A to C. There are 3 horizontal and 2 vertical line segments of 
one unit each in every path between C and В.) 


4! 
21x21 
(as there are 2 horizontal and 2 vertical line segments of one unit each in every 
path between B and D.) 


(iii) Similarly number of paths from D to B = 


8! 4 
41x4! 21х21. 


Number of paths containing CD = 


Note: If a problem, similar to street network, but in three dimensions, is to be solved, 

we define ternary sequences consisting of 0°, 1% and 2%. 

For example, number of paths between (0, 0, 0) and (3, 4, 6), consisting of line seg- 
. | 2. "E | 13! 

ments of one unit each in positive directions of the co-ordinate axes = 31418 


7.5 COMBINATIONS WITH REPETITIONS ALLOWED 


Here we will discuss combinations of n different objects taken r at a time when each 
object can be repeated any number of times in a combination. 

Suppose three different objects A, B, C are given. We have to select two objects 
from A, B, C and in our selection we can include A, B, C repeatedly any number of 
times. This selection can be done in following ways. 

AA, BB, CC, AB, AC, BC, i.e., 6 ways. 

This number 6 cannot be obtained using formula "C, as here repetition of objects is 
allowed. To find answer to this type of problem, where repetition of objects is allowed, 
we use the following formula: 

Number of ways to select r objects from n different objects where each object can 
be selected any number of times is "H,. 


Logic: 
Let n different objects be numbered as 1, 2, 3, ..., n. 
And selected numbers be a}, a5, a5, ..., a,, such that 


1< а <а <а <--- а, п (1) 


Here we allowed weak inequalities between а, 5, as numbers may be repeated which 
will correspond to repetition of objects. 
Now consider another sequence, 


ау, а) +1,a3+2,---,a,+r-1 (2) 


We can observe following properties in sequence (2): 
1. Sequence is strictly increasing 
2. Minimum and Maximum element in the sequence can be 1 and n +r -1 respec- 
tively. 


n+r-l 
3. There are such sequence 
r 


(As апу r numbers can be selected from 1 to n - r — 1) 
Now there is a Bijection between sequence (1) and sequence (2) 


| n*r-1 
Hence total number of sequence (1) is also : 
F 


Example 70 /n how many ways a person can buy 5 icecreams from a shop in which 
four different flavours of icecreams are available. 


Solution: Here person can buy all five icecreams of same flavour or in any other com- 
bination, i.e., any flavour can be taken 0 or 1 or2 ... or 5 times. 
Hence our current problem is selection of 5 icecreams from 4 flavours with repetition 


allowed, so answer is 
445-1 8 
5 5 


Build-up Your Understanding 2 


1. (a) Find ‘w if (i) "C, :"C,212:1 GC быч 
(b) Prove that” 'C, + C, > "C, ifn > 7. 

2. Find the number of positive integers satisfying the inequality 
rhe „=н. ту, 


3. There аге 20 questions in a questions paper. If no two students solve the same 
combination of questions but solve equal number of questions then find the maxi- 
mum number of students who appeared in the examination. 

4. In how many ways can 5 colours be selected out of 8 different colours including 
red, blue, and green 
(i) 1f blue and green are always to be included, 

(11) if red is always excluded, 
(111) 1f red and blue are always included but green excluded? 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


. The kindergarten teacher has 25 kids in her class. She takes 5 of them at a time, 


to zoological garden as often as she can, without taking the same 5 kids more 
than once. Find the number of visits, the teacher makes to the garden and also the 
number of of visits every kid makes. 


. A teacher takes 3 children from her class to the zoo at a time as often as she can, 


but does not take the same three children to the zoo more than once. She finds 
that she goes to the zoo 84 more than a particular child goes to the zoo. Find the 
number of children in her class. 


. A team of four students is to be selected from a total of 12 students. Find the total 


number of ways in which team can be selected such that two particular students 
refuse to be together and other two particular students wish to be together only. 


. A women has 11 close friends. Find the number of ways in which she can invite 


5 of them to dinner, if two particular of them are not on speaking terms and will 
not attend together. 


. Four couples (husband and wife) decide to form a committee of four members. 


Find the number of different committees that can be formed in which no couple 
finds a place. 

Find the number of ways in which a mixed double tennis game can be arranged 
from amongst 9 married couple if no husband and wife plays in the same game. 
Find the number of ways of choosing a committee of 2 women and 3 men from 5 
women and 6 men, if Mr. A refuses to serve on the committee if Mr. B is a mem- 
ber and Mr. B can only serve, if Miss C is the member of the committee. 

Find the number of ways in which we can choose 3 squares on a chess board such 
that one of the squares has its two sides common to other two squares. 

Find the number of ways of selecting three squares on a chessboard so that all the 
three be on a diagonal line of the board or parallel to it. 

5 Indian and 5 American couples meet at a party and shake hands. If no wife 
shakes hands with her husband and no Indian wife shakes hands with a male, then 
find the number of hand shakes that takes place in the party. 

A person predicts the outcome of 20 cricket matches of his home team. Each 
match can result either in a win, loss or tie for the home team. Find the total num- 
ber of ways in which he can make the predictions so that exactly 10 predictions 
are correct. 

A forecast is to be made of the results of five cricket matches, each of which can 
be a win, a draw or a loss for Indian team. Find 

(1) the number of different possible forecasts. 

(ii) the number of forecasts containing 0, 1, 2, 3, 4 and 5 errors respectively. 

A forecast is to be made of the results of five cricket matches, each of which can 
be a win or a draw or a loss for Indian team. 

Let p = Number of forecasts with exactly | error 

q = Number of forecasts with exactly 3 errors and 

r = Number of forecasts with all five errors 

then prove that 27 = 5r, 8p = q, and 2(p + ғ) > q. 

In a club election the number of contestants is one more than the number of maxi- 
mum candidates for which a voter can vote. If the total number of ways is which 
a voter can vote be 62, then find the number of candidates. 

Every one of the 10 available lamps can be switched on to illuminate certain Hall. 
Find the total number of ways in which the hall can be illuminated. 

In a unique hockey series between India and Pakistan, they decide to play on till 
a team wins 5 matches . Find the number of ways in which the series can be won 
by India, if no match ends in a draw. 
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23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


There are n different books and p copies of each in a library. Find the number of 
ways in which one or more books can be selected. 

A class has n students. We have to form a team of the students by including atleast 
two students and also by excluding atleast two students. Find the number of ways 
of forming the team. 

If the (n + 1) numbers aj, a5, аз, ..., a,,,, be all different and each of them 
is a prime number, then find the number of different factors (other than 1) of 
aj” 795 43а. 

In a certain algebraical exercise book there аге 4 examples on arithmetical рго- 
gressions, 5 examples on permutation-combination and 6 examples on binomial 
theorem. Find the number of ways a teacher can select for his pupils atleast one 
but not more than 2 examples from each of these sets. 

Find the number of straight lines that can be drawn through any two points out of 
10 points, of which 7 are collinear. 

n lines are drawn in a plane such that no two of them are parallel and no three of 
them are concurrent. Find the number of different points at which these lines will 
cut each other. 

Eight straight lines are drawn in the plane such that no two lines are parallel and 
no three lines are concurrent. Find The number of parts into which these lines 
divides the plane. 

In a polygon no three diagonals are concurrent. If the total number of points of 
intersection of diagonals interior to the polygon be 70 then find the number of 
diagonals of the polygon. 

In a plane there are two families of lines y 2 x +r, у= x +r, wherer e {0, 1, 2, 3, 
4}. Find the number of squares of diagonals of the length 2 formed by the lines. 

Find the number of triangles whose vertices are at the vertices of an octagon but 
none of whose side happen to come from the sides of the octagon. 

Let there be 9 fixed points on the circumference of a circle . Each of these points 
is joined to every one of the remaining 8 points by a straight line and the points 
are so positioned on the circumference that atmost 2 straight lines meet in any 
interior point of the circle. Find the number of such interior intersection points. 
A bag contains 2 Apples, 3 Oranges and 4 Bananas. Find the number of ways in 
which 3 fruits can be selected if atleast one banana is always in the combination 
(Assume fruit of same species to be alike). 

Find the number of selections of four letters from the letters of the word ASSAS- 
SINATION. 

Find the number of ways to select 2 numbers from 10, 1, 2, 3, 4} such that the sum 
of the squares of the selected numbers is divisible by 5 (repetition of numbers is 
allowed). 

Find the number of ways in which we can choose 2 distinct integers from 1 to 100 
such that difference between them is at most 10. 

If a set 4 has m elements and another set B has n elements then find the number 
of functions from A to B. 

Let A = {x : x is a prime number and x < 30}. Find the number of different rational 
numbers whose numerator and denominator belongs to A. 

Find the number of all three elements subsets of the set (a,, a), a3, . . ., а„} which 
contain a3. 

If the total number of m-element subsets of the set А = (aj, a5, аз, ..., a,} is К 
times the number of m-elements subsets containing ал, then find и. 

A set contains (2n + 1) elements. Find the number of subsets of the set which 
contains at most n elements. 
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45. 
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51. 


52. 
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56. 


57. 


58. 


60. 


Find the number of subsets of the set A = (a4, a, ..., a,,} which contain even 
number of elements. 

‘A’ is a set containing ‘ n ‘ distinct elements. A subset P of ‘A’ is chosen. The set 
‘A’ is reconstructed by replacing the elements of P. A subset “О” of ‘A’ is again 
chosen. Find the number of ways of choosing P and О so that P r^ О contains 
exactly two elements. 

Find the number of ways of choosing triplets (x, y, z) such that z 2 max (x, y) and 
х,у,2є (L2,...nn-1). 

Find the number of ways in which the number 94864 can be resolved as a product 
of two factors. 

Find the sum of the divisors of 2°- 3* - 5°. 

In the decimal system of numeration, find the number of 6-digits numbers in 
which the digit in any place is greater than the digit to the left to it. 

Find the number of 3-digit numbers of the form xyz such that x < y and z € y. 
Find the total number of 6-digit numbers x, x; x4 x4 x; x; having the property 
Xj € X3 € X4 < X4 < X5 € Xe. 

The streets of a city are arranged like the lines of a chess board. There are m 
streets running North to South and ‘n’ streets running East to West. Find the num- 
ber of ways in which a man can travel from NW to SE corner going the shortest 
possible distance. 

Let there be л > 3 circles in a plane. Find the value of л for which the number of 
radical centres, is equal to the number of radical axes. (Assume that all radical 
axes and radical centre exist and are different) 

Rajdhani express going from Bombay to Delhi stops at 4 intermediate stations. 10 
passengers enter the train during the journey (including Bombay and 4 intermedi- 
ate stations) with ten distinct tickets of two classes. Find the number of different 
sets of tickets they may have. 

Find the number of functions f from the set A = (0, 1, 2} into the set B = (0, 1, 2, 
3, 4, 5, 6, 7} such that f (i) € f (J) fori < j and, i,j € A. 

Show that the number of ways of selecting n-objects out of 3n-objects, n of which 


. . : 2n-1 
are alike and rest different is 22"! | MN } 
Use a combinatorial argument to prove that: 
(> еу 4r Gi) г.”С,=п”!С, 
Prove (combinatorially) that 
"Ci 2"C,4- 3" C, n" C,» n2". 
Prove (combinatorially) that 
С. d "Ho С ell б, = iis cmn rn. 
In a chess tournament, each participant was supposed to play exactly one game 
with each of the others. However, two participants withdraw after having played 
exactly 3 games each, but not with each other. The total number of games played 
in the tournament was 84. How many participants were there in all? 
A positive integer п is called strictly ascending if its digits are in the increasing 
order. For example, 2368 and 147 are strictly ascending but 43679 is not. Find the 
number of strictly ascending numbers < 10”. 


. The given figure shows 8 clay targets, arranged in 3 columns, to be shot by 8 bul- 


lets. Find the number of ways in which they can be shot, such that no target is shot 
before all the targets below it, 1f any, are first shot. 

How many hexagons can be constructed by joining the vertices of a quindecagon 
(15 sides) if none of the sides of the hexagon is also the side of the 15-gon. 


7.6 DEFINITION OF PERMUTATION (ARRANGEMENTS) 


A permutation of given objects is an arrangement of the objects in a line or row, unless 
specified otherwise. These arrangements can be generated by changing the relative 
positions of objects in the row. Every possible relative order between the objects is 
taken into account. 


For example, if 3 objects are represented as A, B, C, then permutations (arrangements 
or orders) of A, B, C in a row can be done in the following ways: 

ABC, BAC, CAB, ACB, BCA, CBA 

It can be observed that these permutations of A, B, C in a row are made by changing 
relative positions of A, B, C among themselves. 

The permutations of A, B, C can also be made by taking not all A, B, C at a time but 
by just taking 2 objects at a time. This can be done in the following ways; 

AB, BA, BC, CB, CA, AC 

It can be observed that first, 2 objects are selected and then they are permutated 
(ordered or arranged) in the row by changing their relative positions among themselves. 

Similarly (2, 1, 3, 4, 5), (5, 2, 1, 4, 3), (1, 2, 5, 4, 3), etc. are permutations of 1, 2, 
3,4, 5. 


7.6.1 Theorem I 


(Number of Permutations (arrangements, order) of n distinct objects taken all at a 
time) 
The total number of permutations of n distinct objects = n! 


Proof: 
Let us consider that we have n distinct objects say а), a>, аз, ..., a,. We have to find 
total number of different permutations (arrangements or orders) of these objects along 
a row. 

Every permutation of n objects is equivalent to fill п boxes (which are in a line) 
with these objects. 

Let us consider п boxes 


5 п-1 n 


Oooo 


Ways: n n-l1n-2n-3n-4 2 1 


Вох-1 can be filled in n ways by any of ће n objects a, a», a ..., ap 
Box-2 can be filled in (и — 1) ways by any of the remaining (n — 1) objects (exclud- 
ing the object that has been used to fill Box-1). 
Similarly, Box-3, Box-4, ..., Box-n can be filled in (n — 2), (n — 3), ..., 1 ways 
respectively. 
Using fundamental principle of counting, total number of different ways to fill n 
boxes 
-n(n-1)(n-2):- 3.2.1 
=n! 


Hence, total number of permutation of n distinct objects 1s n! 


Example 71 Find number of different words which can be formed using all the letters 
of the word ‘HISTORY’. 
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Solution: Every way of arranging letters of the HISTORY will give us a word. 
Therefore total number of ways to permutate letters H, I, S, T, O, R, Y, in a row 
= Total number of words that can be formed using all letters together = 7! 
=7xX6x5x4x3x2x1 

= 5040. 


Example 72 /n how many way 5 distinct red balls, 3 distinct black balls and 2 distinct 
white balls can be arranged along a row? 


Solution: Total number of ways to arrange 10 balls along a row 
= Number of permutations of 10 distinct objects in a row 


= |10. 


Example 73 /n how many ways can the letters of the word ‘DELHI’ be arranged so 
that the vowels occupy only even places? 


Solution: All the letters in the word ‘DELHI are distinct with 2 vowels (Е, Г) and 3 
consonants (D, L, H). 

In five letter words, two even places can occupy ‘Ё? and ‘P in 2! ways and remaining 3 
places can occupy consonants D, L, H in 3! ways. So, number of words = (3!) x (2!) = 12. 


Example 74 


(1) How many words can be made by using letters of the word COMBINE all at 
a time? 
(п) How many of these words begin and end with a vowel? 
(11) In how many of these words do the vowels and the consonants occupy the same 
relative positions as in COMBINE? 


Solution: 
(i) The total number of words = arrangements of seven letters taken all at a time = 7! 
= 5040. 
(ii) The corresponding choices for all the places are as follows: 
Place vowel vowel 
кн 3 5 4 3 2 1 2 
of choices 


As there are three vowels (O, I, E), first place can be filled in three ways and the 
last place can be filled in two ways. The rest of the places can be filled in 5! ways 
by five remaining letters. 
Number of words = 3 x 5! x 2 = 720. 
(iii) Vowels should be at second, fifth and seventh positions. 
They can be arranged in 3! ways. 
Consonants should be at first, third, fourth and sixth positions. 
They can be arranged here in 4! ways. 
Total number of words = 3! x 4! = 144. 


Example 75 
(1) How many words can be formed using letters of the word EQUATION taken all at 
a time? 
(ii) How many of these begin with E and end with N? 
(111) How many of these end and begin with a consonants? 
(iv) In how many of these, vowels occupy the first, third, fourth, sixth and seventh 
positions? 


Solution: 
(i) Number of arrangements taken all at a time = 8! = 40320 

= 40320 words can be formed. 

(ii) Places: E | | _ _ N 
Choice: 16543211 
Number of words = 1 х (6x 5x4x3x2x1)x1 

= 6! = 720 words can be formed. 

(iii) There are three consonants and five vowels. 
Places: 
Choices: 36543212 


* First place can be filled in three ways, using any of the three consonants (T, Q, N). 
* Last place can be filled in two ways, using any ofthe remaining two consonants. 
* Remaining places can be filled by using remaining six letters 


Number of words = 3x (6x 5x 4x3x2x1)x2 
= 3 x (6!) x 2 = 4320 words. 
(iv) Let v: vowels and c: constants 
Places: vevvevve 
Choice: 53432211 


e First, put the vowels in the corresponding places in 5x 4x 3x 2x 1 = 5! ways 
e Put the consonants in remaining three places in 3 x 2 x 1 = 3! ways 


= Number of words = 5! 3! = 120 х 6 = 720. 


Example 76 2n people (including A and B) are to be seated across a table, n people on 
each side (as shown in the figure). Find the number of arrangements so that A, B are 
neither next to each other nor directly opposite each other. 


Solution: 


Case 1: ‘A’ at a corner seat 
Options available for A = 4 

Options available for B = 2n — 3 

Number of arrangements = 4 x (2n — 3) x (2n – 2)! 

(Note that remaining 2л — 2 people in the remaining seats can be seated in (2n — 2)! 
ways) 


Case 2: ‘A’ not in a corner seat 
Options available for A = 2n — 4 
Options available for B = 2n— 4 
Number of arrangements = (2n — 4) x (2n — 4) x (2n — 2)! 
Using addition principle, total number of arrangements 
= 4х (2n – 3) x Qn 2)! + (2n — 4)? (2n – 2)! 
= (An? — 8n + 4) (2n — 2)! 
= 4(n – 1) Qn – 2)! 


7.6.2 Theorem 2 


(Number of Permutations (arrangements, order) of n distinct objects taken r at a time) 
n! 


(n-r)! 


^ 


The total numbers of permutations of r objects, out of n distinct objects, is 
1zrtznm. 


This number is denoted as "P, or P(n, r) or "A, or A(n, r) 


a 


= 


ero 


eo 
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Proof: 
Let us consider that we have n different objects say a), a», a5, ..., a,. We have to find 
number of different permutations (arrangements or orders) of these objects taken only 
r at a time. (i.e., we have to select r objects and arrange them). 

Every arrangement of n objects taken r at a time is equivalent to fill r boxes. 

Let us consider r boxes as shown in the figure: 


1 2 3 4 5 r 


Boxes: 
Ways: n n-l1n-2n-3n-4 n-(r-1) 


Box-1 can be filled in n ways by any of the n objects a), a», d3, ..., a. 


Box-2 can be filled in (n — 1) ways by any of the remaining (n — 1) objects (excluding 
the one that is used to fill Box-1). 
Similarly, boxes 3, 4, 5, ..., rth can be filled in (n — 2), (n — 3), ..., n — (r — 1) ways 
respectively. 
Using fundamental principle of counting, total number of ways to fill r boxes 
-n(n-1)(n-2)(n-3)...(n-r-*1) 
Multiply and divide by |n —7r to get, 
Number of ways to permutate n things taken r at a time 


| n(n-l(n-2)Yn-3)--(n-r*l)n-r 


n—r 


|. n(n-1)(n- 2) (n-reY(n-r)(n-r-1)-3:241 


n-—r 
is (Using :[n- r = (n- r) (n-r-1)---3-2-1} 
| eee 
=^рР [read it as ‘n Р] 


Alternatively, number of permutation of r objects, out of n distinct objects is equiva- 


lent to selecting r objects first out of n distinct which can be selected in ways and 
" 


then arranging them in a line in r! ways so total ways is r! 
ГАА 


ny |” “| 
> р» = ХҮ. 
r 


n! 
— xr! 
rYn-r)! 
n! 


- (пр)! 


Example 77 [/°%Р, , ¢: "P, |, = 30800 : 1, find "Ph. 
Solution: We have 


56Р. , _ 30800 
н Баз 1 
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56! (51-7)! 30800 
(50-r)! 54! 1 
=> 56.55(51—r) = 30800 > r= 41 
= '"P,=*|P,=41- 40 = 1640. 


Example 78 Prove that"P,.=""'P.+r-""'P._ 
Solution: RHS -" ^ !P, er" !p, , 


(n —1)! "T" (n-1! _ (a-D! , n=)! 
(n-l-r)  (n-l-r*l)! (n-r-1) (n- ry 


~ = ud i (n E 
-"P,-LHS. 


Aliter (Combinatorial): "P, denotes the number of ways of arranging r-objects out 
of n-objects, in a line. This work can be done in the following way also. Suppose 
the objects are a), a5, ..., a,. First we find the number of permutations, in which a, 
does not appear. Number of such permutations is " ^ 1р. Further we consider those 
arrangements, in which a, necessarily appears. Number of such permutation is 
r-" !P, |, (as we can arrange (r — 1) objects out of (n — 1) objects in" 'P,_ | ways, 
and then in any such permutation we can fix the position of a, in r ways). Now using 
the principle of addition, the required number is" ^ !P,-- r."  !P, ,. 


Example 79 Find number of different 4 letter words which can be formed using the 
letters of the word ‘HISTORY’. 


Solution: Making a 4-letter word is equivalent to permutation of letters of the word 
‘HISTORY’ taken 4 at a time. 

= Number of 4-letter words using letters of the word ‘HISTORY’ 

= Number of permutation of letters H, I, S, T, O, R, Y taken only 4 at a time 


='P,= |7 Z 
7-4 B 
Е хес = 7х6х5х4 — 840. 


Example 80 /n how many ways 5 distinct red balls, 3 distinct black balls and 2 distinct 
white balls can be placed in 3 distinct boxes such that each box contains only 1 ball. 


Solution: Total number of balls = 10. АП balls are distinct. 
The placement of 10 balls in 3 distinct boxes is equivalent to permutations of 10 dis- 
tinct balls taken 3 at a time. This is because every arrangement of 3 balls will give a 
different way of placing 3 balls in 3 distinct boxes. 

Therefore, total number of ways to place 10 distinct balls in 3 distinct boxes 

= Number of permutations of 10 distinct balls taken 3 at a time 


юр [IO [10 10х9х8х7 
3 10-3 [7 [7 
= 10 x 9 x 8 = 720 ways. 
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Example 81 /n a railway train compartment there are two rows of facing seats, five in 
each. Out of 10 passengers, 4 wish to sit looking forward and 3 looking towards rear 
of the train. The other three are indifferent. In how many ways can the passengers take 


seats? 
Solution: (Forward) (Row A, say) 


(Rear) (Row B, say) 


5! 
4 people, in row A, can sit in `P, ways = 6-41 =5 х4 х3 х 2 ways 
А ipei 5! 
3 people, in row B, can sit in ~P} ways = 6-3) =5x4x3 ways 
3 (indifferent) people in remaining 3 seats can sit in ЗР, ууауз 


=3!=3x2x1 

By multiplication principle, the total number of ways in which 10 people can sit in 
rows A and B 

=(5x4x3x2)x(5x4x3)x(3x2x 1) 

= (5!) x3 

= 43, 200 ways 
Example 82 А tea party is arranged for 16 people along two sides of a long table with 
8 chairs on each side. Four men wish to sit on one particular side and two on the other 
side. In how many ways can they be seated? 


Solution: Let A,, A, Аз, ..., А1 be the sixteen persons. Assume that 4,, 45, Аз, Ay 
want to sit on side 1 and А;, A, want to sit on side 2. 
The persons can be made to sit if we complete the following operations: 
(i) Select 4 chairs from the side 1 in °С, ways and allot these chairs to A}, 45, Аз, 
А4 in 4! ways. 
(ii) Select two chairs from side 2 in C, ways and allot these two chairs to As, A, in 
2! ways. 
(її) Arrange the remaining 10 persons in remaining 10 chairs in 10! ways. 
=> Hence the total number of ways in which the persons can be arranged 


= °C, 41(8C,2!)(10!) 

! 121 191 ! 
28b gy, 8121 оу _ 818! 10! 
414! 216! 416! 


Note: It is advised to use | \ r! instead of "P. directly as after selecting r objects 
y 


you can always decide that whether you have to arrange them or not! 


7.6.3 Theorem 3 


(Permutation of Objects when not all objects are distinct) 
Let there be rm, 415, n, 45,..., n, Aps. Then the number of permutations 


= (m tn ten)! 


(This number is known as a multinomial coefficient.) 
Th lm ! ea. ! 
Numerator of the above formula is factorial of total number of items. Each terms in 
denominator is factorial of number of objects which are of same type and identical to 
each other. In earlier sections, we discussed how to permutate n different objects either 
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taking all at a time or just r at a time. In this section, we will discuss how to arrange 
objects taken all at a time when all object are not distinct from each other. 

For example, if we have to permutate A, A, B (Two A letters are identical) then 
number of permutations would not be same as permutations of 3 distinct objects say A, 
B, C. This is because two A letters cannot be permutated among themselves. Following 
are the ways to permutate A, A, B. 

AAB, ABA, BAA, i.e., 3 ways. This is not equal to |3. 

So we need to re define the formula we use to arrange 7 distinct objects. 

For a case when all objects are not distinct. The redefined formula is given in theo- 
rem 3. 


Proof: Total places we need to arrange all 4;'s is n, + n, +n, +-::+ n,— n (say) 


Let us first select n, place out of л places to arrange n, A,’s this can be done in | | 
т 


ways and there is only one way to arrange A, on these places. Now select n, places for 
A's out of remaining n — n, places. 


n—n 
This can be done in | ) ways and arrange A,’s at these places in 1 way only 
n 


n n— n ny 
=> Total ways = 1 de 1 
n n ny 


n! 


and so on 


nN In, ny! 


Example 83 How many different words can be formed by permuting all the letters of 
the word MATHEMATICS. 


Solution: In the word MATHEMATICS, total letters are 11 
Number of ‘M’ letters = 2 
Number of ‘A’ letters = 2 
Number of ‘T’ letters = 2 
Number of different letters 2 5 (H, E, I, C, S) 
Number of ways to arrange letters of the word ‘MATHEMATICS’ 


[1 
[2/2]2 


[using the formula given in Theorem 3] 


Example 84 How many different words can be formed by permuting all the letters of 
the word MISSISSIPPI? 


Solution: The word MISSISSIPPI is formed by 45%, 415 2P's and 1 M. Required 


number of different words — (using theorem 3). 


11! 
4141211! 


Example 85 How many n-term binary sequences can be formed of r 0's and (n — r) 
1’s? 


Solution: Number of binary sequences having n terms (r 0’s, (n — r) 1’s )= 


i ; ; me rl(n—r)! 
This number known as a binomial coefficient. 
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Example 86 How many 9-letter words can be formed by using the letters of the words 
(i) EQUATIONS (ii) ALLAHABAD? 


Solution: 
(i) All 9-letters in the word EQUATIONS are different. 
Hence number of words = 9! = 362880. 
(ii) ALLAHABAD contains LL, AAAA, H, B, D 
9! 9x8x7x6x5 


= 7560. 
Number of words 2141 2 


Example 87 How many anagrams (rearrangements) can be formed of the word 
‘PRIYANKA’? 


Solution: Here total letters are 8, in which 2 A’s, but the rest are different. Hence the 
8! 

number of words formed = D = 20160. 

As we have to count rearrangements, so remove one word that is PRIYANKA' 


Hence number of anagrams 220160 — 1= 20159. 


Example 88 Find the number of permutations of 1, 2, ..., 6, in which 
(1) Z occurs before 2, 
(11) 3 occurs before 4, 
(ш) 5 occurs before 6. 


For example, 351426 


Solution: Let us use the following terms. 
A permutation has property Р, if 1 occurs before 2. A permutation has property P; if 3 
occurs before 4. A permutation has property P, if 5 occurs before 6. 


PS < not Pi 
p, €» not P, 


Р; e not P}. 


So there are 8 possibilities, e.g., P, pj Р», p" Р, PS, etc. 
Number of P, P, P, = Number of P,€ P,P,-...- Number of P, P, P.C 


6! 
= Number of permutations having P, P; P, = rm 90. 


Aliter 1: Assume 1 and 2 as a, a, 3, 4 as b, b, 5, 6 as c,c now arrange a, a, b, b, с, cin 


! 
a line. This can be done in Bl ways = 90. 
21212! 


Now starting from left first a replaced by 1 and second а replaced by 2, similarly b 
and c, we will get the desired permutation. 


Aliter 2: Arrange | and 2 in 6 places in KOA ways. 
Now, to arrange 3 and 4 we have КӨЛ ways and to arrange 5, 6 we have only one way. 


6 


! 
Finally by Multiplication Principle total number of ways ел "C= < = 90. 


7.6.3.1 Permutations of n Objects Taken r at a Time when 
All n Objects are not Distinct 


In this section we will discuss how to arrange (permutate) n objects taken r at a time 
where all n objects are not distinct. 

For example, arrangements of letters AABBBC taken 3 at a time. 

To find such arrangements, it is not possible to derive a formula that can be applied 
in all such cases. 

So, we will discuss a method (or procedure) that should be applied to find arrange- 
ments. The method involves making cases based on alike items that we choose in 
the arrangement. You should read the following examples to learn how to apply this 
*method of cases' to find arrangements of n objects taken r at a time when all objects 
are not different. 


Example 89 Find the number of 4-letter words, that can be formed from the letters of 
the word ‘ALLAHABAD’. 


Solution: We have four A, two L, and one each of H, B and D. 

Four letters from the letters of the word ALLAHABAD would be one of the following 
types; (1) all same (ii) three same, one distinct (iii) two same, two same (iv) two same, 
two distinct and (v) all four distinct 

Now number of words of type (i) is 1 


4! 
Number of words of type (ii) is “Су x em =16 


4! 
Number of words of type (iii) is 3m 6 


4! 
Number of words of type (iv) is СС, Т =144 


Number of words of type (v) is °С; 4! = 120 
Thus the required number = 1 + 16 + 6 + 144 + 120 = 287. 


Example 90 Find in how many ways we can arrange letters AABBBC taken 3 at a 
time. 


Solution: The given letters include AA, BBB, C, i.e., 2 A letters, 3 B letters and 1 C 
letters. 

To find arrangements of 3 letters, we will make following cases based on alike letters 
we choose in the arrangement. 


Case 1: All 3 letters are alike 
3 alike letters can be selected from given letters in only 1 way, i.e., BBB. 


3 

Further 3 selected letters can be arranged among themselves in B =] way. 

=> Total number of arrangement with all letters alike = 1 (1) 
Case 2: 2 alike and 1 distinct 
2 alike letters can be selected from 2 sets of alike letters (AA, BB) in ^C | Ways. 

1 distinct letter (distinct from selected alike letters) can be selected from remaining 
letters in Ee ways. (C, A or B either). 

Further 2 alike and 1 distinct selected letters can be arranged among themselves in 


fro |Гоо 


ways. 
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=> Total number of arrangements with ‘2 alike and 1 distinct letter’ 


= 26 x? x ==2x2x3=12 Q) 


fro |Гоо 


Case 3: All distinct letters 
All 3 letters distinct can be selected from 3 distinct letters (A, B, C) in 1 way. 
Further 3 distinct letters can be arranged among themselves in |3 ways. 
=> Total number of arrangements with all 3 letters distinct = 1x|3 =|3 = 6 (3) 


Combining (1), (2) and (3) 
Total number of permutations of AABBBC taken 3 at a time = 1 + 12 + 6 = 19. 


Example 91 How many 4-letters words can be formed using the letters of the word 
INEFFECTIVE? 


Solution: INEFFECTIVE contains 11 letters: EEE, FF, II, C, T, N, V. 
As all letters are not distinct, we cannot use "P,. The 4-letter words will be among any 
one of the following cases: 

1.3 alike letters, 1 distinct letter. 3. 2 alike letters, 2 distinct letters. 

2. 2 alike letters, 2 alike letters. 4. All distinct letters. 


Case 1: 3 alike, 1 distinct 
3 alike can be selected in one way, i.e., EEE. 
Distinct letters can be selected from F, I, T, N, V, C in °C) ways. 
4! 
— =24 
3!х1! 


— Number of groups = 1 x °C | = 6 => Number of words = = 6x 


Case 2: 2 alike, 2 alike 
Two sets of 2 alike can be selected from 3 sets (EE, II, FF) in С ways. 
4! 


=> Number of words = °C, x ——— = 
2!x 2! 


Case 3: 2 alike, 2 distinct 


! 
= Number of groups = CC,) x EC) = 45 = Number of words = 45x 5 = 540 


Case 4: AII distinct 
— Number of groups — "s (out of E, E, I, T, N, V, C) 
= Number of words = "С, x 4! = 840 
Hence total 4-letter words = 24 + 18 + 540 + 840 = 1422. 


7.6.4 Theorem 4 


(Arrangement of n distinct objects with repetition of objects) 
Total number of ways to permutate п distinct things taken r at a time when objects can 
be repeated any number of times is n”. 


Proof: 

Here we have to arrange n distinct objects in a row taken only r at a time when objects 

can be repeated any number of times, i.e., repetition of objects is allowed. 
Permutation of n objects in a row taken r at a time is equivalent to filling r boxes. 

Let us consider r boxes as shown in the figure: 


Boxes: 


Ways: n n n n n 


Box-1 can be filled in л ways by any of the n objects. 

Box-2 can also be filled in n ways as any of the n objects can be used to fill Box-2. 
This is because, we can reuse the object used to fill Box-1 to fill Box-2 as repetition 
of objects is allowed. 

Similarly Box-3, Box-4, ..., Box-r each one can be fill in n ways each. 

Using fundamental principle of counting, total number of way to fill п boxes 

-nxnxn...rtimes- n. 


Example 92 4 child has four pockets and three different marbles. In how many ways 
can the child put the marbles in his pockets? 


Solution: The first marble can be put into the pocket in 4 ways, so the second can also 
be put in the pocket in 4 ways so can the third . Thus, the number of ways in which the 
child can put the marbles 2 4 x 4 x 4 2 64 ways. 


Example 93 /л how many ways can 5 letters be posted in 4 letter boxes? 


Solution: Since each letter can be posted in any one of the four letter boxes. So, a let- 
ter can be posted in 4 ways. Since there are 5 letters and each letter can be posted in 4 
ways. So, total number of ways in which all the five letters can be posted = 4 x 4 x 4 
x4x4- 4, 


Example 94 Five person entered the lift cabin on the ground floor of an 8-floor house. 
Suppose each of them can leave the cabin independently at any floor beginning with 
the first. Find the total number of ways in which each of the five persons can leave the 
cabin 

(1) at any one of the 7 floors (11) at different floors. 


Solution: Suppose А |, А,, Аз, Ay, A; are five persons. 

(1) A, can leave the cabin at any of the seven floors. So, A, can leave the cabin in 7 
ways. Similarly, each of Aj, Аз, Ay, A; can leave the cabin in 7 ways. Thus, the 
total number of ways in which each ofthe five persons can leave the cabin at any 
of the seven floors is 7X 7x 7x 7x 7 2 T. 

(ii) A, can leave the cabin at any of the seven floors. So, A, can leave the cabin in 7 
ways. Now, A, can leave the cabin at any of the remaining 6 floors. So, A, can 
leave the cabin in 6 ways. Similarly, A}, A, and A; can leave the cabin in 5, 4 
and 3 ways respectively. Thus, the total number of ways in which each of the 
five persons can leave the cabin at different floors is 7 x 6x 5x 4 x 3 = 2520. 


Example 95 There are 6 single choice questions in an examination. How many 
sequence of answers are possible, if the first three questions have 4 choices each and 
the next three have 5 each? 


Solution: Here we have to perform 6 jobs of answering 6 multiple choice questions. 
Each one of the first three questions can be answered in 4 ways and each one of the 
next three can be answered in 5 different ways. 

So, the total number of different sequences = 4x 4x 4x 5x 5x 5 = 8000. 
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Example 96 Three tourist want to stay in five different hotels. In how many ways can 
they do so if: 


(1) each hotel can not accommodate more than one tourist? 
(ii) each hotel can accommodate any number of tourists? 


Solution: 
(i) Three tourists are to be placed in 3 different hotels out of 5. This can be done as: 

Place first tourist in 5 ways 
Place second in 4 ways 
Place third in 3 ways 
=> Required number of placements = 5 x 4x 3 = 60 

(п) To place the tourists we have to do following three operations. 
(a) Place first tourist in any of the hotels in 5 ways. 
(b) Place second tourist in any of the hotels in 5 ways. 
(c) Place third tourist in any of the hotels in 5 ways. 
=> the required number of placements = 5 x 5 x 5 = 125. 


7.6.5 Some Miscellaneous Applications of Permutations 
7.6.5.1 Always Including p Particular Objects in the Arrangement 


The number of ways to select and arrange (permutate) r objects from n distinct objects 
such that arrangement should always include p particular objects 2" ^C, ,xr!. 


Logic: First select p particular objects which should always be included in 1 way (1) 
Then select remaining (r — p) objects from remaining (n — p) objects in " "C, _ p 
ways. (2) 
Finally arrange r selected objects in r! ways (3) 
Using fundamental principle of counting, operations (1), (2) and (3) can be per- 
formed together in ways 
-Ix" C, ,xr! ways. 


7.6.5.2 Always Excluding p Particular Objects in the Arrangement 


The number of ways to select and arrange r objects from n distinct objects such that p 
particular objects are always excluded in the selection =” "C, x rt. 


Logic: First exclude p particular objects from n different objects. 
Then select r objects from (n — p) different objects in ” "C, ways. (1) 
Then permutate r selected objects in r! ways. (2) 
Using fundamental principle of counting, operations (1) and (2)can be performed 
together in " ^C, x r! ways. 


Example 97 How many three letter words can be made using the letters of the words 
SOCIETY, so that 
(1) S is included in each word? (П) S is not included in any word? 


Solution: 
(i) To include S in every word, we will use following steps. 
Step 1: Select the remaining two letters from remaining 6 letters, i.e., 


O, C, I, E, T, Y in б; ways. 


Step 2: Include S in each group and then arrange each group of three in 3! ways. 
= Number of words = °C, 3! = 90. 

(п) If S is not to be included, then we have to make all the three words from the re- 
maining 6. 
= Number of words = °C; 3! = 120. 


7.6.5.3 *p' Particular Objects Always Together in the Arrangement 


The number of ways to arrange 7 distinct objects such that p particular objects remain 
together in the arrangement (n— p+1)! p! 


Logic: Make a group of p particular objects that should remain together. Arrange this 
group of p particular objects and remaining (n — p) objects in (n — p + 1)! ways. (1) 
Finally arrange p particular objects among themselves in p! ways. (2) 
Using fundamental principle of counting operations (1) and (2) can be performed 
together in (n — p+ 1)! x p! ways 


Example 98 How many words can be formed using the letters of the word TRIANGLE 
so that 
(i) A and N are always together? (п) T А, I are always together? 


Solution: 
(i) Assume (AN) as a single letter. Now there are seven letters in all: 

(AN), Т, R, I, G, L, E 
Seven letters can be arranged in 7! ways. 
All these 7! words will contain A and N together. A and N can now be arranged 
among themselves in 2! ways (AN and NA). 
Hence total number of words = 7! 2! = 10080. 

(п) Assume (TRI) as a single letter. 
The letters: (TRI), A, N, G, L, E can be rearranged in 6! ways. 
TRI can be arranged among themselves in 3! ways. 
Total number of words = 6! 3! = 4320. 


Example 99 How many 5-letter words containing 3 vowels and 2 consonants can be 
formed using the letters of the word EQUATIONS so that the two consonants occur 
together in every word? 


Solution: There are 5 vowels and 3 consonants in EQUATION. To form the words we 
will use following steps: 


Step 1: Select vowels (3 from 5) in "Us Ways. 
Step 2: Select consonants (2 from 3) in б, ways. 


Step 3: Arrange the selected letters (3 vowels and 2 consonants (always together)) in 
4! x 2! ways. 
Hence the number of words = °C, °C, 4! 2! 2 10 x 3 x 24 x 2 = 1440. 


7.6.5.4 *p' Particular Objects Always Separated in the Arrangement 


The number of ways to arrange 7 different objects such that p particular objects are 
always separated 


= a cs x(n— p)!x p! 
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3 .. (n-p+1)th gap 


Logic: First arrange n — p objects in (n — p)! ways. Now we have to place p particular 
objects between (n — p) remaining objects so that all p particular objects must be sepa- 
rated from each other. 

From figure we can see there are (n — p + 1) gaps (including before and after) 
between (n — p) objects where we can place p particular objects such that p objects are 
separated from each other. 

Select p gaps from (n — p + 1) gaps for p particular objects in" ^ * pon ways. 

Now place and arrange p objects in p selected gaps in p! ways. Using fundamental prin- 
ciple of counting, all operations can be performed together in "Р C3 x(n- p)!x p! 
ways. 

Example 100 There are 9 candidates for an examination out of which 3 are appear- 


ing in Mathematics and remaining 6 are appearing in different subjects. In how many 
ways can they be seated in a row so that no two Mathematics candidates are together? 


Solution: Divide the work in two steps. 
Step 1: First, arrange the remaining candidates in 6! ways. 


Step 2: Place the three Mathematics candidates in the row of six other candidates so 
that no two of them are together. 

x: Places available for Mathematics candidates. 

0: Others. 


x [о x | o x [о x [о x [о x [о x | 


In any arrangement of 6 other candidates (0), there are seven places available for 
Mathematics candidate so that they are not together. Now 3 Mathematics candidates 


can be placed in these 7 places in u 3! ways. 


Hence total number of arrangements 
7 7! 
=6! 312 720x — =151200. 
3 4! 
Example 101 /n how many ways can 7 plus (+) signs and 5 minus (—) signs be arranged 
in a row so that no two minus (—) signs are together? 
Solution: 


Step 1: The plus signs can be arranged in one way (because all are identical). 


A blank box shows available spaces for the minus signs. 


Step 2: The 5 minus (—) signs are now to be placed in the 8 available spaces so that no 
two of them are together. 

(i) Select 5 places for minus signs in ot ways. 

(п) Arrange the minus signs in the selected places in 1 way (all signs being identical). 


Hence number of possible arrangements = 1 x °C, x 1 = 56. 


Example 102 There are 20 stations between stations A and B. In how many ways a 
train moving from station A to station B can stop at 3 stations between A and B such 
that no two stopping stations are together? 


Solution: We have to select 3 stations from 20 stations between A and B so that train 
can stop at these stations. 


According to the question: 
There are 3 stopping stations that should be separated from each other, i.e., even no 
two of them are together. 
First separate out 3 stations to the selected from 20 stations, i.e., 17 station left. 
Now, we select 3 positions between 17 stations so that we can place 3 stopping 
stations. There are 18 positions between 17 stations where we can place 3 stopping 
stations. 


Position to place 
stopping stations 


Therefore, number of ways to select 3 stations where train can stop 
= number of ways to place 3 stopping stations between remaining 17 stations 
18 
= C3. 


7.6.5.5 Rank of a Word in the Dictionary 


In these type of problems, dictionary of words is formed by using all the arrange- 
ment of all letters at a time of the given word. The dictionary format means words are 
arranged in the alphabetical order. You will be supposed to find the rank (position) of 
the given word or some other word in the dictionary. 

Following examples will help you learn how to find the rank in the dictionary. 


Example 103 Find the rank of the word MOTHER in the dictionary order of the words 
formed by M, T, H, O, E, К. 


Solution: Number of words starting with E, having other letters М, Т, Н, О, К = 5 ! = 
120 

Number of words starting with H, having other letters M, T, E, O, К = 5 ! = 120 
Number of words having first two letters M,E and other letters O, T, H, R=4!=24 
Number of words having first two letters М,Н and other letters T, E, O, R=4!=24 
Number of words having first three letters M,O,E and other letters H, T, R=3!=6 
Number of words having first three letters M,O,H and other letters T, E, R=3!=6 
Number of words having first three letters M,O,R and other letters Т, H, E=3!=6 
Number of words having first four letters М,О,Т,Е and other letters Н, К = 2! = 2 
Total number of words, before MOTHER, in the dictionary order made up of 

M, O, E, T, H, R= 120 + 120 + 244+ 24+6+6+6+ 2 = 308 

-. Rank of the word MOTHER = 309. 


Example 104 /fall the letters of the word RANDOM are written in all possible orders 
and these words are written out as in a dictionary, then find the rank of the word RAN- 
DOM in the dictionary. 


Solution: In a dictionary the words at each stage are arranged in alphabetical order. In 
the given problem, we must therefore consider the words beginning with A, D, M, N, 
O, R in order. A will occur in the first place as often as there are ways of arranging the 
remaining 5 letters all at a time, i.e., A will occur 5! times. D, M, N, O will occur in the 
first place the same number of times. 
Number of words starting with A = 5! = 120 

Number of words starting with D = 5! = 120 

Number of word starting with M = 5! = 120 

Number of words starting with N = 5! = 120 
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Numbers of words starting with O = 5! = 120 

After this, words beginning with RA must follow. 
Number of words beginning with RAD or RAM = 3! 
Now the words beginning with RAN must follow. 
First one is RANDMO and the next one is RANDOM. 
-. Rank of RANDOM = 5(5!) + 2(3!) + 2 = 614. 


Example 105 Find the rank of the word 'TTEERL' in the dictionary of words formed 


by 


using the letters of the word ‘LETTER’. 


Solution: In the dictionary of words formed, we need to count words before the word 
"TTEERE in the dictionary. To count such words, we need to first count words start- 
ing with E, L, R, TE, TL, TR and then add 2 to the count for words ‘TTEELR’ and 
‘TTEERL. 


Number of words starting with E = Arrangement of letter E, T, T, R, L = 


IN [Гел 


Number of words starting with L = Arrangement of letters E, T, T, E, R = рр 
"e [5 
Number of words starting with R = Arrangement of letters E, T, T, E, L = рр 
Number of words starting with TE = Arrangement of letters T, E, R, L = 14 
4 
Number of words starting with TL = Arrangement of letters E, T, E, R = p 
| І 4 
Number of words starting with TR = Arrangement of letters T, E, E, L = D 


B. Б + 5 +|4+Е+Ї#+2—170 


2 02 pp 2 B 
(Now, try to find the rank of the word COCHIN, in the list, in the dictionary order, 


Rank of TTEERL 


of the words made up of C, C, H, I, O, N. Your answer should be 97). 


Build-up Your Understanding 3 


1. 


Find the value of r in following equations: 

(i) ^P, - $P. , (ii) 10р.= 720 (ш) 20Р, = 13 x PP | 

. Ina railway compartment 6 seats are vacant on a berth. Find the number of ways 
in which 3 passengers sit on them. 

. Three men have 6 different trousers, 5 different shirts and 4 different caps. Find 
the number of different ways in which they can wear them. 

. Find the number of words of four letters containing equal number of vowels and 
consonants (repetition not allowed). 

. Find the number of words that can be formed using 6 consonants and 3 vowels out 
of 10 consonants and 4 vowels. 

. Find the number of ways in which the letters of the word ARRANGE can be made 
such that both R’s do not come together. 

. Find the number of arrangements ofthe letters of the word BANANA is which the 
two *N's do not appear adjacently. 

. We are required to form different words with the help of the letters of the word 

INTEGER. Let m, be the number of words in which I and N are never together and 

m, be the number of words which begin with I and end with R, then find м/т. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


. Find the number of arrangements that can be made with the letters ofthe word MATH- 


EMATICS and also find the number of them, in which the vowels occur together. 
Find the number of ways in which letters of the word VALEDICTORY be ar- 
ranged so that the vowels may never be separated. 
Find the number of different words which can be formed from the letters of the 
word LUCKNOW when 

(1) all the letters are taken. 

(11) all the letters are taken and words begin with L. 
(iii) all the letters are taken and the letters L and W respectively occupy the first 

and last places. 

(iv) all the letters are taken and the vowels are always together. 
Find the number of permutations of the word AUROBIND in which vowels ap- 
pear in an alphabetical order. 
If as many more words as possible be formed out of the letters of the word DOG- 
MATIC then find the number of words in which the relative position of vowels 
and consonants remain unchanged. 
Find the number of words which can be formed using all letters of the word 
‘Pataliputra’ without changing the relative order of the vowels and consonants. 
Find the total numbers of words that can be made by writing all letters of the word 
PARAMETER so that no vowel is between two consonants. 
Find the total number of permutation of n(n > 1) distinct things taken not more than 
r at a time and atleast 1, when each thing may be repeated any number of times. 
Find the number of permutations of n distinct objects taken 

(1) atleast r objects at a time 
(ii) atmost r objects at a time 
(Where repetition of the objects is allowed) 
If the number of arrangements of n — 1 things from n distinct things is k times the 
number of arrangements of n — 1 things taken from n things in which two things 
are identical then find the value of k. 
Find the number of different 7-digit numbers that can be written using only the three 
digits 1, 2 and 3 with the condition that the digit 2 occurs twice in each number. 
Six identical coins are arranged in a row. Find the total number of ways in which 
the number of heads is equal to the number of tails. 
There are n distinct white and n distinct black balls. Find the number of ways in which 
we can arrange these balls in a row so that neighboring balls are of different colours. 
Find number of ways in which 6 girls and 6 boys can be arranged in a line if no 
two boys or no two girls are together. 
Find the number of ways in which 3 boys and 3 girls (all are of different heights) 
can be arranged in a line so that boys as well as girls among themselves are in 
decreasing order of height (from left to right). 
Find the number of ways in which 10 candidates А, A», ..., А, can be ranked so 
that A, is always above A). 
Let A be a set of n (> 3) distinct elements. Find the number of triples (x, y, z) of 
the elements of A in which atleast two coordinates are equal. 
Find the number of ways of arranging m numbers out of 1, 2, 3, ..., n so that 
maximum is (n — 2) and minimum is 2 (repetitions of numbers is allowed) such 
that maximum and minimum both occur exactly once, (n > 5, m > 3). 
Eight chairs are numbered 1 to 8. Two women and three men wish to occupy one 
chair each. First the women choose the chairs from amongst the chairs marked 
1 to 4, and then the men select the chairs from amongst the remaining. Find the 
number of possible arrangements. 
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28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 
36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


There are 10 numbered seats in a double decker bus, 6 in the lower deck and 4 on 
the upper deck. Ten passengers board the bus, of them 3 refuse to go to the upper 
deck and 2 insist on going up. Find the number of ways in which the passengers 
can be accommodated. 
In how many different ways a grandfather along with two of his grandsons and 
four grand daughters can be seated in a line for a photograph so that he is always 
in the middle and the two grandsons are never adjacent to each other. 
Find the number of ways in which A A A B B B can be placed in the squares of 
the figure as shown so that по row remains empty. 
The tamer of wild animals has to bring one by one 5 lions and 4 tigers to the cir- 
cus arena. Find the number of ways this can be done if no two tigers immediately 
follow each other. 
In a conference 10 speakers are present. If S} wants to speak before S, and S, 
wants to speak after S}, then find the number of ways all the 10 speakers can give 
their speeches with the above restriction 1f the remaining seven speakers have no 
objection to speak at any number. 
Find the total number of flags with three horizontal strips, in order, that can be 
formed using 2 identical red, 2 identical green and 2 identical white strips. 
Messages are conveyed by arranging 4 white, 1 blue and 3 red flags on a pole. 
Flags of the same colour are alike. If a message is transmitted by the order in 
which the colours are arranged then the find the total number of messages that can 
be transmitted if exactly 6 flags are used. 
Find number of arrangements of 4-letters taken from the word EXAMINATION. 
Find number of ways in which an arrangement of 4-letters can be made from the 
letters of the word PROPORTION. 
Find the number of permutations of the word ASSASSINATION taken 4 at a 
time. 

The letters of the word TOUGH are written in all possible orders and these words 
are written out as in a dictionary, then find the rank of the word TOUGH. 

The letters of the word SURITI are written in all possible orders and these words 
are written out as in a dictionary. What is the rank of the word SURITI? 

There are 720 permutations of the digits 1, 2, 3, 4, 5, 6. Suppose these permuta- 
tions are arranged from smallest to largest numerical values, beginning from 1 2 
345 бапа ending with 6 5 4 3 2 1. 

(a) What number falls on the 124th position? 

(b) What is the position of the number 321546? 
All the five digits number in which each successive digit exceeds its predecessor 
are arranged in the increasing order of their magnitude. Find the 97th number in 
the list. 

All the 5 digit numbers, formed by permuting the digits 1, 2, 3, 4 and 5 are ar- 
ranged in the increasing order. Find: 

(i) the rank of 35421 (ii) the 100th number. 

There are 11 seats in a row. Five people are to be seated. Find the number of seat- 
ing arrangements, if 

(1) the central seat is to be kept vacant; 

(11) for every pair of seats symmetric with respect to the central seat, one seat is 

vacant. 

Find the number of ways in which six children of different heights can line up in a 
single row so that none of them is standing between the two children taller than him. 
Define a ‘good word’ as a sequence of letters that consists only of the letters A, B 
and C and in which A never immediately followed by B, B is never immediately 


followed by C, and C is never immediately followed by A. If the number of n- 
letter good words are 384, then find the value of n. 

46. There are 2 identical white balls, 3 identical red balls and 4 green balls of different 
shades. Find the number of ways in which they can be arranged in a row so that 
atleast one ball is separated from the balls of the same colour. 

47. Eight identical rooks are to be placed on an 8 x 8 chess-board. Find the number 
of ways of doing this, so that no two rooks are in attacking positions. 

48. How many arrangements of the 9 letters a, b, c, p, q, r, x, y, z are there such that 
y is between x and z? (Any two, or all three, of the letters x, y, z, may not be con- 
secutive.) 

49. Inthe figure, two 4-digit numbers are to be formed by filling the place with digits. 
Find the number of different ways in which these places can be filled by digits so 
that the sum of the numbers formed is also a 4-digit number and in no place the 
addition is with carrying. 

50. Two n-digit integers (leading 0 allowed) are said to be equivalent if one is a per- 
mutation of the other. Thus 10075 and 01057 are equivalent. Find the number of 
5-digit integers such that no two are equivalent. 


7.7 INTRODUCTION TO CIRCULAR PERMUTATION 


When objects are to be arranged (ordered) in a circle instead of a row, it is known as 
Circular Permutation. For example, three objects a, b, c can be permutated in a circle 
as shown in figure: 
Number of ways to arrange a, b, c in circle is not same as number of ways to arrange 
a, b, c ina row. 

This is because arrangements abc, bca, cab in a row are same in circle as shown in 
the figure. 
Similarly arrangements acb, cba, bac in a row are same in circle as shown in the figure. 


7.7.1 Theorem 


The number of circular permutations of n distinct objects is (n — 1)! 


Proof: Let aj, a, a3, ..., Ap 1, a, ben distinct objects. Let the total number of circular 
permutations be x. Consider one of these x permutations as shown in Figure. 
Clearly, this circular permutation provides п linear permutations as given below: 


ü1, 05, Az... Ay, 4, 0, 
Ay, аз, ад, ... Ay, Ay 


аз, Ag, As, ... Ay, 01, 05 


а,» 04, Ay, 03, +05 Ay | 


Thus, each circular permutation gives n linear permutations. As there are x circular 
permutations, the number of linear permutations is xn. But the number of linear per- 
mutations of n distinct objects is n!. 

n 


! 
s xn=n!>x=—=(n-!)! 
n 


Combinatorics ИБ 


Th H T U 
+ 
a a 
b Cc b 
a a 
b c € b 
ag 
a5 
An_2 ал 
8-4 ag 
a ag 
n a, 


7.58 Chapter 7 


ky Ko kg kn 
kn k4 ko Кз Код 


kə Кз ky ky 
i. 5 
n-i 3 
e 
. e 

a a 
b d d b 

С C 


Aliter 1: Number of linear permutations of n distinct objects = n!. Consider two linear 
permutation of n distinct objects Ку, kz, Аз ..., k, and kp, ky, ko, ..., Ky. 
Consider a corresponding circular permutation as shown in the following figure. 
ky ^n ky 
kp ko ky 
k . 
3 кз 


• 


(For example, think of two thread each having и beads) 

In fact, both the circular arrangements are same. Not only that, there are more 
similar looking circular permutations. There are п linear permutations as shown, which 
give the same circular permutation. 

So while counting the number of circular permutations from the number of linear 


permutations, one circular permutation is counted n times. 


n! 


-. Number of circular permutations = — = (n - 1)! 
n 


Aliter 2: Let P, denote the number of circular permutations of n distinct objects. 


Note that P, = 1. 
Let (n — 1) objects (out of these n objects) be placed on a circle. 


This can be done in Р, _ , ways. 
These n — 1 objects break the circle into n — 1 arcs. Now the nth object is to be kept 


some where on these (л — 1) arcs. This can be done in (n — 1) ways. 
л P,=(n—1)P,_, (recurrence relation) 
-(n-1)(n-2) P,.5 
= (n— 1) (n— 2) (n - 3) P, 4 and soon 
-(n-1)(n-2)(n—-3)...3.2.1. P, 
=(n-1)! 


7.7.2 Difference between Clockwise and Anti-clockwise 


In some of the problems we need to consider clockwise and anti-clockwise arrange- 
ments of objects as same arrangements. See the adjacent circular permutations. 
There is a difference of just the cyclic order. In first arrangement a, b, c, d are arranged 
in anti-clockwise order where as in second they are arranged clockwise order. 

If we have to consider these arrangements same (for example, arrangement of flow- 
ers in garland or arrangement of beads in a necklace), then we need to divide total 


circular permutation by 2. 


Therefore, 
Number of circular permutations of n distinct objects such that clockwise and anti- 
. . (n—1)! 
clockwise arrangements of objects are same = s; ) ‚23. 
Notes: 


1. Number of circular permutations of ‘n’ distinct things taken ‘7’ at a time = 


"| (r - 1)! (when clockwise and anticlockwise orders are taken as different) 
ji 


2. If clockwise and anticlockwise orders are taken as same, then the required num- 


n 
| Je-» 
r 
А r23. 


ber of circular permutations = ; 


Example 106 /n how many ways can 13 persons out of 24 persons be seated around 
a table. 
Solution: In case of circular table the clockwise and anti-clockwise orders are differ- 


24 
13! 
6s] _ 24! 


13 13x11! 


ent, thus the required number of circular permutations = 


Example 107 Out of ten people, 5 are to be seated around a round table and 5 are to 
be seated across a rectangular table. Find the number of ways to do so. 


Solution: First select 5 people out of 10, those who sit around the table. This can be 
done in C; ways. 
Number of ways in which these 5 people sit around the round table = 4! 

Remaining 5 people sit across a rectangular table in 5! ways. 

Total number of arrangements 


="C.x 41x 5! 
_ 10! 
BE 


x4!x 5! 


1 
=10!х—=9!х2. 
5 


Example 108 There are 20 persons among whom are two brothers. Find the number 
of ways in which we can arrange them around a circle so that there is exactly one per- 
son between the two brothers. 


Solution: Let B, and B, be two brothers among 20 persons and let M be a person that 
will sit between B, and B,. The person M can be chosen from 18 person (excluding B, 
and B,) in 18 ways. Considering the two brothers B, and B, and person M as one per- 
son and remaining 17 persons separately, we have 18 persons in all. These 18 persons 
can be arranged around a circle in (18 — 1)! = 17! ways. But B, and B, can be arranged 
among themselves in 2! ways. 

Hence, the total number of ways = 18 x 17! x 2! 2 2 x 18! 


Example 109 Jn how many ways can a party of 4 men and 4 women be seated at a 
circular table so that no two women are adjacent? 


Solution: The 4 men can be seated at the circular table such that there is a vacant seat 
between every pair of men in (4 — 1)! 2 3! ways. Now, 4 vacant seats can be occupied 
by 4 women in 4! ways. 


Hence, the required number of seating arrangements = 3! x 4! = 144. 


Example 110 4 round table conference is to be held between 20 delegates of 2 coun- 
tries. In how many ways can they be seated if two particular delegates are (1) always 
together? (11) never together? 


Solution: 

(1) Let D, and D, be two particular delegates. Considering D, and D, as one del- 
egate, we have 19 delegates in all. These 19 delegates can be seated round a 
circular table in (19 — 1)! 2 18! ways. But two particular delegates can arrange 
among themselves in 2! ways (D, D, and D; Dj). 

Hence, the total number of ways = 18! x 2! = 2 (18!). 
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(ii) To find the number of ways in which two particular delegates never sit together, 
we subtract the number of ways in which they sit together from the total number 
of seating arrangements of 20 persons around the round table. Clearly 20 per- 
sons can be seated around a circular table in (20 — 1)! 2 19! ways. 

Hence, the required number of seating arrangements = 19! — 2 х 18! = 17 (181). 


Alternate Solution: 
First arrange remaining 18 persons in (18 — 1)! 2 17! ways. 
Then select two gaps out of 18 gaps between 18 persons on the circle in Bo 
ways and arrange the two in 2! ways. 
Number of ways = 17! x С, x 2! 
=17 (181). 


Example 111 /n how many different ways can five boys and five girls form a circle 
such that the boys and girls are alternate? 


Solution: After fixing up one boy on the table the remaining can be arranged in 4! 
ways. There will be 5 places, one place each between two boys which can be filled by 
5 girls in 5! ways. 
Hence by the principle of multiplication, the required number of ways 

=4! x 5! = 2880. 


Example 112 Find the number of ways to seat 5 boys and 5 girls around a table so that 
boy B, and girl G, are not adjacent. 


Solution: Number of ways of arranging 5 boys and 5 girls around a table is 
(10 — 1)! = 9!. 

Among these, we have to discard the arrangements where B, and G} sit together. Con- 
sider B,G, as a single entity. There all 9 people can be arranged around a circle in 
(9 — 1)! 2 8! ways. 

But the boy B, and girl G, can either be arranged in B,G, or in G,B, position. So, 
the number of ways in which boy B, and girl С, are together is 2 x 8!. 

Therefore, the number of ways in which boy B, and girl G, are not together is 9! — 2 
x8!28!(9—2) = 7x8! =2,82,240. 


Aliter: Exclude G, initially. The remaining 9 can be arranged in (9 — 1)! = 8! ways 
around a circle. Now, there are 9 in-between positions among the 9 people seated around 
a circle. Of these 9, the two sides of B,, i.e., his left and right are not suited for G, (as 
B, and G, must not come together). Hence, there are 7 choices in each of the circular 
permutations for Gy. 


The total number of ways of arranging the person is 7(8!) ways. 


Example 113 There are 5 gentlemen and 4 ladies to dine at a round table. In how 
many ways can they seat themselves so that no two ladies are together? 


Solution: Five gentlemen can be seated at a round table in (5 — 1)! = 4! ways. Now, 5 
places are created in which 4 ladies are to be seated. Select 4 seats for 4 ladies from 
5 seats in C ways. Now 4 ladies can be arranged on the 4 selected seats in 4! ways. 
Hence, the total number of ways in which no two ladies sit together 


=4! x °C, X |4 = (4!) 5(4!) = 2880. 


Example 114 Three boys and three girls are to be seated around a table in a circle. 
Among them, the boy X does not want any girl neighbour and the girl Y does not want 
any boy neighbour. How many such arrangements are possible? 


Solution: Let В|, В, and X be three boys and G}, G, and be three girls. Since the boy 
X does not want any girl neighbour. Therefore boy X will have his neighbours as boys 
B, and B, as shown in in the figure. Similarly, girl Y has her neighbour as girls G, and 
G, as shown figure. But the boys B, and B, can be arranged among themselves in 2! 
ways and the girls G, and G, can be arranged among themselves in 2! ways. 

Hence, the required number of arrangements = 2! x 2! = 4. 


Example 115 Find the number of ways in which 8 distinct flowers can be strung to 
form a garland so that 4 particular flowers are never separated. 


Solution: Considering 4 particular flowers as one group of flower, we have five flow- 
ers (one group of flowers and remaining four flowers) which can be strung to form a 


4! А 
garland in 7 Ways. But 4 particular flowers can be arranged themselves in 4! ways. 
4! x 4! 


Thus, the required number of ways = = 288. 


Example 116 Find the number of arrangements in which g girls and b boys are to be 
seated around a table, b € g, so that no two boys are together. 


Solution: g girls can be seated around a table in (g — 1)! 
This positioning of g girls create g gaps for b boys to be seated. b boys in those g gaps 


can be seated in Н“ ways. 
8 
Total number of arrangements = (g — 1) ! х Hr k 


Example 117 Find the number of arrangements of 10 people including A, B, C such 
that B and C occupy the chairs next to A on a circular arrangement. 


Solution: ‘A’ occupies his chair in 1 way. B and C occupy their chairs in 2 ways. 
Remaining 7 people occupy their chairs in 7 ! ways. 
Total number of arrangements = 1 x 2x 7! 


Aliter: Consider A, B, C as one person so there are 8 person and we can arrange them in 
7! ways. Now B and С can interchange their position in 2! ways. So total ways = 2 x 7!. 


Example 118 Find the number of ways in which 12 distinct beads can be arranged to 
form a necklace. 


Solution: 12 distinct beads can be arranged among themselves in a circular order in 
(12 — 1)! = 11! ways. Now in the case of necklace there is no distinction between 
clockwise and anti-clockwise arrangements. So the required number of arrangements 
1 
= —(11!). 
2 
Example 119 How many necklace of 12 beads each can be made from 18 beads of 
various colours? 
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Solution: In the case of necklace there is no distinction between the clockwise and 
anticlockwise arrangements, thus the required number of circular permutations 


18 

! 
_ 18! _18x17x16x15x14x13! 119x13! 
2x12 6!x24 бх5х4х3х2х1х24 2‘ 


Example 120 /n how many ways can seven persons sit around a table so that all shall 
not have the same neighbours in any two arrangements? 


Solution: Clearly, 7 persons can sit at a round table in (7 — 1)! = 6! ways. But, in clock- 
wise and anti-clockwise arrangements, each person will have the same neighbours. 


1 
So, the required number of ways = 599 = 360 


Example 121 /fn distinct objects are arranged in a circle, show that the number of 
ways of selecting three of these things so that no two of them are next to each other is 


К (ж=4ў{й=5 
rim ) (n — 5). 


Solution: Let a), à», a3, ..., а, be the n distinct objects. 

Number of ways to select three objects so that no two of them are consecutive — Total 

number of ways to select three objects - Number of ways to select three consecutive 

objects — Number of ways to select three objects in which two are consecutive and one 

is separated. (1) 
Total number of ways to select 3 objects from n distinct objects = "C, (2) 


Select three consecutive objects: 
The three consecutive objects can be selected in the following manner. 


Select from: a, à; 43, Ay ау A4, аз A4 ds, ..., d, 1 Ay Ay, d, Ay Ay 
So, number of ways in which 3 consecutive objects can be selected from n objects 
arranged in a circle is и. (3) 


Select two consecutive (together) and 1 separated: 
The three objects so that 2 are consecutive and 1 is separated can be selected in the 
following manner: 

Take a, a, and select third object from ay, ds, ..., а, _ |, Le., take a, a, and select 
third object in (л — 4) ways or in general we can say that select one pair from л avail- 
able pairs, i.e., a, a) а ау... a, a, and third object in (n — 4) ways. 

So, number of ways to select 3 objects so that 2 are consecutive and 1 is separated 
=n(n—4) (4) 

Using (1), (2), (3) and (4), we get: 

Number of ways to select 3 objects so that all are separated = "С, — n — n (n — 4) 


_ n(n-l)(n- 2) siia n? -3n* 2- 6(n —3) 
6 6 


- son —9п+ 20) = с(#-4)(п—5). 
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1. 


10. 


11. 


12. 


13. 


14. 


A cabinet of ministers consists of 11 ministers, one minister being the chief min- 
ister. A meeting is to be held in a room having a round table and 11 chairs round 
it, one of them being meant for the chairman. Find the number of ways in which 
the ministers can take their chairs such that the chief minister occupying the 
chairman’s place. 


. 20 persons were invited for a party. In how many ways can they and the host be 


seated at a circular table? In how many of these ways will two particular persons 
be seated on either side of the host? 


. In how many ways can 7 boys be seated at a round table so that two particular 


boys are 
(i) next to each other (ii) separated. 


. A round table conference is to be held between 20 delegates of 2 countries. In 


how many ways can they be seated 1f two particular delegates 
(i) always sit together (11) never sit together. 


. There are 20 persons including two brothers. In how many ways can they be ar- 


ranged on a round table if: 
(i) There is exactly one person between the two brothers. 
(п) The two brothers are always separated. 
(111) What will be the corresponding answers if the two brothers were twins (alike 
in all respects)? 


. 2n chairs are arranged symmetrically around a table. There are 27 people, including 


A and B, who wish to occupy the chairs. Find the number of seating arrangements, if: 
(1) A and B are next to each other; 
(ii) A and B are diametrically opposite. 


. The 10 students of Batch B feel they have some conceptual doubt on circular 


permutation. Mr. Tiwari called them in discussion room and asked them to sit 
down around a circular table which is surrounded by 13 chairs. Mr. Tiwari told 
that his adjacent seat should not remain empty. Then find the number of ways, in 
which the students can sit around a round table if Mr. Tiwari also sit on a chair. 


. Find the number of ways in which 5 boys and 4 girls can be arranged on a circular 


table such that no two girls sit together and two particular boys are always together. 


. A person invites a party of 10 friends at dinner and place them 


(1) 5 at one round table, 5 at the other round table. 

(11) 4 at one round table and 6 at other round table. 

Find the ratio of number of circular permutation of case (1) to case (11). 

Six persons A, B, C, D, E and F are to be seated at a circular table. Find the num- 
ber of ways this can be done if A must have either B or C on his right B must have 
either C or D on his right. 

Find the number of ways in which 8 different flowers can be strung to form a 
garland so that 4 particular flowers are never separated. 

Find the number of different garlands, that can be formed using 3 flowers of one 
kind and 3 flowers of other kind. 

Find the number of seating arrangements of 6 persons at three identical round 
tables if every table must be occupied. 

Let 1 < n <r. The Stirling number of the first kind, S(m, n), is defined as the num- 
ber of arrangements of m distinct objects around n identical circular tables so that 
each table contains atleast one object. Show that: 

(1) S(m, 1) = (m — 1)5 

(ii) S(m, m — 1) = "С, m 2 2. 
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15. Find the number of different ways of painting a cube by using a different colour 
for each face from six available colours. 
(Any two colour schemes are called different if one cannot coincide with the other 
by a rotation of the cube.) 

16. Find number of ways in which п things of which r alike and the rest distinct 
can be arranged in a circle distinguishing between clockwise and anti-clockwise 
arrangement. 


7.8 DIVISION AND DISTRIBUTION OF NON-IDENTICAL 
ITEMS IN FIXED SIZE 


7.8.1 Unequal Division and Distribution of Non-identical Objects 


In this section we will discuss ways to divide non-identical objects into groups. For 
example, if we have to divide three different balls (Б, b», Рз) among 2 boys (B, and B,) 
such that B, gets 2 balls and B, gets 1 ball, then 

Number of ways to divide balls among boys is 3 ways as shown in the following 
table. 


B, B, 
by, by b, 
by, b3 b, 
bs, b, by 


Instead of writing all ways and counting them, we can make a formula to find number 
of ways. 

First select 2 balls for B, in ^C, and then remaining 1 ball for B, in 'C, ways. 

Total number of ways, using fundamental principle of counting, is 

=?бух 1C =3x 1 =3 ways. 

If we have to divide 3 non-identical balls among 2 boys such that one boy should 
get 2 and other boy should get 1, then following are the ways: 


B, B, 
b, b, b, 
b; b, bi 
by. bi by 
b; b, b, Distribution of above 3 ways among 2 
: d By boys you can observe that entries are 
2 Be 


interchanged,between B, and B, 


=> Total ways to distribute = 6. 

Instead of writing all ways and counting them, we can just find number of ways 
using fundamental principle of counting. 

First select 2 balls for B, in ^C; ways, then select 1 remaining ball for В, in 'C, 
ways, finally distribute among 2 boys in |2 ways (ball given to B, and B, are inter- 
changed) because any boy can get 2 balls and the other 1 ball. 

Using fundamental principle of counting, total number of ways 

=3C,x'C,x |2 23x1x2- 6 ways. 

Now generalising the above cases, we can write the following formula: 


1. Number of ways in which (m + n + p) distinct objects can be divided into 3 un- 
equal (groups contain unequal number of objects) unnumbered groups contain- 
т+п+ р)! 
ing m, n, p objects="""*?C,,"*?C,?C, = аата (Here among т, п, р no 
m!n! p! 
two are equal) 


2. Number of ways in which (m + n + p) distinct objects can be divided and dis- 
tribute into 3 unequal numbered groups (Here among m, n, p no two are equal) 
containing m, n, p objects 
= Number of ways to divide (m + n + p) objects in 3 groups x Number of ways to 
distribute *division-ways' among groups 
= Number of ways to divide (m + n + p) objects in 3 groups x (Number of groups)! 
_(mtnt ptu 

min! p! 
Above formulae are written for dividing objects into 3 groups but in case groups are 
more, then also we follow the same approach. For example, 
Number of ways to divide 10 non-identical objects in 4 groups (С, С», G3, G4) 


10 


such that groups G,, С, Сз, G, gets 1, 2, 3, 4 objects respectively = TENET 
Number of ways to divide 10 non-identical objects in 4 groups (С, С,, G4, G4) 
such that groups get objects in number 1, 2, 3, 4 (i.e., any group can get | object or 2 
objects or 3 objects or 4 objects). 
— Number of ways to divide and distribute 10 objects in 4 groups containing 1, 2, 
3, 4 objects 


[10 
234 


х |4. 


7.8.2 Equal Division and Distribution of Non-identical objects 


Here we will see formulae to divide and distribute non-identical objects equally in 
groups, i.e., each group get equal numbers of objects. 


1. Number of ways to divide (mn) distinct objects equally in m unnumbered group 
(each group get n objects) 


mn) (mn-n)(mn—2n n| 1 (п)! 
n n n n)m (n!)” m! 
2. Number of ways to divide (mn) objects equally in m numbered group (each group 


gets n objects) 


(n mi I aye 


(mn)! Em mn! 


Example 122 /n how many ways, 12 distinct objects can be distributed equally in 3 
groups? 


Solution: Let the groups be labelled as A, B, C. (For our convenience) 

Select 4 objects out of 12 to be given to group A in (о, ways. Select 4 objects out of 
remaining 8 to be given to group B in yo ways. Rest 4 objects are to be given to group 
C in one way. (i.e., 0, ways) 
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Apparently, by multiplication principle, the total number of ways is "ES . e : 
^C, but each grouping is counted 3! times ! 2С, - 8C,- ^C, is the number of ordered 
grouping. 

Understand that, if objects are named as ај, a5, аз ..., ау; then the grouping 12 
elements as 

(a, a, Az a4) (а; ag à; Ag) (Ay ауу ауу а) is same as (a, a, ау a4) (ag Ajọ 411 dj5) 
(а; Ag d; ag ) or same as (ao ауу 411 а) (d, Ay Az a4) (а; Ag A7 ag ), etc. 


ci К ВСА А “Cy 


-. Required number = 


3! 
_ 12) 8! 1 
418! 4141 3! 
_ 12! 
31408 


Example 123 /n how many ways can 12 books be equally distributed among 3 
students? 


Solution: In this question we have to divide books equally among 3 students. So we 
will use formulae (2) given in section 7.8.2. Where we divided non-identical objects 
equally among numbered groups as all students are distinct. 

Therefore, number of ways to divide and distribute 12 non-identical objects among 


12 
3 students equally = ——. 

M) 
Example 124 /n how many ways we can divide 52 playing cards 
(1) among 4 players equally? (1) in 4 equal parts? 


Solution: 


(i) 52 cards is to be divided equally among 4 players. Each player will get 13 cards. 
It means we should apply distribution formula. Using formula (2) given in section 


7.8.2, we get: 
52 
Number of ways to divide playing cards = B2 7 
(13) 


(ii) As we have to make 4 equal parts, each part consist of 13 cards. We will apply 
division formula (not distribution). Using formula (1) used in section 7.8.2 we get: 


52 1 
Number of ways to divide 52 cards in 4 parts — 2 ТЫ? 
(13)* |4 


7.8.3 Equal as well as Unequal Division and 
Distribution of Non-identical Objects 


Here we will see formulae to divide and distribute non-identical objects into groups 
such that not all groups contain equal or unequal number of objects, i.e., some groups 
get equal and some get unequal number of objects. 


1. Number of ways to divide (ma + nb + nc) distinct (Out of a, b, c no two numbers 
are equal) objects in (m + n + p) unnumbered groups such that m groups contains 
a objects each, n groups contains b objects each, p group contains c objects each 


(ma 4 nb + nc)! 
(a) (bY)" (c)? m! n! p! 


Note: We divided by m! because there are m groups containing a objects each 
(equal number of objects). 
We divided by n! also because there are n groups containing b objects each (equal 
number of objects). We also divided by p! as p groups of are equal size. 

2. Number of ways to divide and distribute (ma + nb + pc) distinct objects (out 
of a, b, c no two numbers are equal) in (m + n + p) numbered groups such that 
m groups contains a objects each, п groups contains b objects each, p groups 
contains c object each 


_ (ma +пЬ+ рс)! TIT 
(a!)" (bY)" (c)? m! n! p! 


We can make similar formulae for other cases. 


Illustration Number of ways to divide 10 objects in 4 groups containing 3, 3, 2, 2 


objects 
10\(7\(4)\(2 
| | tn sae 
2 2 (qp 


Number of ways to divide and distribute completely 10 objects in 4 groups contain- 
ing 3, 3, 2, 2 objects 


JS]... az 


2! 2! 


(2 (3)? [2 [2 


Number of ways to divide and distribute (m + 2n + 3p) distinct in 6 numbered 
groups such that 3 particular groups get p objects each, 2 particular gets n objects each, 
one one get m objects 


Е т+2п+3р 
dmn» (р)? 


Example 125 10 different toys are to be distributed among 10 children. Find the total 
number of ways of distributing these toys so that exactly 2 children do not get any toy. 


Solution: It is possible in two mutually exclusive cases; 


Case 1: 2 children get none, one child gets three and all remaining 7 children get one 
each. 


Case 2: 2 children get none, 2 children get 2 each and all remaining 6 children get one 
each. 
Using formula (2) given in section 7.8.3, we get: 


! 
Case 1: Number of ways = Е 10! 
(01? 2131(11)77! 
! 
Case 2: Number of ways = A 10! 
(01)221021)221(11)6! 


1 1 
Thus total ways = (101)2 | ———+—_ |. 
31712! (206! 
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Example 126 /n how many ways can 7 departments be divided among 3 ministers 
such that every minister gets at least one and atmost 4 departments to control? 


Solution: Let 3 minister be M,, М,, M3. 
Following are the ways in which we can divide 7 departments among 3 ministers such 
that each minister gets at least one and atmost 4. 


S.No. M, M, M, 
1 4 2 1 
2 2 2 3 
3 3 3 1 


Note: If we have a case (2, 2, 3), then there is no need to make cases (3, 2, 2) or 
(2, 3, 2) because we will include them when we apply distribution formula to distribute 
ways of division among ministers. 


Case 1: We divide 7 departments among 3 ministers in number 4, 2, 1, i.e., unequal 
division. As any minister can get 4 departments, any one can get 2 any one can get 1 
department, we should apply distribution formula. Using formula (2) given in section 
7.8.1, we get: 

Number of ways to divide and distribute departments in number 4, 2, 1 


[7 
=| —=— |x3!= 630 1 
en = 
Case 2: It is ‘equal as well as unequal’ division. As any minister can get any number 
of departments, we use complete distribution formula. Using formula (2) given in sec- 
tion 7.8.3 we get: 
Number of ways to divide and distribute departments in number 2, 2, 3. 


U 1 

|21243 |2 
Case 3: It is also ‘equal as well as unequal’ division. As any minister can get any num- 
ber of departments, we use complete distribution formula. Using formula (2) given in 


section 7.8.3 we get: 
Number of ways to divide and distribute departments in number 3, 3, | 


som Eb. 
Food B - 420 9 


Combining (1), (2) and (3), we get number of ways to divide 7 departments among 3 
minister = 630 + 630 + 420 = 1680 ways. 


jare Q) 
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1. Find the total number of ways of dividing 15 different things into groups of 8, 4 
and 3 respectively. 

2. Find the number of ways of distributing 50 identical things among 8 persons in 
such a way that three of them get 8 things each, two of them get 7 things each and 
remaining 3 get 4 things each. 

3. Find the number of ways in which 14 men be partitioned into 6 committees where 
two of the committees contain 3 men each, and the others contain 2 men each. 

4. If 3n different things can be equally distributed among 3 persons in k ways then 
find the number of ways to divide the 37 things in 3 equal groups. 


5. Find the number of ways to give 16 different things to three persons A, B, C so 
that B gets | more than A and C gets 2 more than B. 

6. Find the number of ways of distributing 10 different books among 4 students S,, 
S,, S} and S, such that $, and S, get 2 books each and S, and S, get 3 books each. 

7. Find the number of different ways in which 8 different books can be distributed 
among 3 students, if each student receives at least 2 books. 

8. Find the number of ways in which n different prizes can be distributed amongst m 
(<n) persons if each is entitled to receive at most n — | prizes. 

9. In a school there are two prizes for excellence in physics (Ist and IInd) two in 
Chemistry (Ist and IInd) and only 1 in Mathematics (Ist). In how many ways can 
these prizes be awarded to 20 students. 

10. In an election three districts are to be canvassed by 2, 3 and 5 men respectively . 
If 10 men volunteer, then find the number of ways they can be allotted to the dif- 
ferent districts. 

11. A train time-table must be compiled for various days of the week so that two 
trains a day depart for three days, one train a day for two days and three trains a 
day for two days. Assuming all trains are identical how many different time-tables 
can be compiled? 

12. In how many ways can 3 persons stay in 5 hotels? In how many of these each 
person stays in a different hotel. 

13. ‘n’ different toys have to be distributed among ‘n’ children. Find the total number 
of ways in which these toys can be distributed so that exactly one child gets no toy. 

14. Find the number of ways in which 7 different books can be given to 5 students if 
each can receive none, one or more books. 

15. There are (p + q) different books on different topics in Mathematics, where 
p + q. If L = The number of ways in which these books are distributed between 
two students X and Y such that X get p books and Y gets q books. 

M = The number of ways in which these books are distributed between two stu- 
dents X and Y such that one of them gets p books and another gets q books. 

N= The number of ways in which these books are divided into two groups of p 
books and q books. 

Then prove that 2L = M=2N. 


7.9 NUMBER OF INTEGRAL SOLUTIONS 


7.9.1 Number of Non-negative Integral Solutions 
of a Linear Equation 


Let the given equation be 
X1 tX, Ха, И 


Let A be the set of all non-negative integral solutions of the given equation and В be the 
set of all (n +r — 1) term binary sequences containing n, 1% and (r — 1), 0%. Here num- 
ber of 15 before the first zero is value of x,, number of 1% between first zero and sec- 
ond zero is value of x, and so on, number of 1% after the r — 1th zero is the value of x,. 

So for every non-negative integral solution ofthe equation there is a binary sequence 
of n, 1% and (r — 1), 0%. And for every binary sequence of n 1% and (r — 1) 0’s, we can 
write a non-negative integral solution. Therefore there is bijection between the sets A 
and B. 
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— Number of non negative integral solutions of the equation is same as the number 
of binary sequences. 


– 1)! +r-l1 
Number of non-negative integral solutions = ала mE 
n\(r-1)! r-l 


Example 127 Find the number of non-negative integral solutions of 


Xp +X +X +04 +X; = 8 


Solution: Take a sample solution, 


2 |+| 0 |+] 3 |*|2 J+] 1 [=8 (1) 


x, ху X3 X4 х; 


Take a binary sequence of 8, 1% and 4, 0% as 
110011101101 (2) 


which corresponds to the sample solution. 
(2) is an arrangement of 12 objects, 8 of which are of one type and 4 of which are 
of another type. 


12! 
Total number of such arrangements = FTPTI 
= Total number of binary sequences of 8, 1% and 4, 0%. 
12! 

Number of non-negative integral solutions — 8141 

_ 12x 11x 10x 9 

4.3.2.1 
= 495. 


Observe that: 

1. 0’s we have used as demakers or separators. Since there are 4 gaps between the 
х8, therefore we need 4 0%. 

2. Pocket of x, is filled in the sample solution by 0 (that is the value of the variable; 
students are advised not to get confused between the value zero of a variable 
and a 0 used in the binary sequence) and the corresponding binary sequence 
shows a 0 followed by another 0. 


Example 128 Find the number of positive integral solutions of x, + Ху + Ху + x4 + x; = 8 


Solution: Since we are interested in finding the number of positive solutions, there- 
fore each x; must have minimum value 1. So we take 8 identical coins (7.e., similar to 
taking 8, 1% basically 8 identical objects to be taken) and 5 pockets of x; s. 


+| | c |+ |=в 


X1 X5 X3 X4 Xs 


Fill each pocket by one coin. So 3 coins are left, which are now to be filled in the 
pockets of x;'s. 
Now this problem is similar to finding number of binary sequences of 3, 1% and 4, 0%. 
This number is 
7!  Tx6x5 
3141. 3! 
=35 
= Number of positive integral solutions. 
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7.9.2 Number of Non-negative Integral Solutions 
of a Linear Inequation 
Consider the given inequation as 
Хръх +x +e +x Sn (1) 
Add a non-negative integer x, , to get 


Xp tX +X te +x, +X, EN. (2) 


_{ntr)_(ntr)! 
r rin! 
7.9.3 Number of Integral Solutions of a Linear Equation 
in ху, x;, ..., X, when x; s are Constrained 


Number of solutions of Eq. (2) 


Consider 
Xi +X +X ++, =n (1) 


where x, > ау, x; > a, ..., X, 2 a, all aj's are integers. 
Take x, 2 a4 x4 
X) = d» + xj, etc., 
where x, > 0,x, > 0,..., x, 2 0 
Eq. (1) reduces to 
(aj +a, +...+а,) FX, +х' t: х, = п 
Sx! +ху te +x,’ =n- (a, taj4ca,.) (2) 


For every solution of Eq. (1), we can write a corresponding solution of Eq. (2) and for 
every solution of Eq. (2), we can write a corresponding solution of Eq. (1). Therefore 
there is a bijection between the sets of solutions of Eqs. (1) and (2). 

Number of solutions of Eq. (1) = Number of non-negative integral solutions of Eq. (2) 


| (n+r—-1-(aq +а +: +а, ))! 
("= 1)! (п= (а +a, +---+а,.))! 


Example 129 Find the number of integral solutions of x, + x, + x4 + x4 = 14, 
where x, 2-2, x, 2 1, x, 2 2 and x, > 0. 


Solution: Let x, =— 2 + xj, х= 1 + x), X3 = 2 o, 
Then given equation can be written as 

xX txt xX + 13, xi, х, X3, X420 (1) 
Number of non-negative integral solutions of Eq. (1) 

16! 
73113! 
16х15х14 
7 1x2x3 


= 560 
= Number of integral solutions of the given equation. 


ИЙ 


ПИ? 


19 Jun 1623—19 Aug 1662 
Nationality: French 
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Example 130 How many integral solutions are there tox+y+z+t=29, when x 2 1, 
y22,z23 and t= 0? 


Solution: We have, 
х > 1,у > 2,2 > 3 andt= 0, where x, у, z, t are integers 


Letu=x-1,v=y-—2,w=z-3, 
Then, x > 1 >u 2 0;y22>v20;z23>w20 
Thus, we have 
u+l+v+2+w+3+t=29=u+v+w+t=23 [where u > 0; v > 0; w > 0] 
— The total number of solutions of this equation is 


23+4-16 =C, = 2600. 


Example 131 How many integral solutions are there to the system of equations x, + x, 
+x + x4 + x; = 20 and x, x, + ху = 5 when x, > 0? 


Solution: We have: x, + x, + x3 + x4 + x; -20andx, +x, +23 = 5 

These two equations reduce to 
X4 х= 15 (1) 
and x; x, x4—5 (2) 


Since corresponding to each solution of Eq. (1) there are solutions of Eq. (2). So, total 
number of solutions of the given system of equations. 
= Number of solutions of Eq. (1) x Number of solutions of Eq. (2) 
1542-1 543-1 16 7 
-( C)( С) = "C, x С, = 336. 
7.10 BINOMIAL, MULTINOMIAL AND GENERATING FUNCTION 


7.10.1 Binomial Theorem 


n 
Given п, гє №, 0 <r € n, the number | | ог "C,.is defined to be the number of r ele- 
FK 


ments subsets of an n elements set. These are also called the binomial coefficients as 
these occur as the coefficients in the expansion of 


n n n n п-1 n п—2 ү,2 n n-r ү, n n 
(x+y)" = KOF x” y+ x" ^y. xP у tert] [|y 
0 1 2 r n 


Some important results related to summation of binomial coefficients: 


Ce ку „Т? 


2 n _ әп. n = n — 9n-1 
«Mm Za- Zla)? 


(Vandermonde Identity) 


(Hockey stick Identity) 


2 
Hin 2n 
6. = 
КЕ 
| D 
А + = sn,reN,n=r 
r r r+l 
rt+l r+k r+k+1 
: + Tee = ;r,ke N 
k k 


7.10.2 Binomial Theorem for Negative Integer Index 


x 
+ 

P E 

ч 

чо oF 

— 

Nec 
+ 


ч 
Boo 
E 


0 


Given n є №, x e(-1, 1) 


0 -1 
then (1+x)™” = |" n 


r20 4 
7.10.3 Multinomial Coefficients 


Like binomial coefficients, if we consider the expansion of (x, +---+x,,)", then we get 
the following expansion: 


Ол +205 t+ Xm)” = X XX! 56", where the sum is taken 
Wh,,..., "y 
m 
n,,) of non-negative integers with > n; =n. 


i-l 


over all sequences (и, 7», ..., 


n n! . . . - 
Here ———— — — — — is called multinomial coefficient. 
Dj n», Hy, n! m! n, 


7.10.3 Application of Generating Function 


For large number of selection of objects we use ‘Integral Equation Method followed 
by generating function’. In this method we group alike objects together and with each 
group we define a variable representing number of objects selected from the group. 
Then we add all variables and equate the sum to the total objects to be selected. 

For example, if we have to select 3 objects from AAAAABBBBCCC objects, then 
we make groups of identical objects, group of all A objects, group of all B objects 
and group of all C objects. Let хү, x;, x; be the number of A, B, C objects selected 
respectively. 

As total number of objects to be selected is 3, we can make following integral equation: 


ху +ху+ху=3 [where 0 € x; < 3, = 1, 2, 3] 


Number of solutions of the above integral equation is same as the number of ways to 
select 3 objects from the given objects. This is because every solution of the equation 
is a way to select 3 objects. 

Number of solutions of the equation 


= Coefficient of хч" in | х") + ут 4... 4 maxi) | 


x [ xin me xmin(x, )+1 РИО Е ausa). |x [ mino re min, )+1 Aig teats y] 
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Alexandre-Théophile 
van der Monde 


28 Feb 1735-1 Jan 1796 
Nationality: French 
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Note: Sum represents right hand side of the equation. For each variable x,, x2, x; a 
bracket is formed using the values the variable can take. 
=> Number of solutions 


= Coefficient of x? in (х0 +x! +x + х?) 


TE as 1- x4 
= Coefficient of x° in 
1-x 
= Coefficient of x? in (1 — х4) (1—3)? 
= Coefficient of x in C, - °C, x! +°C, х* — ?С, x^) (1 — ху? 
= Coefficient of x? in (1 хуз [as other terms cannot generate x term] 
а NE eg [using: coefficient of x” in (15x) "= "С 


Example 132 /n a box there are 10 balls, 4 red, 3 black, 2 white and 1 yellow. In how 
many ways can a child select 4 balls out of these 10 balls? (Assume that the balls of 
the same colour are identical) 


Solution: Let x,, x», хз and x, be the number of red, black, white, yellow balls selected 
respectively. 
Number of ways to select 4 balls 

= Number of integral solutions of the equation (x, + x; + x3 + x4) = 4 


Conditions on x,, x;, x; and x4: 
The total number of red, black, white and yellow balls in the box are 4, 3, 2 and 1 
respectively. 
So we can take: Мах (x,) = 4, Max (x;) = 3, Max (x3) = 2, Мах (ху) = 1 
There is no condition on minimum number of red, black, white and yellow balls 
selected, so take: 
Min (х) = 0 for i= 1, 2, 3, 4 
Number of ways to select 4 balls 
= Coefficient of x* in (1-- x 32 +  x*) x (1x ex? 4x3) x (0 x x) x (14x) 
= Coefficient of x* in (1 х?) (1 x5 (1-335) (1-32) (1-3) * 
= Coefficient of x* in (1 х2 - x? = x^) (153) * 
= Coefficient of x* in (1— x) *— Coefficient of x? in (1— x) * — coeff of x in (1— AT 
— Coefficient of 3? in (1 — x) * 
|. 7x6x5 
3! 
Thus, number of ways of selecting 4 balls from the box subjected to the given con- 
ditions is 20. 


spe epe 1041-35-15 = 20 


Alternate solution (Using ‘case’ method): 
The 10 balls аге КЕКЕ BBB WW Y (where R, B, W, Y represent red, black, white and 
yellow balls respectively). 

The work of selection of the balls from the box can be divided into following 
categories. 


Case 1: All alike 
Number of ways of selecting all alike balls = 'C, = 1 


Case 2: 3 alike and 1 distinct 
Number of ways of selecting 3 alike and 1 distinct balls = ^C, x °C, = 6 
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Case 3: 2 alike and 2 alike 
Number of ways of selecting 2 alike and 2 alike balls =? C,=3 


Case 4: 2 alike and 2 distinct 
Number of ways of selecting 2 alike and 2 distinct balls = °C, x °C, = 9 


Case 5: All distinct 
Number of ways of selecting all distinct balls = ^C, — 1 
Total number of ways to select 4 balls = 1 -- 6 - 3-- 9 + 1 = 20. 


Example 133 There are three papers of 100 marks each in an examination. Then find 
the number of ways in which a student can get 150 marks such that he gets atleast 60% 
in two papers. 


Solution: Suppose the student gets atleast 6096 marks in first two papers, then he just 
get atmost 30% marks in the third paper to make a total of 150 marks. 
Let, ху, X2, хз be marks obtained in 3 papers respectively. The total marks to be obtained 
is 150. 

Therefore, Sum of marks obtained = 150 


> x +x, +x; = 150 (1) 
60 <x, < 100; 60 < x, < 100; 0 < x, < 30. 


The required number of ways = Number of integral solutions of Eq. (1) 


= Coefficient of x!°° in {x + x81 +... X192 (4. x c t e 00) 


= Coefficient of x in ((1 +x +... xy! (1 +x + x9) 


Е yo. (1х4 “бз 
= Coefficient of x in | ——— 


1-x 1-x 

= Coefficient of x” in (1 - x)? = +3 у= 2С, 

Thus, the student gets atleast 60% marks in first two papers to get 150 marks as 
total in on ways. But the two papers, of atleast 60% marks, can be chosen out of 3 
papers in 3 C, ways. 

Hence, the required number of ways = ^C, x ?C,. 


Example 134 Find the number of ways in which 30 marks can be allotted to 8 ques- 
tions if each questions carries atleast 2 marks. 


Solution: Let хү, x», X3, X4, ..., xy be marks allotted to 8 questions. 
As total marks is 30, we can make following integral equation: 
Xp X2 + Xz +++ xg = 30. 
It is given that every question should be of atleast 2 marks. It means 
2€x,€16 Vi=1,2,3,...,8 

The number of solutions of the integral equation is equal to number of ways to divide 
marks. 

Number of solutions 

= Coefficient of x° in (х2 +? +--+ х!6) 

= Coefficient of x° in x!6 (1 4 x +--+ x^? 


8 


1-х 


1= 15 
= Coefficient of х!“ in m 


= Coefficient of x'^ in (1 — x) * = ?!С = 116280. 
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Alternate solution: 
Let, the marks given in each question be; 

X4, Ху, X3, X4, X5, XG, X7, Xg [where x/s => 0 (1— 1,2... 8)] 

and x, + X; + X4 + x4 X5 + Х + X4 +X = 30 

Let, x, = 22 yy, X2 = 2 = yy X47 2 = yy X4 — 2 = ya X5 - 22 ys X6 727 yg X7 - 2 = ys, 
Xg — 2 = yg. 

Vit Vat Vat Yat у; + %+уу+ у= 14 

where 0 € y; i= 1, 2, 3, ..., 8 

—Number of solutions = ^**^!c, , =” C. 


Example 135 /n an examination the maximum marks for each of three papers is n and 
that for fourth paper is 2n. Find the number of ways in which a candidate can get 3n marks. 


Solution: Let ху, x», x, and x, be the marks obtained in papers 1, 2, 3, 4 respectively. 
The total number of marks to be obtained by the candidate is 3л. 
Therefore, sum of marks obtained in various papers = 37. 
> xQtXQTXQ,9x,-3Àn (1) 
The total number of ways of getting Зи marks 
= Number of solutions of the integral Eq. (1) 
= Coefficient of x^" in (хо +x! 42° «x y х (х0 xd aes xn) 


» TN ]- x" 3 ]- х2"! 
= Coefficient of x in 


1-х 1-х 
= Coefficient of x" in (1 х" * 1)? (1 2" 1) (1-х) 
= Coefficient of x^" in [(1 — 3x"*! 332" *2 5" 3) (1.2 02" 1) 4 394 
= Coefficient of х?" іп [(1 — Зх"! =x” 1 + 332^ 2) (1-х) 4 
= Coefficient of x” in (1 — x) ^ — 3 Coefficient of x" ! in (1 — x) ^ — Coefficient of 
x" ^ lin (1—x) * +3 Coefficient of x"? in (1 —x) * 


_3п+4-1 2п-1+4-1 n-1+4-1 n-2+4-1 
m Сз = 3 х Саа Саак С„-2 


=н ОЕ gut [а$ "eme x 
_ @п+3)(3л+2)п +1) Qn 2)9n* Qn) (n* 2) D) , , (n+ DG - D 
6 6 6 6 


1 
= 5(1+1) (5и2 + 10n + 6). 


Example 136 /n a shooting competition a man can score 5, 4, 3, 2 or 0 points for each 
shot. Find the number of different ways in which he can score 30 in seven shots. 


Solution: Let хү, x», X3, X4, ..., x; be the scores in 7 shots. As total score of 30 is 
Sum of scores in 7 shots = 30 
=> Xp +X + XS X49 x5 + xg x; = 30[where x; є {0, 2, 3,4, 5} 1= 1, 2,..., 7] 
Number of solutions of above equation 
Number of ways of making 30 in 7 shots to be taken, 
Coefficient of x?? in (х0 +++ x). 
= Coefficient of x? in {(x° 4 x? +?) +x (х + 1)}7 
> Coefficient of x° in {x78 (x 1)! + "Cox?" (x + DEA xo +?) "C, x? (x + 1)? 
(х +х+ 12 + Ө} [using Binomial theorem] 


= Number of ways to score 30 
C *'C, (6C, + °С, + °С) + "Cy PC, +2) 
— 214+ 252 + 147 = 420. 


Example 137 Find the number of non-negative integral solutions of 


Xp +X + Х; + 4x4 = 20. 


Solution: Number of non-negative integral solutions of the given equation 


= Coefficient of x” in (1 – х)! (1-х) 1 х) (1 ху! 

= Coefficient of 3? in (1 x) *(1- xy! 

= Coefficient of x? in (1 +?С,х + Cj? & Cu + Ca + 0 ex exse) 
= 14°C, + °C, + PC + С + 2С, = 536. 
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1. 


2. 


3. 


17. 


18. 


Find the number of ways to select 10 balls from an unlimited number of red, 

white, blue and green balls. 

Find the number of ordered triples of positive integers which are solutions of the 

equation x + y +z = 100. 

Find the number of integral solutions of x, + x, + x, = 0, with x; 2 —5. 

. Find the number of integral solutions for the equation x + y + z + t = 20, where x, 
y, zZ, t are all 2 —1. 

. Find the number of integral solutions of a + b + c + d + e = 22, subject to a 2 —3, 
b21,c,d,e 20. 

. If a, b, c are three natural numbers in AP and a + b + c = 21 then find the possible 
number of values of the ordered triplet (a, b, c). 

. If a, b, c, d are odd natural numbers such that a + b + c+ d= 20 then then find the 
number of values of the ordered quadruplet (a, b, c, d). 

. Find the number of non-negative integral solution of the equation, x + y+ 3z = 33. 

. Find the number of integral solutions of the equation 3 x +y +z = 27, where x, y, 
z>0. 

. Ifa, b, c are positive integers such that a+ b + c < 8 then find the number of pos- 
sible values of the ordered triplet (a, b, c). 

. Find the number of non-negative integral solution of the inequation 
x+y+zt+ws7. 

. Find the number of non-negative even integral solutions of x + y +z 100. 

. Find the number of non-negative integral solutions of x + y +z + w < 23. 

. Find the total number of positive integral solution of 15 < x, + x, + x} < 20. 

. Find the number of non-negative integer solutions of ( a - b -- c )(p- qr s)-21. 

. There are three piles of identical red, blue and green balls and each pile contains 

at least 10 balls. Find the number of ways of selecting 10 balls if twice as many 

red balls as green balls are to be selected. 

Find the number of terms in a complete homogeneous expression of degree n in 

x, y and z. 

In how many different ways can 3 persons A, B and C having 6 one rupee coins, 

7 one rupee coins and 8 one rupee coins respectively donate 10 one rupee coins 

collectively. 

(1) If each one giving at least one coin 

(ii) If each one can give ‘0’ or more coin. 

Also answer the above questions for 15 rupees donation. 
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19. In an examination, the maximum marks for each of the three papers are 50 each. 
Maximum marks for the fourth paper is 100. Find the number of ways in which 
a candidate can score 60% marks on the whole. 

20. Between two junction stations A and B, there are 12 intermediate stations. Find 
the number of ways in which a train can be made to stop at 4 of these stations so 
that no two of these halting stations are consecutive. 

21. The minimum marks required for clearing a certain screening paper is 210 out 
of 300. The screening paper consists of ‘3’ sections each of Physics, Chemistry 
and Mathematics Each section has 100 as maximum marks. Assuming there is 
no negative marking and marks obtained in each section are integers, find the 
number of ways in which a student can qualify the examination (Assuming no 
subjectwise cut-off limit). 

22. Find the number of ways in which the sum of upper faces of four distinct dices 
can be six. 

23. How many integers > 100 and < 10° have the digital sum = 5? 

24. In how many ways can 14 be scored by tossing a fair die thrice? 

25. Find the number of positive integral solutions of abc = 30. 

26. Find The number of positive integral solutions of the equation x, x; x4 x4 х = 1050. 

27. Let y be an element of the set A = (1, 2, 3, 5, 6, 10, 15, 30} and x, x хз be posi- 
tive integers such that x, x, x; = y, then find the number of positive integral solu- 
tions of x, xj x4 = y. 

28. Let x;€ Z such that |x, ху... x;9| = 1080000. Find number of solutions. 

29. Let x; € Z such that x, x, ... ху = 180000. Find Number of solutions. 

30. Let x; € Z, such that |х| + || +++ [ху] = 100. Find number of solutions. 


7.11 APPLICATION OF RECURRENCE RELATIONS 


Recurrence relation is a way of defining a series in terms of earlier member of the 
series with a few initial terms. It is complete description and much simpler than 
explicit formula. Here are some examples for use of recurrence relation. 


Example 138 Let there be n lines in a plane such that no two lines are parallel and no 
three are concurrent. Find the number of regions in which these lines divide the plane. 


Solution: Let à, denotes required number of regions 
Initial term ay = La; =2,a, = 4 

Let number of region by (n—1) lines be a, ,. 

Let us assume our plane be vertical and let us rotate it so that none of the n — | lines 
are horizontal. 

Now draw nth line, horizontally, below all the point of intersections. All previous 
n — | lines meet the nth line at n — 1 different points. These points divides the nth line 
into n parts and each part falls in some old region and will divide the old region in two 
parts which will generate п new region. 

n new regions are added to a, , regions 


=»а„=а„д+п => а„-а„д=п 
п 
=а„-а=ў)п 
п=2 
п(п+1) 
Непсе, а„=1+ў)п=1+ . (as a, = 1) 


2 


Example 139 Determine the number of regions that are created by n mutually over- 
lapping circles in a plane. Assume that no three circles passing through same points 
and every two circles intersect in two distinct points. 


Solution: Let number of regions Бе h,,. Clearly h = А = 2,/; = 4,h, = 8 


It is tempting now to think л, = 2” but by drawing diagram we see that h4 = 14. 

We obtain recurrence relation as follows: 

Let (n — 1) mutually overlapping circle creating h,_, regions. 

Now draw nth circle. nth circle is intersected by each of (n—1) circles in two points, 

=> We are getting 2(n—1) distinct points, these points divides nth circle into 
2(n —1) arcs. Each arc falls in some old region and will divide the old region in two 
parts and thus will generate 2(n—1) new regions. 


—h,-h,,*2(n-l;nz2 
=> h,—h,4,-2(n-l) 


=> Mm =h +2У (n-1) 
n=2 


=& cg gn D 
2 


=п?-п+2. (as h, =2) 


Example 140 Determine number of ways to perfectly cover a 2xn board with domi- 
noes (domino means a tile of size 2x1). 


Solution: Let number of ways be ^,. Then % = 154, = = 2 
Let n22. 

We divided the perfect covers of 2 x n board into two parts A and B depending upon 
the domino placed at first place. 

A: Those perfect covers in which there is a vertical domino at the first place as 
shown in figure. 

B: Those perfect covers in which there are two horizontal domino at the first place 
as shown in the figure. 

Now, perfect covers in A = perfect covers in 2 х (n — 1) board. 

—|Al- m-i 

Similarly |B| = /, » 

—h-hath,» 

This is our famous fibonacci sequence. Its general solution already discussed in the 
chapter of recurrence relation. 


Example 141 7ower of Brahma (or Tower of Hanoi) is a puzzle consisting of three 

pegs mounted on a board and n discs of different sizes. Initially all the n discs are 

stacked on the first peg so that any disc is always above a larger disc. The problem is to 

transfer all these discs to peg 2, with minimum number of moves, each move consisting 

of transferring one disc from any peg to another so that on the new peg the transferred 

disc will be on top of a larger disc (i.e., keeping a disc on a smaller one is not allowed). 
Find the total (minimum) number of moves required to do this. 


Solution: Here again we shall give the explanation through four columns representing 
several number of the move: the positions of discs at each stage in peg 1, peg 2 and peg 3. 
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When there is just one disc, the problem is trivial, i.e., in 1 move it is transferred 
directly to peg 2. We shall see the scheme of transfers for n = 1, 2 and 3, before finding 
the formula and proving it n = 1. Let name the discs as d}, d>, ..., d, with d;, , to be 
smaller than d; for all i, 1 &i € n — 1. 


Serial No. of the Moves Peg 1 Peg 2 Peg 3 
Initial stage d, = = 
1 d, - 


So in one move d, is transferred to peg 2, when n = 1, i.e., total number of moves when 
п= 118 1. 
п = 2, discs are d, and d, d, smaller than d}. 


Serial No. of the Moves Peg 1 Peg 2 Peg 3 
Initial stage d, d; - -= 
1 d, d, 
2 - d, d, 
3 - di, d; - 


Thus, total no. of moves when n = 2 is 3. 
n= 3, discs are d, d», d} with d} smaller than d,, d; smaller than d}. 


Serial No. of the Moves Peg 1 Peg 2 Peg 3 
Initial stage dj, d», 45 = - 

1 did, d, a 
2 а d, d, 
3 d, E dy, d, 
4 x а, (host 
5 а а 4 
6 d, thy Gh 
7 z d,, d>, d, 


So, when there are 3 discs, i.e., n = 3, the minimum number of moves is 7. 

Note that here when the biggest disc alone is still in peg 1, all the discs are trans- 
ferred to peg 3 and peg 2 is empty, so that the biggest one can now occupy peg 2. 
Then all the discs from peg 3 now can be transferred to peg 2 above the biggest one and 
it will again take as many times (to be transferred to peg 2), as it took to be transferred 
from peg 1 to peg 3. 

Thus, to transfer two discs d, d; from peg 1 to peg 2: 

d, goes to peg 3 in one move in the next move, d,, goes to peg 2. 

Now, disc d, takes the same 1 move to go to peg 2. Thus, the required number of 
moves is 1 + 2(1) = 3. 

Again, when there are 3 discs, as has been seen in the case of two discs, it takes 3 
moves to transfer d, and d; to peg 3 (not peg 2 in this case) and it takes one move to 
transfer disc d, to peg 2 and it takes again another 3 moves to transfer discs d, and d, 
to peg 2. 

So, the total number of moves =1 + 2 x 3 = 7. For 1 disc, there is one move; for 2 
discs, there аге 1 + (2 x 1) moves or 2^— 1; for 3 discs, there are 2(1-(2x D) +1 


=2(27-1)+1 
=22-2+1 
= 2)- 1 moves. 


So, we can guess that when there are 4 discs, the number of moves is a -1)+1= 
2*-2+1=2°-1. 

Thus, to find the minimum number of moves, we can use the formula, 2" — 1, when 
there are n discs to be transferred from peg 1 to peg 2. 

Now, proving this is very simple by using the principle of Mathematical induction. 

We have already verified that this formula holds for the number of discs n = 1, 2 
and 3. 

So, let us assume that it holds for n = k, i.e., when there are k discs, the minimum 
number of moves required to transfer the k discs from peg 1 to peg 2 is 2^ — 1. 

When there are (k+ 1) discs, we should verify if the number of moves is 2*'! — 1. 


Serial No. of the Moves Peg 1 Peg 2 Peg 3 
After k discs are transferred di - Gli Eb ooo (Ch 
gem 
2*5 move - di di, dy, ..., dy 
Now, by our assumption for n = k, it takes 2^ — | moves to transfer di, dy, ..., d, discs 


(k in all) to peg 2 from peg 3. 

So, the total number of moves = ар 

=2.2*-1=2"1_] 

Thus, whenever the formula to find the number of moves for n = k (i.e., no. of moves 
= 2k 1) is true, the formula is true for n= k+ 1. 

From the fact that the formula is true for n = 1, together with the last statement we 
find, that the formula is true for all n € N, i.e., the minimum number of moves required 
to transfer n discs from peg 1 to peg 2, according to the given condition is 2"— 1. 


Aliter: Let a, be the minimum number of moves that will transfer n disks from one peg 
to other peg under given restriction. Then a, is obviously 1, and a, = 3. 

Let as think when we can move the largest disk from the first peg? We first transfer 
the n — 1 smaller disk to peg 3 which requires а, _ у moves, then move the largest disk 
to peg 2 requiring one move and finally transfer the n — 1 smaller back to peg 2 on top 
of largest disk which require another a,,_ у moves thus 


d,—d, |*tltda,. | 
а, = 2а, +1 
> a, +1= 2(а, 1+1) 
= а, +1 = 2" (а +1) 
= 2" (as a, = 1) 


= а, = 2" –1 


7.12 PRINCIPLE OF INCLUSION AND ExcLusioN (PIE) 


This principle is used in most counting situations. 

The addition principle for counting is stated for disjoint sets as 

АЧ В| = |A| + |B| or n(A L B) = п(4)  n(B), where A and В are disjoint sets. 

If A and В are not disjoint, then |A U В| = |A| + |B| - (A A B). 

We count the elements of A and B in turn and subtract the common elements of A 
and В, i.e., the elements in A A B, as they are counted twice: firstly when we counted 
the elements of A and secondly, when we counted the elements of B. 
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Abraham de Moivre 


26 May 1667—27 Nov 1754 
Nationality: French 
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For three sets A, B and C, the counting principle states that 

IAAUBUC = 14+ |B) +|C|-|ANB|-|ANC|-|BN C|+|ANBAC 
The general PIE is stated as follows: 

For any sets A, 45,..., 4,, nz 2 


| A, U A5 UA, | 


=VIA|-YIAN4|+ У [494,04 |-- + CD 4040-04, 
i=l i<j i<j<k 

In other words, consider properties P4, P, ..., P,. Let n(4;) or | А, | be the number of 
objects satisfying the property Р,, k= 1, 2,..., n. A commonly asked question is ‘how 
many elements satisfy atleast one of the properties 'P,, Р,,..., Pp? 

This question is answered by the inclusion-exclusion principle which is stated 
below: 

If A,, A5, ..., A,, are m sets and n(S) denotes the number of elements in the set S, 


then, {0 ^ 


k=l 


-Уна)- Y Manap У (Aa 
k=1 k=l 


lsi<j<m Si, <i, «---«i, <m 


кенеен Йа 


Note that if хє U Ap then x belongs to at least one of 4,1 € k X m. 
ка 


Note: For notational ease we may use A, + A, +--+ A; in place of A; U A45 О... UA, 
and 4,4, ... A4, in place of 4, А, n ... O Ag 


7.12.1 A Special Case of PIE 
For any set A4, 45, ..., 4,, n 2 2, 


n 
4 
At Att AI DAI DIA AIR YS |4 А, Alb CDA Ie Al 
i=l i<j i«j«k 
We consider here a special case of the principle of inclusion and exclusion. 
In some applications we deal with properties, a, a», ..., a, and numerical values asso- 
ciated with properties, i.e., n(a,), n(a;), ..., n(a,), п(аџа,), ..., n(a, 4a,) ... and so on. 
It is known that the numerical value assigned to a single property is a constant, and 
numerical values assigned to two properties a;a;, i ] is also a constant and so on. 
In other words 


1. n(a)) = n(a5) = ++ = n(a,) 
2. n(aja5) = п(аүау) = +++ = п(аца,) = п(азаз) = --: = та, 44,) 
3. п(аазаз) = п(аџазац) = -= п(ааа)), i jt К 
and so on. 
Again we denote by (І), the common value of the properties a), a», ..., a, taken one 


at a time, i.e., N(1) = n(a,) = n(a;) = --- = n(a,). 
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N(2) is the common value of the properties a), a5,..., a, when taken two at a time, 
etc. and N(n) the number denoting the value n(a,a, ... a,), i.e., the number denoting 
the value of the properties when all of them are taken together and N(0) is the value of 
n(aja5...a,) where a; is the complementary property of the property a; and N is the 
value of collection of zero property or atleast one property. 


Now, » n(a;) = io 


i=l 


y (аа-а) (хо 
iur takenrattime r 
n 
п(аа...а,) | IZ = N(n) 
n 


Now, with this explanation, the principle of inclusion and exclusion takes the form 


N(0)-N 1 ха) C vo 4; м(3) ++ (Лун "| NG) 
1 2 3 " 


Example 142 Five letters are written to five different persons and their addresses are 
written on five envelopes (one address on each envelope). In how many ways can the 
letters be placed in the envelopes so that no letter is placed in the correct envelope? 


Solution: Let us name the envelopes A, B, C, D, E and the corresponding letters a, b, 
C, d, e. 

We shall now see, when the letter 5 is placed in envelope A, in how many ways the 
other 4 letters a, c, d, e can go to the wrong envelopes. 


Envelopes 
A B C D E 
d ж» e — c (1) 
a 
к. —» с — d (2) 
а > e — d (3) 
с5а — e — a (4) 
wee e — a —» d (5) 
eee а» е» с (6) 
de > с ж a (7) 
е э» а — с (8) 
а > c — d (9) 
eu —›> are (10) 
d—- с —> a (11) 


Thus for placing the letter b in envelope A, we have 11 different ways in which no letter 
goes to the correct envelope. 

But we can also place c, d or e in envelope A, and in each case we get 11 different 
ways of placing letter in which no letter goes to the correct envelope. 

Therefore, there are 11 x 4 — 44 different ways in which we can place the five let- 
ters, one in each of five envelopes so that no letter goes to the right envelope. 


Aliter 1: Let us use special case of PIE 
In to our problem of letters and envelopes, we take for each i = 1, 2, 3, ..., 5, k; as the 
property that the letter a, goes to the envelope А,. 


Here, n=5, 
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N= The total number of ways of 5 letters can be put into the envelopes = 5! 


N(0)=N- : Ка) + и N(2)- 2 N(3)+ н N(4)- : N(5) 
m 1 ( 2 ( 3 4 5 


N(i) is the number of ways in which 7 letters go to i correct envelopes, so whatever 
happens to the other letters 1s (5 — i)! 
Thus, МО) = 4! = 24, 
because 5 — | = 4 letters can be placed in 4 envelopes in 4! ways and there is first one 
way of placing the letter in the correct envelope. 
N(2) = 3! = 6, 
since 5 — 2 = 3 letters can be placed in 3 envelopes in 3! = 6 different ways and again 
there is just one way of placing the two letters in their corresponding envelopes. 
Similarly, М3) = (5 – 3)! =2!=2 
М4) = (5 – 4)! = 1 
М5) = (5 – 5)! = 0! = I. 
N(0) =The number of ways that none of the letters go into the correct envelope is 
5x4 5x4x3 


5!—5х4!+ x3! х2!+5х1—1х1 
1:2 1-2-3 
= 120-120+60-—20+5-1 
= 44, 


Aliter 2: See the formula given in derangement section 7.13 
By using the given formula for n = 5, we get 


D; sh i22 Es T 


I! 2! 3! 4! 5! 


1 1 I! 1 
5! + 
2 6 24 120 


=60-20+5-1=44, 


Example 143 Find the number of positive integers from I to 1000, which are divisible 
by at least one of 2, 3 or 5. 


Solution: Let 4, be the set of positive integers from 1 to 1000, which are divisible by К. 


Obviously we have to find n( 45 U А; Y As). 


п(А,) = E = 500, n( 43) = E —333,n(4;) = E = 200 


n( Ay ^ 4) = = 166, similarly л( А, ^ 45) = 66,п( А, N А;) 


= 100,n(A, N Aj N А;) = 33. 


Hence, n(4 U A; U 45) = 500 + 333 + 200-166 — 66 -100 + 33 = 734. 


Note that number of positive integers from | to 1000, which are not divisible by 
any of 2, 3 or 5 is 
1000 — n (45 UA; U A; ) = 266. 
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Example 144 Find the number of ways in which two Americans, two Britishers, one 
Chinese, one Dutch and one Egyptian can sit on a round table so that persons of the 
same nationality are separated. 


Solution: Total = 6! 

n(A) = when A, A, together = 5 ! 2 ! = 240 

n(B) = when B, B, together = 5! 2! = 240 
=> п(А U В) = n(A) + n(B) — n(A A B) = 240 + 240 — 96 = 384 
Hence n(A с\ B) =Total — n(A U B) 


= 61—384 
= 720 — 384 
= 336. 


Example 145 /n how many ways can 5 cards be drawn from a complete deck (of 52 
cards) so that all the suites are present? (Do not simplify.) 


Solution: Consider the notation: In a selection of 5 cards, 
C: the set of selections in which clubs are absent 

D: the set of selections in which diamonds are absent 

S: the set of selections in which spades are absent 

H: the set of selections in which hearts are absent 

We have | C| | D|-| $|2| H| 2 ?C,, 

|Сс\р|=... ee 

|Сс\рР с 5|=... = °С, 


and CADASAH|=0 
Now |CUDUSUH]|=4( °C, )— 6( °C; ) +4 2C;) — 0 
Finally, the required number is 
"Oed "0b o ed "c. 
Example 146 [п how many ways can 6 distinguishable objects be distributed in four 
distinguishable boxes such that there is no empty box? 


Solution: The number of distributions such that: 


(i) atleast one box is empty, is gu „3° 
(11) atleast two boxes are empty, is ^C. „2° 
(iii) atleast three boxes are empty, is 1e, s 


The totality of distributions is 46. 
Hence the required number is 


PO o3 pu 2 eto 1 0200. 
Note: If there should be exactly one empty box, then the number of distributions is 


56e" 0, 9940. 19) 2160. 


Example 147 Find the number of ways to choose an ordered pair (a, b) of numbers 
from the set (1, 2,..., 10} such that |a — b| € 5. 


Solution: Let 4; = [(а, b)/a, be {1, 2, 3, ..., 10}, /a—b/= {i}, 12 0, 1, 2, 3, 4, 5. 
Ao = {(i, i)|i 1, 2, 3, ..., 10} and |4| = 10 
A,={@ i+ Dli=1, 2, 3, ..., 9] U {i i- 1} |i 2, 3, ..., 10} and |4,| 29-9 = 18 
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A, = {(i, i+ 2)|i= 1, 2, 3, ..., 8} U {0,1 2)|i=3, 4, ..., 10} and |A,|=8 + 8 = 16 
A; = {(i,i+3)|i= 1, 2,...,7} 0 (4,1 3)]i 4, 5, ..., 10} and |A,|=6 +6 = 12 
A47 {(,i+4)|i=1,2,3...,6} U {Gi-4)|i=5, 6,..., 10} and |A,|=6 +6 = 12 
As = {(i,i+ 5)|i=1, 2, ...,5} U {Gi—5)|i=6, 7, ..., 10} and |A,|=5+5=10 


5 
-. The required set of pairs (a, b) = U А; and the number of such pairs, (which 


—- i-10 
are disjoint) ‘ 


5 5 
U A|- у, [4 [2 10-18-16 214 12 +10 = 80. 
i-10 i-10 

Alternate: Total ways (without condition) = 10? = 100 
Letb—-a26 


5 
1<а<Ь<10 => 1<а<Ь-5<5 = (2) 


Similarly for a — b 2 6 we will get 10 ways. 
Hence required answer = 100 — 10 — 10 = 80. 
Example 148 Identify the set S by the following information: 


0) Sm {3, 5, 8, 11} = {5, 8} 
(п) SU (4, 5, 11, 13} = {4, 5, 7, 8, 11, 13} 
(ш) (8,131 c S 
(iv) Sc (5,7, 8,9, 11, 13} 
Also, show that no three of the conditions suffice to identify S uniquely. 


Solution: From (1), 


5,8є 5 (1) 
From (ii), 
7, 8є 5 (2) 
From (ш), 
8, 13е S (3) 
Therefore, from Eqs. (1), (2) and (3), we find that 
5,7,8,13e S (4) 


5c(5,7,8,9,11,13) (Given) 


If at all S contains any other element other than those given in (4), it may be 9 or 11 
or both. 

But9e S.[.:9€ 50 {4, 5, 11, 13} = (4, 5, 7, 8, 11, 13}] 

Again 11 ¢ 5, forll e 50 {3, 5, 8, 11) = {5, 8} 

S = (5, 7, 8, 13}. 

If condition (i) is not given, then S is not unique as $ may be (7, 8, 13} or (5, 7, 8, 
13} or (5, 7, 8, 11, 13}. 

Similarly, deleting any other data leads to more than one solution to S (Verify.) 


Example 149 Suppose that in a poll made of 150 people, the following information 
was obtained: 70 of them read The Hindu, 80 read The Indian Express and 50 read 
Deccan Herald. 30 read both The Hindu and The Indian Express; 20 read both The 
Hindu and the Deccan Herald and 25 read both The Indian Express and Deccan 
Herald. Find at most how many of them read all the three. 
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Solution: Let H, / and D be the set of those who read The Hindu, The Indian Express 
and the Deccan Herald, respectively. 
So, the data given in mathematical symbols are as follows: 


1. |HOU IU D|€ 150 
2. |H|=70 

3. |Д1= 80 

4. |р|= 50 

5. |H I| 2 30 

6. |Hr D|=20 

7. Ir D|-z25 


We need to find the maximum possible value of |H ^ ZA р. 


150 > |HO IO D|s|H|* | -1D|-|HeoI|- |; D|-|HaAD|+|HaInD| 
=> 150-—70-80-50+30+50+252|HAIND| 
|JHAIAD|s25 


-. At most 25 of them read all the three. If every one of the 150 people interviewed 
read at least one of these three newspapers, then exactly 25 of them read all the three. 


Example 150 Lewis Carroll, the famous author of Alice in Wonderland, Through the 
Looking Glass, The hunting of the Shark and other wonderful works, was a mathemati- 
cian whose real name was Charles Lutwidge Dodgson (1832—1898). Here is a problem 
from his book ‘A Tangled Tale’. 


Let S be the set of pensioners, E the set of those who lost an eye, H those who lost an 
ear, A those who lost an arm and L those who lost a leg. 

Given that n(E) = 70%, n(H) = 75%, n(A) = 80% and n(L) = 85%. Find what per- 
centage at least must have lost all the four. 


Solution: Let n(S) be 100. 


n(S)2 (ЕО H) = (E) + n(H) - п(Е т Н) 
= 100270-c75—n(En Н) 
=> n(EnH)245. 


Similarly n(S) > n(L U A) = n(L) + n(A) — n(L n A) 
= 80+ 85 — n(L т A) 
=> n(LrA)2 65. 
Now, n(S) = 100 2 „(Ет H) о (L  A)] 


-n[(E ^ Н) + Le A) - (EC HO Ln A) 
= 100245 + 65 - (Е Hr Lr A) 
= nEnHnLrnA)2110— 100= 10. 


That is at least 10% of the people must have lost all the four. 


Example 151 7n the above problem, if those who lost all the four are more than 10 and 
less than 70, construct an example. 
Solution: Here we have to find 
n(E CH nA n Г) = 10 + К, where 0<k < 60. 
We have n[(E ^ Н) о (dr D] =n EQ Н) + n(AnO DL) - (En Hr AnL) 
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But we know that 100 2 n [((EQ H) v (А ^ L)] 
100 2 n(E r^ Н) + n(A ^ L) - (10 + &)] 
=> MENH)+n(ANL)<110+4. 
-. We can have n(E A H) to be say = (45 + k) and n(A A L) = 65. 
But, n(S) = 100 2 (E U A) = п(Е) + n(H) – n(E r^ H) 
=> 1004-n(EnrH)2nmEwvoH)-2n(E)n(H)- n(En Н) 
=> 145+К> п(Е) + (Н). 
So, we can take n(E) = 65 + К, n(H) = 80. 
Similarly, for n (4 A L) 


100 2 n(A)  n(L) — п(А ^ L) 
=> 100+ n(4n L) 2 n(4) + n(L) 
=> 1652 п(4) + n(L). 


We can take n(A) = 75, n(L) = 90 
Now, we find 
n(E) = 65 +k, n(H) = 80, n(A) = 75, n(L) = 90. 
Let us check if we are correct in our choice of the cardinal number of each of these four. 


100 2 n(E 0 H) = (E) + n(H) - п(Е т Н) 
=> nEOH)2(65+4)+80- 100=45+k 
and again, 
100 2 n(4 UL) = п(А) + n(L) — n(A n^ L) 
= 75-90 - n(A OL) 
=> nANL)265 

again, 100 2 n[(E r^ Н) о (4 2)] 

= пЕ т Н) + п(А т) - ЕТ HerAnL) 

> 45 ++ 65 - (Ет Hr An L) 

=> MEQHAAQL)=10+kas desired. 
In fact, this is just one solution. You can have yet a number of (only finite! Why don’t 
you find them) other solutions. Once you get the cardinal number of the sets E, H, A 
and L, you can even combine E, A and Н, L or E, L and Н, A, as well. You shall get the 
same result. 
For п(5) = 100 2 n(E U A) 2 n(E) + n(4) – n(E r^ A) 
=> nEnA4)2nmE)-n(A4)-100265-k- 75 – 100= 40 + Kk 
and Similarly n(H A L) 2 n(H) + n(L) – 100 = 80 + 90 — 100 = 70 
n[(E с\ А) с\ (Н OL) > n(E n A) + n(H n L) - 100 
=40+k+70-100=10+K. 

You can verify this by taking the pairs of sets H, A and E, L. 
Example 152 a, b, c, d be integers 2 0, d <a, d < b, anda+b=c+d. 
Prove that there exist sets A and B satisfying n(A) = a, n(B) = b, n(A U B) = с, 
n(A ^ B) = d. 
Solution: (4 7 B) с A 
=> n(AnB)szn(A) 
or,d<a 


Again, (4 A B) B 
n(A A B) < n(B) 
d<a 
n(A о B) = n(A) + n(B) — n(A A B) 
=> nAVUB)+n(AN B) = п(А) + n(D) 
=> c+d=a+b. 


Example 153 How many positive integers of n digits exist such that each digit is 1, 2 
or 3? How many of these contain all three of the digits 1, 2 and 3 at least once? 


Solution: There are three digits 1, 2, 3 and an n-digit number is to be formed, repeti- 
tions allowed. 
Thus, number of possibilities is 3x3x3x---x3- 3" 


ntimes 


For the second part of the question: 
In (1), we include the possibility that all the n digits consist of (a) 1 only, (b) 2 only, 
(c) 3 only and again in (2), we include the possibility that the n digits consist of only 
(i) 1 and 2 (ii) 2 and 3 (iii) 1 and 3. 
The number of n-digit numbers all of whose digits are 1 or 2 or 3 is 3". 
(1) The number of n-digit numbers all of whose digits are 1 and 2, each of 1 and 2 
occurring at least once is 2" — 2. 
(11) The number of n-digit numbers all of whose digits are 2 and 3, each of 2 and 3 
occurring at least once is again 2" — 2. 
(i1) The number of n-digit numbers all of whose digits are 1 and 3, each of 1 and 3 
occurring at least once is 2" — 2. 
Thus, the total numbers made up of the digits 1, 2 and 3 is 


3”—3(2"—2)-3=3"—3.2" +3. 


Example 154 A, B and C are the set of all the positive divisors of 10€, 20% and 30°, 
respectively. Find n(A O BU C). 


Solution: Let n(4) = number of positive divisors of 
10® =2 x 5° is 61° 
n(B) = number of positive divisors of 
20% = 21x 5% is 101 x 51 and 
n(C) = number of positive divisors of 
3049 = 240 у, 340, 5% — 413 
The set of common factors of A and B will be of the form 2". 5" where 0 € m € 60 and 
0 € n <50. 
So, п(А A B) = 61 x 51. 
Similarly, since the common factors of B and C and A and C are also of the form 2" 
x 5". 
and in the former case0 < m < 40, 
0€ n € 40, 

and in the latter case 0 € m < 40, 

0€ n & 40, 

n(BrC)-41? also n(An C) - 4? 
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and, nA ABC) isalso 41°. 
n(A r^ B с\ С) 
= n(A) + n(B) + n(C) – n(4 ^ B) - (Br C) - n(d ^ С) - (An B nr С) 
= 612+ 101 x51+41°-61x51-417-4177 « 4? 
= 61(61 — 51) +41°(41 — 1) +101 x 51 
= 610 + 1681 x 40 + 5151= 73001. 


Example 155 Find the number of integer solutions to the equation х + x, + хз = 28 
where 3 €x, <9, 0 <х,< 8 and 7 < x,€ 17. 


Solution: Consider three numbered boxes whose contents are denoted as хү, ху, X3, 
respectively. The problem now reduces to distributing 28 balls in the three boxes such 
that the first box has at least 3 and not more than 9 balls, the second box has at most 
8 balls and the third box has at least 7 and at most 17 balls. At first, put 3 balls in the 
first box, and 7 balls in the third box. This takes care of the minimum needs of the 
boxes. So, now the problem reduces to finding the number of distribution of 18 balls 
in 3 boxes such that the first has at most (9 — 3) = 6, the second at most 8 and the third 
at most (17 — 7) = 10. The number of ways of distributing 18 balls in З boxes with no 


2. (1893-1 20 
condition is = = 190. 
3-1 2 


[See article 7.14: The number of ways of distributing n identical objects in r distinct 
n+r-—-1 
boxes is | 1 | where ‘r’ stands for the numbers of boxes and n for balls. ] 
p= 


Let d, be the distribution where the first box gets at least 7; d», the distributions where 
the second box gets at least 9 апа d}, the distributions where the third gets at least 11. 


18-7+3-1 13) 13x12 
IAE = = = 
3-1 2 1.2 
18-9+3-1 11 
\d,|= 11x10 —55 
3=1 1.2 


nee Kg 
o. 


18-7-943-1 4 

ld d;|- E 6 
2 
18-9—-1143-1 0 

9 с\аз|= = = 0, 
3-1 2 
18-11- 743-1 2 

ld, Ad| = = = 1. 
3-1 2 


Also, |4 A d5 ^ ду) = 0, 
> |d,Ud,VUd,|=78+55+36-6-0-—1+0= 162. 
So, the required number of solutions = 190 — 162 = 28. 


Note: The number of ways the first box gets at most 6, the second at most 8 and the 
third at most 10 = Total number of ways of getting 18 balls distributed in 3 boxes — (the 


number of ways of getting at least 7 in the first box, or at least 9 in the second box or 
at least 11 in the third box). 


Example 156 J have six friends and during a certain vacation, I met them during 
several dinners. I found that I dined with all the six exactly on 1 day, with every five of 
them on 2 days, with every four of them on 3 days, with every three of them on 4 days 
and with every two of them on 5 days. Further every friend was present at 7 dinners 
and every friend was absent at 7 dinners. How many dinners did I have alone? 


Solution: For i = 1, 2, 3, ..., 6, let A; be the set of days on which ith friend is present 
at dinner. 
Then given n(A,) or |4;| = 7 and |4/| = 7. 
So ]|4; Al =5, M; 4; А, = 4, |А Aj Ag All = 3, [Ag AZO ARON ALO 
Ay = 2, 
and, АТА, A40 A40 As Ag| = 1. 


where i, j, k, 1, m vary between | to 6 and are distinct. 
|M U А, U AZ... Ac] 


6 
=D- A 04,|+ УА тА 04 |- УДАА АА | 


i=l 


УДАТА A СА СА 


m |- 


eA 


= 42 – 75 +80 – 45 + 12 – 1 = 13. 


[A С\ А, 0 А; 0 А, 0 As NA Al 


The total number of dinners |4 + |4/] 2 7+7 = 14. 

The number of dinners in which at least one friend was present = |4; U A, U A3 U 
A4U 45; U Ag| = 13. 

The number of dinners I dine alone = 14 — 13 = 1. 


Aliter: Let the proposer of the problem be called X, and the friends be denoted as A, B, 
C, D, E, F. Since X dines with all the 6 friend exactly on one day. We have the combi- 
nation XABCDEF (1) for one day. 

Thus, every five of A, B, C, D, E, F had already dined with X for a day. According 
to the problem, every five of them should dine on another day. It should happen in "C; 
— 6 days. The combination is XABCDEF (2), XABCDF (3), XABCEF (4), XABDEF 
(5), XACDEF (6), XBCDEF (7). 

In (1) and (2) together, X has already dined with every four friends three times, for 
example, with ABCD, he dined on the first day the numbers above the combinations 
can be taken as the rank of the days X dined with his friends. 2nd and 3rd days, X 
has dined with every three friends of them on four days, for example, with ABC, Ist, 
2nd, 3rd and 4th days, X has dined with every two friends, of them for five days for 
example, with AB, 1st, 2nd, 3rd, 4th and 5th days, 

With just one of them he has dined so far 6 days (with A, 1st, 2nd, 3rd, 4th, 5th and 
6th days). 

So, he has to dine with every one of them for one more day he should dine with XA, 
XB, XC, XD, XE and XF for 6 more days. Thus, the total number of days he dined so 
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far with at least one of his friends is 1 + 6 + 6 = 13 days. In this counting, we see that 
he has dined with every one of them for 7 days. That shows that he has not dined with 
every one of them for 6 days. 

But it is given that every friend was absent for 7 days. Since each one of them has 
been absent for 6 days already, all of them have to be absent for one more day. 

Thus, he dined alone for 1 day and the total number of dinners he had is 13 + 1 = 14. 


Example 157 A student on vacation for d days observed that (a) it rained seven times 
morning or afternoon; (b) when it rained in the afternoon, it was clear in the morning; 
(c) there were five clear afternoon and (d) there were six clear mornings. Find d. 


Solution: Let the set of days it rained in the morning be M, and the set of days it rained 
in the afternoon be А. 

Then, clearly the set of days when there were clear morning is M; and the set of 
days when there were clear afternoon is A’. 

By condition (b), we get М, A, = ф, 

By (d), we get М’ = 6, 

By (c), we get A;.— 5, 

and by (a), we get M, A, = 7. 

M, and А, are disjoint sets and n(M,) = d — 6, п(4,) = d — 5. 

Applying the principle of inclusion and exclusion, we get? 


n(M,.U A,) = n(M,) + n(A,) — п(М„с\ A,) 
=> 7=(d-—6)+(d—5)-0 
=> 2d-18 
> d=9. 


Aliter: Observe the tabular columns for rainy mornings, rainy afternoons, clear morn- 
ings and clear afternoons. 


Rainy afternoon Clear afternoon 
Rainy morning X y 
Clear morning 2 w 
Now, by the hypothesis, we have 
x+y+z+w=d (1) 
х+у+2=7 (2) 
ytw=5 (3) 
z+w=6 (4) 
By condition (b), x = 0. 
From Eqs. (3) and (4), 
ytzt2wzll (5) 
From Eq. (2), 
ytz=7 (6) 
Solving Eqs. (5) and (6), we get 
2w=4 or 
w=2 


d=x+yt+z+w=0t+y+zt+w 
=0+7+2=9. 


7.13 DERANGEMENT 


A derangement of 1, 2, ..., n is a permutation of the numbers such that no number 
occupies its natural position. Thus (2, 3,1) and (3, 1, 4, 2) are derangements. On the 
other hand, (2, 4, 3, 5, 1) is not a derangement as 3 is at the 3rd position. 

The total number of derangements of 1, 2, ..., n will be denoted by D,,. 

It is easy to realise that D, = 0, D; = 1 and D, = 2, etc. 


D, Z i Less CD 
и 2! 3! n! 


Proof: Let A; be the collection of all ways such that i be at ith position. Now we need 
to get D, which is N(A', A’, A', ... А'„). Using special inclusion and exclusion formula 
we get 


(AA)... AL) = nt-{ Foes (De - n e аон 
r 


n! n! n! 
=йї=—— = —=х(ж=йй Et e adipe sur m pep 
E cnn Me ca 9 ттт шд 
Tec] 
n! n! n! n! 
= la Ie dis Ia =} 
п! ТЫЛ Ти -(-1) гы +(-1) 


nf L l + l Е D E RD | 
M 2! 3! " PS 


For an alternate proof see the Example 158. 


1 1 1 —1)” 
ТИ eu ai id 

For example, let S,, S}, S, are three slots where objects A, B, C should be placed. 
Number of ways to place A, B, C in S,, Sj, S, such that A goes to S,, B goes to 5, and 
C goes to S}, i.e., all object are placed in there correct places = 1. Number of way to 
place only one object in a wrong slot is not possible because if A is placed in say S,, 
then B, whose correct slot is Sj, would take either S, or S}. It means B is also placed 
in the wrong slot. So it is not possible to place only one object in wrong slot. To place 
objects A, B, C in $), Sj, S, such that all objects are placed in wrong slots we use 
derangement formulae, i.e., 

Number of way to place A, B, C all in wrong slots 


1 1 1 
of Ip d 2 ways. 


Note that lim D, =1 
nao 


Example 158 On a rainy day n people go to a party. Each of them leaves his raincoat 
at the counter of the gate. Find the number of ways in which the raincoats are handed 
over to the guests after the function is over so that no one receives his/her own raincoat. 


Solution: Let us name the guests as gi, о), ..., g, and their raincoats as rj, Fa, ..., Fp 
respectively. 
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Let us denote number of ways for the event that no one gets his/her raincoat by D,,. 

We shall find a recurrence relation for D,,, as follows: 

For g; there are (n — 1) possible ways of getting the wrong raincoats. 

If g, is given the raincoat r,, Case (1) r, may be given to g, or Case (2) r; may not 
be given to gp. 

In case (1) if g, receives r, then the remaining (7 — 2) guests may not get their rain- 
coats in D, , different ways. 

In case (2) if g, does not receive the raincoat r; then the number of ways in which 
g does not receive гу, g} does not receive r,...., g, does not receive ғ, 15 D, , as there 
are (n — 1) guests and also (n — 1) raincoats. 

Thus, the total number of ways in which the remaining (n — 1) guests do not receive 
their raincoats is D, , + D, > as the two cases mutually exclusive. 

For each опе way of giving the wrong raincoat to g; there are D, , + D, ; ways that 
the remaining (n — 1) guests get the wrong raincoats. 

But there are (n — 1) different ways in which g, can get a wrong raincoat. 


So, D, (n—- DID, ,* D, ;] 

Or D,-nD,,-D,,*(n-1)D,; 

Or D,- nD, 4—-—-[D, , — (n - 1)D, 5] (1) 
= CIY[D, ; - (n - 2) D, 3] Q) 


= IID, ,- (n- 3D, 4] 


-CD'[D,- 2D] 
[Here replacing п by (n — 1) in Eq. (1), we get D, , (п — 1)D, = -(D, 5— (n — 2) 


Рз) and hence from Eq. (1), we get Eq. (2) and so on.] 
We have, 


D, - 2D, = (C1) ID, - 2D]. 


Now, D, = 0, D, = 1, since D, stands for just one guest that does not get his/her rain- 
coat, which is clearly zero. 

Also D, = 1, since there are just two guests, there is only one way of getting their 
raincoats exchanged so that neither of the two get their raincoat. 


~ D,-nD, , = (-)?(-0)- C1)? = C1)" 
a D, nD, 4 _ (=1)" 
"on! n! n! 
=> D, D, 4 _ (— 1) 
n! (п—1)! n! 
Substituting n — 1, n — 2, ... for n successively, we get 
D, i D,» _ (= pe 
(n—-1! (n-2)! (n-1) 
D,» Рз _ (-)"? 
(n—2)! (n-3)! (n-2)! 


D, D CY 


21 I! 2! 
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Adding both the sides, we get, 


D; B X 1.1, Cy 
n| I! 2! 3! 4! n! 


=> p,-nll Dy ae UN qued) 
I! 2! 3! n! 


1 А ; р В 
Note that 1— 2 — 0, and thus zero is added to the right hand side to get the formula in 
the proper format. 


Aliter: Use derangement formulae (which was obtained by using the special inclusion 
and exclusion principle). 


Example 159 Find D,. 


Solution: The totality of permutations of 1, 2, 3, 4 is 4! 
The number of permutations, which leave fixed 
(i) atleast one of 1, 2, 3, 4, is ^C, 3! 

(ii) atleast two of 1, 2, 3, 4 is C; 2! 

(iii) atleast three of 1, 2, 3, 4 is С 1! and, finally, 

(iv) all of 1, 2, 3, 4, is 1 
By the inclusion-exclusion principle, 

D,= 4! —4C, 3!+4C, 2! - ^C, 1!+1=9. 


Example 160 Find the number of permutations of 1, 2, 3, 4, 5 in which exactly one 
number occupies its natural position. 


Solution: Choose the number which should occupy its natural position (° С) 
The number of arrangements of the others is D,. 
Hence the required number = °C, - D, = 45. 


Example 161 There are 5 boxes of 5 different colours. Also there are 5 balls of colours 
same as those of the boxes. In how many ways we can place 5 balls in 5 boxes such that 


(1) all balls are placed in the boxes of colours not same as those of the ball. 
(ii) at least 2 balls are placed in boxes of the same colour. 


Solution: 
(i) All the balls should be placed in the wrong boxes. 
That is, boxes not of the colour same as balls. 
Using derangement formulae, number of ways in which this can be done. 


is 1 1 " 1 1 n Dd 
први |5 
=120|1-1+ 1 Е + x ES 
2 6 24 120 
=60-20+5-1=44. 
(ii) Atleast 2 balls are placed in the correct boxes, i.e., boxes of the colour same as ball 
=Total number of ways to place balls in boxes — Number of ways to place balls such 


that all balls are placed in wrong boxes — Number of ways to place balls in boxes 
such that 1 ball is placed in the correct box (i.e., box of the same colour as balls). 


7.95 


7.96 
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= |5 – 44 - Number of ways to select а ball that will be in correct box x Number 
of ways in which remaining 4 balls can be placed in 4 boxes such that all balls go 
in wrong boxes (boxes of colour different from balls). 


-B-4- xl i-e Ll A 


— E — + === 
први 
= 120 44-5 х9 [using answer of (i) part and derangement formulae] 
= 120 — 44-45 
=, 


Example 162 [п how many ways 6 letters сап be placed in 6 envelopes such that 


(1) No letter is placed in its corresponding envelope. 
(ii) at least 4 letters are placed in correct envelopes. 
(ii) at most 3 letters are placed in wrong envelopes. 
Solution: 
(i) Using derangement formulae: 
Number of ways to place 6 letters in 6 envelopes such that all are placed in wrong 
envelopes. 
-611 : t Er Te Л 
I! 2! 3! 6! 
= 360 – 120+ 30 — 6 + 1 = 265. 
(п) Number of ways to place letters such that at least 4 letters are placed in correct 


(iii) 


envelopes 

= 4 letters are placed in correct envelopes and 2 are in wrong +5 letters are placed 
in correct envelopes and | in wrong + All 6 letters are placed in correct envelopes 
= °C, x 1 + 0 (not possible to place 1 in wrong envelope) +1= US +1=16. 
Number of ways to place 6 letters in 6 envelopes such that at most 3 letters are 
placed in wrong envelopes 

= 0 letter is wrong envelope and 6 in correct + | letter in wrong envelop and 5 
in correct + 2 letters in wrong envelopes and 4 are in correct + 3 letters in wrong 
envelopes and 3 in correct 1-1 d 
=1+0(notpossibletoplace 1 inwrongenvelope) + °С, x1+ $C; |3 [ о ыс эше d 


u 2 B 


6x5 6x5x4/ |3 -|3 
=1+ + = 

2 6 2 B 
=14+15+20x2=56. 
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1. 
2. 


3. 


4. 


л 


Find the numbers from 1 to 100 which are neither divisible by 2 nor by 3 nor by 7. 
Find the number of numbers, from amongst 1, 2, 3, ..., 500, which are divisible 
by none of 2, 3, 5. 

Find the number of 3 element subsets of the set (1, 2, ..., 10}, in which the least 
element is 3 or the greatest element is 7. 

Find the number of n digit numbers, which contain the digits 2 and 7, but not the 
digits 0, 1, 8, 9. 


. How many integers from 1 through 999 do not have any repeated digits? 
. Find the number of natural numbers less than or equal to 10° which are neither 


perfect squares, nor perfect cubes, nor perfect fifth powers. 


18. 


19. 


20. 


21. 


22. 


23. 
24. 


25. 


. How many positive integers divide 10°° or 20 
. Find the number of permutations of letters a, b, c, d, e, f, g taken all together if 


. Ina certain state, license plates consist of from zero to three letters followed by from 


zero to four digits, with the provision, however, that a blank plate is not allowed. 

(i) How many different license plates can the state produce? 

(ii) Suppose 85 letter combinations are not allowed because of their potential for 
giving offense. How many different license plates can the state produce? 


. If the number of ways of selecting K coupons one by one out of an unlimited 


number of coupons bearing the letters A, T, M so that they cannot be used to spell 


the word MAT is 93, then find K. 
305 


neither ‘beg’ nor ‘cad’ pattern appear. 


. Find the number of permutations of the letters of the word HINDUSTAN such 


that neither the pattern ‘HIN’ nor ‘DUS’ nor ‘TAN’ appears. 


. Find the number of permutations of the 8 letters AABBCCDD, taken all at a time, 


such that no two adjacent letters are alike. 


. Find the number of non-negative integer solutions of x, + x; +x; =15, subject to 


xı € 5, xX, € 6, and x, < 7. 


. According to the Gregorian calendar, a leap year is defined as a year n such that 


(1) n divides 4 but not 100; or (ii) n divides 400. 
Find the number of leap years from the year 1000 to the year 3000, inclusive. 


. Find the number of onto functions from a set containing 6 elements to a set con- 


taining 3 elements. 


. How many 6-digit numbers contain exactly three different digits? 
. Let D, be the nth derangement number. Prove that 


(i) D,2(n-1) (D, ,* D, 5) п> 23 


. D, 1 

(1) lim — =- 

n>o n! e 
Show that n letters in n corresponding envelopes can be put such that none of the 


+ 
I! 2! 3! n! 


Five pairs of hand gloves of different colours are to be distributed to each of five 
people. Each person must get a left glove and a right glove. Find the number of 
distributions so that,exactly one person gets a proper pair. 


. 1 1 1 (-1)" 
letters goes to the correct envelop is n! | 1 eeu ways. 


n 

Prove (combinatorially) that Ў, r!r = (п+1)!—1. 

r=l 
In maths paper there is a question on ‘Match the column’ in which column A 
contains 6 entries and each entry of column A corresponds to exactly one of the 6 
entries given in column B written randomly. 2 marks are awarded for each correct 
matching and | mark is deducted from each incorrect matching. A student having 
no subjective knowledge decides to match all the 6 entries randomly. Find the 
number of ways in which he can answer, to get atleast 25% marks in this question. 
Ten parabolas are drawn in a plane. Any two parabola intersect in four real, and 
distinct, points. No three parabola are concurrent. Find the total number of dis- 
joint regions of the plane. 
In how many ways can a 12 step staircase be climbed taking 1 step or 2 steps at a time? 
A coin is tossed 10 times. Find the number of outcomes in which 2 heads are not 
successive. 
Find the number of ways to pave a 1 x 7 rectangle by 1 x 1, 1 x 2, 1 x 3 tiles, if 
tiles of the same size are indistinguishable. 
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(D. @, @) —. (D 
—— 


n distinct balls 


Ci 


Сә Cr 


r distinct cells 


7.14 CLAssicAL OCCUPANCY PROBLEMS 


The problems of the number of distributions of balls into cells are called occupancy 
problems. We distinguish several cases as described below: 


7.14.1 Distinguishable Balls and Distinguishable Cells 


1. Number of ways to divide n non-identical balls in r different cells such that each 
cell gets 0 or more number of balls (empty cells are allowed) = 7". 

2. Ifno cell is empty, then the number is determined by the inclusion/exclusion prin- 
ciple or by recurrence relation or by generating function method. Using any one 
of them we can get number of ways to divide n non-identical balls in r different 
cells such that each cell gets at least one object (empty cells are not allowed) 


Секе уо езун CIC 
Example 163 Find the number of distributions of 5 distinguishable balls in 3 distin- 
guishable cells, if 

(1) an empty cell is allowed; 
(ii) no cell is empty. 
Solution: 


(i) 3° 2243. 
(ii) Method 1: 


The five balls can be distributed in 3 non-identical boxes in the following 2 ways: 


Boxes Вох1 Вох 2 Вох 3 
Number of balls 3 1 1 
Number of balls 2 2 1 
Case 1: 3 in one Box, 1 in another and 1 in third Box (3, 1, 1) (1) 
Number of ways to divide balls corresponding to (1) 
5! |] 
~ BT 2! 


But corresponding to each division there are 3! ways of distributing the balls into 3 
boxes. 

So number of ways of distributing balls corresponding to (1) 

= (Number of ways to divide balls) x 3! = 10 x 3! = 60 


Case 2: 2 in one Box, 2 in another and 1 in third Box (2, 2, 1) (2) 
Number of ways to divide balls corresponding to (2) 
2058 1. 
ЕТИ 
But corresponding to each division there are 3! ways of distributing balls into 3 boxes. 
So number of ways of distributing balls corresponding to (2) 
= (Number of ways to divide balls) x 3! 


=15x3!=90 
Hence, required number of ways = 60 + 90 = 150. 
Method 2: 


Let us name the Boxes as A, B and C. Then there are following possibilities of placing 
the balls. 
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Box A Box A Box A Number of ways 
1 2 2 5C, x 4C, x 2C, =30 
1 1 3 5C, x ^C, x ЗС; = 20 
1 3 1 5C x 4C; x 1C; = 20 
2 1 2 30; x PG, x *C, = 30 
2 2 1 5C, x 3C, x 1C, = 30 
3 1 1 5С; x °C, x 1С = 20 


Therefore required number of ways of placing the balls 
= 30 20 4 20+ 30 + 30 + 20 = 150 
Method 3: 
Number of ways of distributing 5 balls in 3 boxes so that no Box is empty 
r -C (r- 1)" +"C, (п 2)" "С, (г 3)" +- 


Put n = 5 and r = 3 to get: 
Number of ways = 3° — ?C, 2°+ °C, 1° = 243 — 3 x 32 + 3 = 246 — 96 = 150 ways. 


7.14.2 Identical Balls and Distinguishable Cells GGO sO 


If an empty cell is allowed, then the number of distributions is i di Jj (use binary 
sequences). = 

In other words ће number of ways to divide n identical objects into r groups (dif- | 
ferent) such that each gets 0 or more objects (empty groups are allowed) ="*"~'C,_. 


n identical balls 


— 


B € © 


r 
Proof: . . . r distinct cells 
Let x,, X5, X3, ..., x, be the number of objects given to groups 1, 2, 3, ..., r respectively. 
As total objects to be divided is n, we can take 


Sum of the objects given to all groups = n 
Sy titr trygt tý En, 


This equation is known as integral equation as all variables are integer. 
As each group can get 0 or more, following are constraints on integer variables. 


0xx,En;0zxzn..0zx,znie,0zx;Eni-1,2,3,...,r. 


We can observe that number of integral solutions of the above equation is equal to num- 
ber of ways to divide n identical objects among r groups such that each gets 0 or more. 


ntr-1 ntr-1 
- С, = С 
п r-1 


If no cell is allowed to remain empty, then the number is " SA 
In other words the number of ways to divide n identical objects into r groups (differ- 


ent) such that each group receives at least one object (empty groups are not allowed). 
es С =? 

Example 164 How many terms are there in the expansion of (a + b + c + dy ^? 

Solution: A typical term is a^ - b^ «c^ - d^ , where Ку, kp, kz, k, are non-negative inte- 

gers whose sum = 24. 

The number of terms is the same as the number of distributions of 24 identical balls in 

four distinguishable cells, empty cell allowed. This is ^ * ^! C,, =” C4. 
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Example 165 Find the number of ways of distributing 5 identical balls into three 
boxes so that no box is empty and each box being large enough to accommodate all 
the balls. 


Solution: Let x,, x; and x; be the number of balls into three boxes so that no box is 
empty and each box being large enough to accommodate all the balls. 

The number of ways of distributing 5 balls into Boxes 1, 2 and 3 is the number of inte- 
gral solutions of the equation x, + x; + x4 = 5 subjected to the following conditions on 
Хү, X2, X3. (1) 


Conditions on х, x, and x;: 
According to the condition that the boxes should contain at least one ball, we can find 
the range of x,, x; and x3, i.e., 
Min (x;) = 1 and Max (x,) = 3 for i= 1, 2, 3 [using: Max (ху) = 5 - Min (x) - Min(@x3] 
orlEx;€3fori-1,2,3 
So, number of ways of distributing balls 
= Number of integral solutions of (1) 
— Coefficient of x? in the expansion of (x + xb xy 
= Coefficient of x? in x? (1 х3) (1 — x)? 
= Coefficient of x? in (1 х?) (1 23)? 
= Coefficient of x? in (1— хуз [а$ x? cannot generate ж? terms] 
Е о 


Alternate solution: 
The number of ways of dividing n identical objects into r groups so that no group 
remains empty 


_an-l 


ш е1 
Bc Vous Ce: 


Example 166 Find the number of ways of distributing 10 identical balls in 3 boxes so 
that no box contains more than four balls and less than 2 balls. 


Solution: Let x;, x; and x4 be the number of balls placed in Boxes 1, 2 and 3 respec- 
tively. 
Number of ways of distributing 10 balls in 3 boxes 

= Number of integral solutions of the equation x, + x; + x4 = 10 (1) 


Conditions on x,, x, and x;: 
As the boxes should contain atmost 4 ball and at least 2 balls, we can make 
Max (x;) = 4 and Min (x) = 2 for i= 1,2, 3 
or2 <x, €4fori-1,2,3 
So the number of ways of distributing balls in boxes 
= Number of integral solutions of equation (i) 
= Coefficient of х! in the expansion of c +? xy 
= Coefficient of x!° in xf (1 х3) (1 — x)? 
= Coefficient of x* in (1 х2)? (1— 3)? 
= Coefficient of x* in (1 Сух + 9C, x° + ---) (1 xy? 
= Coefficient of x^ in (1— x)? — Coefficient of x in С, (1—x) 
pires 3x eae CSS SG: 


3 


Example 167 Find the number of ways in which 14 identical toys can be distributed 
among three boys so that each one gets atleast one toy and no two boys get equal 
number of toys. 


Solution: Let the boys get a, a + b and a + b + c toys respectively. 
a+(a+b)+(a+b+c)=14,a21,b21,c21 
=> 3a+2b+c=14,a21,b21,c21 
-. The number of solutions 
= Coefficient of i^ in {(#++7+...)( ++...) re Pss) 
= Coefficient of ? in ((1- P 4-4) (1 Ze Ps) rte Pus) 
= Coefficient of ? in {(1+ 2 - P e i P 2/6 e 208) (1 e t Pe) 
=1+1+1+1+1+2+1+2 = 10. 


Since, three distinct numbers can be assigned to three boys in 3! ways. 
So, total number of ways = 10 x 3! = 60. 


7.14.3 Distinguishable Balls and Identical Cells 


Label the balls by the natural numbers 1, 2, ..., n. A partition of (1, 2, ..., n} in r part 
is a set of r non-empty subsets, 4,, 45, ..., A, of (1, 2, ... п} such that 
A,UA,U...UA,= (1, 2, ..., п} and any two of A), ... А, are disjoint. 

For example, {{1}, {2,3}, {4}} is a3 partition of (1, 2, 3, 4}. 

Denote the number of r partitions of (1, 2, ..., п} by S(n, r). 

S(n, r) is called a Stirling number of the second kind. 

It is easy to see that: 

S(n, 1) = 1, S(n, n) = 1, S(n, r) = 0, ifr n. 

To determine S(n, r) for 1« r < n. 

There are two possibilities: 

1. The number z is by itself is a partition. 


=> The numbers 1, 2, ...,n — 1 must forma r — 1 partition. 
The number of such partitions = S (n — 1, r — 1). 
2. The number n is along with atleast one of 1, 2, ..., n — 1 in a partition. 


=> The numbers 1,2, ..., п — 1 must form a r partition and n must be inserted in 
any one of the r subsets. So n can be put in r ways. 
The number of such partitions = r S(n — 1, r) 
Hence S(n, r) = $Sgn- 1,r—-1)+rS(n-1,7r),1<r<n 
Use this to show that S(n, 2) = 2^ ! — 1 
In general, we can easily get 


1 п n n А п r-l а п 
S(n, r) = A r i (r-1)" + 2 (r-2)" —--+(-D - 1 


Note: If п distinguishable balls are to be distributed in r identical cells, an empty cell 


allowed, then the number of distributions is X S(n,k). 


k=l 
Example 168 Find the number of distributions of 5 distinguishable balls in 3 identical 
cells, an empty cell allowed. 


Solution: The sought after number is S(5, 1) + S(5, 2) + S(5, 3). 
Now S(5, 1) = 1, S(5, 2) 2 2^! — 1 = 15, and 


®, @, © -- @ 
—— 
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S(5, 3) = S(4, 2) + 3S (4,3) 
= (27 — 1) + 3(S (3, 2) + 3 5G, 3)) 
=7+3((2?- 1) +3) 
= 25 


Hence, ће answer is 1 + 15 + 25 = 41. 


7.14.4 Identical Balls апа Identical Cells 


Consider the problem of distributing n identical balls in Ж identical cells, no cell 
remaining empty. 
The number of distributions = The number of ways of writing n as the sum 
Xp tx)tt3XQ;G the order of terms being ignored = number of Partition of n in k 
positive integers 
parts. 
This is equivalent to number of integral solution of x, + x; + x3 +++ x, = n with 


x* 


(1-3)0 - x2)0 - x3)---(1- x*) 


1 $x, $x) Sx, +++ € x, which is equal to [x"] in 


Aleternatively denote this number by P,(7). 
Clearly, P,(n) = P,(n) = 1, P,(n) = H ,P,(n)=0,k>n 


For example, 522424 | 
> P;(5)=2 
=3+1+1 

To determine Р, (n), 1 « k « n 

Let us divide all partitions in two types: 

(A) Atleaset one partition of size 1 

(B) No partition of size 1 

Number of partitions of type A is р, (n — 1) (As make one partition of size 1 and 
remaining n — 1 in k — 1 parts). Number of partitions of type B is ри — k) (As first 
remove k objects and divide n — k objects in k parts). Now add one object in each part 
so that each part will be of size atleast 2. 


Hence, P,(n) = P, (n — 1) + P(n- B), 1 «k & B 


2 
Using the above reccurence we can easily prove P;(n) = (z ) Read it “nearest 
integer" (see the Example 169). 


Note: lf n identical balls are to be distributed in r identical cells, an empty cell allowed, 


then the number is 25 (n). 

k=l 
Example 169 What is the number of necklaces that can be made from 6n identical 
blue beads and 3 identical red beads? 


Solution: The sought after number is P4(67) + P,(6n) + P)(6n). 
We have 
Рү(п) — Pn- К) = P, (п 1) 


6n-1 
> Рбн) - Py6n~3)= Pén = 1) =| 2 Е& (1) 


6n—4 
and P4(6n — 3) — P4(6n — 6) = P,(6n — 4) = | E | =3n-2 (2) 
Adding (1) and (2), we get, P;(6n) — P4(6(n — 1)) = 3(2n – 1) (3) 
Let P,(6n) = a,, then the Eq. (3) becomes a, — a, = 32n— 1) (4) 


Now plugging п = 2, 3, ..., n in Eq. (4) and adding all, we get a, — a, = 3(n’ — 1) 
As, a, = P;(6) =3 

=> a= 3n 

=> Р,(бп) = Зи? 


6 
Also P,(6n) = E =3n 


and P,(6n) 
2. The required number is Зи? + 3n + 1. 
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1. 


10. 


11. 


12. 


13. 


Find the number of ways in which n distinct objects can be put into two different 

boxes so that no box remains empty. 

. Find the number of ways in which n distinct objects can be kept into two identical 
boxes so that no box remains empty. 

. 10 identical balls are to be distributed in 5 different boxes kept in a row and 
labeled A, B, C, D and E. Find the number of ways in which the balls can be dis- 
tributed in the boxes if no two adjacent boxes remain empty. 

. Find the number of distributions of 6 distinguishable objects in three distinguish- 
able boxes such that each box contains an object. 

. Find the number of ways in which 12 identical coins can be distributed in 6 dif- 
ferent purses, if not more than 3 and not less than | coin goes in each purse. 

. Find the number of ways in which 30 coins of one rupee each be given to six 
persons so that none of them receive less than 4 rupees. 

. Find the number of ways of wearing 8 distinguishable rings on 5 fingers of right hand. 

. 15 identical balls have to be put in 5 different boxes. Each box can contain any 
number of balls. Find total number of ways of putting the balls into box so that 
each box contains atleast 2 balls. 

. In how many ways can 3 blue, 4 red and 2 green balls be distributed in 4 distinct 

boxes? (Balls of the same colour are identical) 

How many different ways can 15 Candy bars be distributed to Tanya, Manya, 

Shashwat and Adwik, if Tanya cannot have more than 5 candy bars and Manya 

must have at least two. Assume all Candy bars to be alike. 

In how many ways, 16 identical coins can be distributed to 4 beggars when 

(i) any beggar may get any number of coins? 
(11) every beggar gets atleast one coin? 

(11) every beggar gets atleast two coins? 

(iv) every beggar gets atleast three coins? 

Prove that the number of n digit quaternary sequences (whose digits are 0, 1, 2, 

and 3), in which each of the digits 2 and 3 appear atleast once, is 4" — 2 - 3" + 2". 

Shivank has 15 ping-pong balls each uniquely numbered from 1 to 15. He also 

has a red box, a blue box, and a green box. 

(1) How many ways can Shivank place the 15 distinct balls into the three boxes 
so that no box is empty? 

(ii) Suppose now that Shivank has placed 5 ping-pong balls in each box. How 

many ways can he choose 5 balls from the three boxes so that he chooses at 
least one from each box? 
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14. In how many ways we can place 9 different balls in 3 different boxes such that in 
every box at least 2 balls are placed? 

15. In how many ways can we put 12 different balls in three different boxes such that 
first box contains exactly 5 balls. 

16. Five balls are to be placed in three boxes. Each can hold all the five balls. In how 
many different ways can we place the balls so that no box remains empty, if 

(i) balls and boxes are all different? 

(п) balls are identical but boxes are different? 
(11) balls are different but boxes are identical? 
(iv) balls as well as boxes are identical? 

17. A man has 3 daughters. He wants to bequeath his fortune of 101 identical gold 
coins to them such that no daughter gets more share than the combined share of 
the other two. Find the number of ways of accomplishing this task. 

18. There are six gates in an auditorium. suppose 20 delegates arrive. How many 
records could be there? 

19. A man has to move 9 steps. He can move in 4 directions: left, light, forward, 
backward. 

(i) In how many ways he can take 9 steps in 4 direction? 
(ii) In how many ways he can move 9 steps if he has to take atleast one step in 
every direction. 
(їп) In how many ways he can move 9 steps such that he finish his journey one step 
away (either left or right or forward or backward) from the starting position. 


7.15 DiRICHLET's (On PIGEON Ноге) PRINCIPLE (PHP) 


Let k,n €N. If at least kn + 1 objects are distributed among k boxes, then atleast one 
of the box, must contain atleast (n + 1) objects. In particular, if atleast (n + 1) objects 
are put into n boxes, then atleast one of the box must contain atleast two objects. For 
arbitrary n objects and m boxes this generalizes to atleast one box will contain atleast 
E +1 objects. 
m 

Example 170 Divide the numbers 1, 2, 3, 4, 5 into two arbitrarily chosen sets. Prove 
that one of the sets contains two numbers and their difference. 


Solution: Let us try to divide 1, 2, 3, 4, 5 into two sets in such a way that neither set 
contains the difference of two of its numbers. 

2 cannot be in the same set as 1, 4, because if 2 and 1 are in the same sets 2 – 1 = 1 
belongs to the set; again if 2 and 4 are in the same set then 4 — 2 — 2 belongs to the set 
and hence, if we name the sets as 4 and B, and if 2 € A, then 1, 4 both belong to B. 


A B 

12, 0, O} {1, 4, O} 

We cannot put 3 in set B as 4 — 3 = 1 belongs to B, so 3 belongs to A. 
A= {2, 3,0} B= {1,40} 


Now, 5 is the only number left out. Either 5 should be in set А or in B, but then if 5 є 
А=»5-3=2еє А. 

So, 5 cannot be in A. 

However, if 5 is put in set B, then 5 — 4 = 1 є B. So, 5 cannot be in set В. 

Thus, we cannot put 5 in either set and hence, the result. 


Example 171 Show that for any set of 10 points chosen within a square whose sides 
are of length 3 units, there are two points in the set whose distance is at most 42. 


Solution: Divide the square into 9 unit squares as given in the figure. Out of the 10 
points distributed in the big square, at least one of the small squares must have at least 
two points by the Pigeon hole principle. These two points 

being in a unit square, are at the most V2 units distance apart as V2. is the length of 
the diagonal of the unit square. 


Example 172 Show that given a regular hexagon of side 2 cm and 25 points inside it, 
there are at least two points among them which are at most 1 cm distance apart. 


Solution: If ABCDE is the regular hexagon of side 2 cm and P, О, R, S, T and U are 
respectively the midpoints of AB, BC, CD, DE, EF and FA, respectively, then by join- 
ing the opposite vertices, and joining PR, RT, TP, UQ, QS and SU, we get in all 24 
equilateral triangles of side 1 cm. 


We have 25 points. So, of these 25 points inside the hexagon ABCDEF, at least 2 
points lie inside any one triangle whose sides are 1 cm long. So, at least two points 
among them, will be at most 1 cm apart. 


Example 173 /f7 points are chosen оп the circumference or in the interior of a unit 
circle, such that their mutual distance apart is greater than or equal to 1, then one of 
them must be the centre. 


Solution: Divide the circle into six equal parts by drawing radii with two adjacent 
radii making an angle of 60?. Then, two of the seven points cannot lie in the interior 
of any one of the six sectors, since the distance between any two points is greater than 
or equal to 1. 
If at all, in any sector, with boundaries included, two of the points may lie on the circu- 
lar arc as end points (of the arc of any one of these sectors) or one on the arc and one 
at the centre of the circle. 

Even if two lie on the ends of each circular arc, we have only 6 points satisfying the 
condition, thus forcing the seventh point to lie at the centre. 


Example 174 4" + 1 points lie within an equilateral triangle of side 1 cm. Show that 
it is possible to choose out of them, at least two, such that the distance between them 


is at most — cm. 
2^ 


Solution: ABC is an equilateral triangle of side 1 cm. If the sides are divided into two 


: 2 nf 
equal parts, we get 4 equilateral triangles with side ri 
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Again, if each of these four triangles is subjected to the above method, we get 4 x 4 


triangles of side 2 х а = з 
2 2° 


Thus, after n steps we get, 4” triangles of side nr 
28 


Now, if we take 4” + 1 points inside the original equilateral AABC, then at least 
two of the points lie on the same triangle out of 4” triangles by Pigeon hole principle. 
Hence, the distance between them is less than or at the most equal to the length of the 


side of the triangle, in which they lie, i.e., they are em apart or they are less than 


1 
—cm apart. 
д" р 


Example 175 Let А be any set of 19 distinct integers chosen from the Arithmetic Pro- 


gression 1, 4, 7,..., 100. Prove that there must be two distinct integers in A, whose sum 
is 104. 
Solution: There are шше +1=34 elements in the progression. 


1, 4, 7,..., 100. Consider the following pairs: 
(4, 100), (7, 97), (10, 94), ..., (49, 55). 


There are in all == +1=16 pairs [o M + i} 


Now, we shall show that we can choose eighteen distinct numbers from the AP, such 
that no two of them add up to 104. In the above 16 pairings of the AP the numbers 1 
and 52 are left out. 

Now, taking one of the numbers from each of the pairs, we can have 16 numbers and 
including | and 52 with these 16 numbers, we now have 18 numbers. 

But, no pair of numbers from these 18 numbers can sum up to 104, since just one 
number is selected from each pair and the other number of the pair (not selected) is 
104, the number chosen. 

Also 1 + 52 # 104. Thus, we can choose 18 numbers, so that no two of them sum 
up to 104. 

For getting 19 numbers (all these should be distinct), we should choose one of the 
16 not chosen numbers, but then this number chosen is the 104 complement of one of 
the 16 numbers chosen already (among the 18 number). Thus, if a set of 19 distinct 
elements are chosen, then we must have at least one pair whose sum is 104. 


Example 176 Let X c {1, 2, 3,..., 99} and n(X) = 10. Show that it is possible to choose 
two disjoint non-empty proper subsets Y, Z of X such that b у= У Z; 
yeY zeZ 


Solution: Since n(X) = 10, the number of non-empty, proper subsets of X is 2 — 2 = 
1022. 
The sum of the elements of the proper subsets of X can possibly range from 


9 
1 to У (90 i). That is 1 to (91+ 92 + --- + 99), i.e., 1 to 855. 
i-l 


i-l 


That is, the 1022 subsets can have sums from | to 855. 

By Pigeon hole principle, at least two distinct subsets B and C will have the same 
sum. 

С. There are 855 different sums, and so if we have more than 855 subsets, then at 
least two of them have the same sum.) 

If B and C are not disjoint, then let 


X=B-(BOC) 
and, Y-C-(Bn С). 


Clearly, X and Y are disjoint and non-empty and have the same sum of their elements. 
Define s(A) = sum of the elements of A. We have B and C not necessarily disjoint 
such that s(B) = s(C). 


Now, s(X) = s(B) — s(B A C) 
50) = (C) - (В ^ C) 
but, s(B) = s(C). 


Hence, s(X) = s(Y). 
Also X # @. For if X is empty, then B c C which implies s(B) « s(C) (a contradic- 
tion). Thus, X and Y are non-empty and s(X) = s(Y). 


Example 177 /f repetition of digits is not allowed in any number (in base 10), show 
that among three four-digit numbers, two have a common digit occurring in them. 

Also show that in base 7 system any two four-digit numbers without repetition of 
digits will have a common number occurring in their digits. 


Solution: In base 10, we have ten digits 0, 1, 2, 3, 4, 5, 6, 7, 8 and 9. Thus, for 3 four- 
digit numbers without repetition of digits, we have to use in all 12 digits, but in base 
10 we have just 10 digits. Thus, at least any two of the three four-digit numbers have 
a common number occurring in their digits by Pigeon hole principle. Again for base 
7 system, we have seven digits 0, 1, 2, 3, 4, 5, 6. For two four-digit numbers without 
repetition we have to use eight digits and again by Pigeon hole Principle, they have 
atleast one common number in their digits. 


Example 178 /n base 2k, k 2 1 number system, any 3 non-zero, k-digit numbers are 
written without repetition of digits. Show that two of them have a common digit among 
them. 

In base 2k + 1, k > 1 among any 3k + 1 digit non-zero numbers, there is a common 
number occurring in any two digits. 


Solution: 


Case 1: In case k’ = 1, we have the digits 0, 1 and the &-digit non-zero number(s) is 1 
only. Thus, all the three numbers in this case are trivially the same 1. 

For k > 1: Three &-digit (non-zero) numbers will have altogether 3k digits and the 
total number of digits in base 2k system is 2k. Since repetition of digits is not allowed 
and 3k > 2k implies that among the digits of at least two of the numbers, there is at 
least one digit common among them (by Pigeon hole principle). 


Case 2: In the case of k= 1, 2k + 1 = 3, the three digits in base 2k + 1 = 3 systems are 
0, 1 and 2. 
k+1=1+1=2 апа the digits non-zero numbers here аге 10, 20, 12, 21. 
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So, we can pick up 10, 20 and 12, or 10, 20, 21, .... In each of the cases there is a com- 
mon digit among two of them. (In fact, any two numbers will have a common digit 1.) 

In general case, 3(k + 1) digit numbers will have 3k + 3 digits in all. But it is a base 
(2k + 1) system. 

The numbers are written without repetition of digits, since 3k + 3 > 2k + 1 (In fact, 
any two k+ 1 digit numbers could also have the same property as 2k - 2 >2k+ 1, again 
by the Pigeon hole principle at least two of the numbers, will have at least one common 
number in their digits. 


Example 179 Let A denote the subset of the set S = (a, a + d,..., a+ 2nd) having the 
property that no two distinct elements of A add up to 2(a + nd). Prove that A cannot 
have more than (n + 1) elements. If in the set S, 2nd is changed to a + (2n + 1)d, what 
is the maximum number of elements in A if in this case no two elements of A add up to 
2a + (2n + 1)d? 


Solution: Pair of the elements of S as [a, a + 2nd], [a + d, a + (2n — 1)d], ..., [a + (n 
— Dd, a + (n + 1)d] and one term a + nd is left out. 

Now, sum of the terms in each of the pairs is 2(a + nd). Thus, each term of the pair is 
2(a nd) complement of the other term. 

Now, there are n pairs. If we choose one term from each pair, we get n term. To this 
collection of terms include (a + nd) also. 

Now, we have (n + 1) numbers. Thus, set A can be taken as the set of the above 
(n+ 1) numbers. Here no two elements of the set А add up to 2(a + nd) as no element has its 
2(a + nd) complement in A except a + nd, but then, we should take two distinct elements. 

If we add any more terms to A so that A contains more than (n + 1) elements, then 
some of the elements will now have then 2(a + nd) complement in 4, so that sum of 
these two elements will be 2(a + nd), and hence, the result. 

In the second case, we have 


S={a,at+d,---,a+ {2n+ 1) d} 
There are 2(n + 1) elements. So, pairing them as before gives (n + 1) pairs, i.e., [a, a+ 
(2n + 1) d], [a +d, a + 2nd], ..., [a + nd, a + (n + 1)d]. 
Now, we can pick exactly one term from each of these (л + 1) pairs. 
We get a set A of (n + 1) elements where no two of which add up to [2a + 2(n + 1)d]. 


Note: Here we need not use distinct numbers, even if the same number is added to 
itself, the sum will not be [2a + 2(n + 1)d]. Here again, even choosing one more term 
from the numbers left out and adding it to A; A will have a pair which adds up to [2a + 
2(n + 1)4]. Thus, the maximum number of elements in A satisfying the given condition 
is (n + 1). 


Example 180 Given any five distinct real numbers, prove that there are two of them, 
x- 
say x and y, such that 0 < Gey) E]. 
(1+ xy) 


Solution: Here we are using the property of tangent functions of trigonometry. 


. . А . =m 
Given a real number a, we can find a unique real number А, lying between E and 


5: i.e., lying in the real interval EX such that tan A = a, as the tangent func- 


P : am). : А . А 
tion in the open interval EZJ is continuous and strictly increasing and covers R 


completely. Therefore, corresponding to the five given real numbers a,(i = 1, 2, 3, 4, 
5), we can find five distinct real numbers А, (i = 1, 2, 3, 4, 5) lying between = and 


л 
5 such that tan A; = а, 


Divide the open interval (= z) into four equal intervals, each of length 2 Now, 


2 9 
by Pigeon hole principle at least two of the 4,5 must lie in one of the four intervals. 
Suppose A, and А, with А, > A, lie in the same interval, then 


0«4,- A $7. 


=> tan 0 < tan (4, — Aj) < tan ud 
4 


[It is because tan function increases in the interval (= Я z) ] 
2 


2 

tan A, — tan A 
ie., 0« ———— <] 

1+ tan A, tan Aj 

0« Hp dp «d: 

1+ аа 

Hence, there аге two real numbers x = ap y = a, such that 0 < 22 <1. 
1+xy 
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1. Prove that, among any 52 integers, two can always be found, such that the differ- 
ence of their squares, is divisible by 100. 

2. Show that, for any set of 10 points, chosen within a square, whose side is 3 units, 
there are two points, in the set, whose distance is at most d. 

3. There are 7 persons in a group, show that, some two of them, have the same num- 
ber of acquaintances among them. 

4. 51 points are scattered inside a square, with a side of one metre. Prove that some 
set of three of these points can be covered by a square, with side 20 cm. 

5. Let1 «a, <а,<а;<... «a5, «142. Prove that, among the 50 consecutive differences 
(a;— a; ..,) where i=1, 2, 3, ..., 51, some value, must occur at least twelve times. 

6. You are given 10 segments, such that, every segment is larger than 1 cm but 
shorter than 55 cm. Prove that, you can select three sides of a triangle, among 
these segments. 

7. There are 9 cells in a3x3 square. When these cells are filled by numbers 1, 2, 3 
only, prove that, of the eight sums obtained, at least, two sums are equal. 

8. Let there be given 9 lattice points in a 3-D Euclidean space. Show that, there is a 
lattice point, on the interior of one of the line segments joining two of these nine 
points. 

9, Consider seven distinct positive integers, not exceeding 1706. Prove that, there 
are three of them, say a, b, c such that, a < b + c < 4a. 
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10. One million pine trees grow in a forest. It is known that, no pine tree, has more 
than 60000 pine needles in it. Show that, two pine trees in the forest must have the 
same number of pine needles. 

11. Ina circle of radius 16, there are placed 650 points; Prove that there exists a ring 
(annulus) of inner radius 2 and outer radius 3, which contains not less than 10 of 
the given points. 

12. Ona rectangular table of dimensions 120" by 150", we set 14001 marbles of size 
1" by 1". Prove that, no matter how these are arranged, one can place a cylindrical 
glass with diameter of 5” over atleast 8 marbles. 

13. Let A be the set of 19 distinct integers, chosen from the AP 1, 4, 7, 10, ..., 100. 
Prove that, there should be two distinct integers in A, such that, their sum is 104. 

14. Ifa line is coloured in 11 colours, show that, there exist two points, whose dis- 
tance apart, is an integer, which have the same colour. 

15. Show that, given 12 integers, there exists two of them whose difference is divis- 
ible by 11. 

16. Given eleven triangles, show that, some three of them belong to the same type 
(such as equilateral, isosceles, etc.) 

17. Aisa subset of the AP 2, 7, 12, ..., 152. Prove that, there are two distinct elements 
of A whose sum is 159. What can you conclude if А has only 14 elements? 

18. Given three points, in the interior of a right angled triangle, show that, two of 
them are at a distance not greater than the maximum of the lengths of the sides 
containing the right angle. 

19. There are 90 cards numbered 10 to 99. A card is drawn and the sum of the digits 
of the number in the card is noted; show that if 35 cards are drawn, then, there are 
some three cards, whose sum of the digits are identical. 

20. If ina class of 15 students, the total of the marks in a subject is 600, then show 
that, there is a group of 3 students, the total of whose marks is at least 120. 

21. Let ABCD be a square of side 20. Let 7; (i = 1, 2, ..., 2000) be points 
in the interior of the square, such that, no three points from the set 
S = (4,B,C,DIic T; Vi = 1,2,3,..., 2000 are collinear, Prove that, at least 


one triangle, with the vertices in S has area less than UR 
10 


22. 5 points are plotted inside a circle. Prove that, there exist two points, which form 
an acute angle with the centre of the circle. 

23. Let A denote a subset of (1, 11, 21, 31, ..., 551} having the property that, no two 
elements of A, add up to 552. Prove that A cannot have more than 28 elements. 

24. Prove that, there exist two powers 3, which differ by a multiple of 2005. 

25. All the points in the plane are coloured, using three colours. Prove that, there ex- 
ists a triangle with vertices, having the same colour, such that, either it is isosceles 
or its angles are in geometric progression. 


| Solved Problems| Problems 


Problem | /n how many ways can a pack of 52 cards be 
(1) distributed equally among four players in order? 
(11) divided into 4 groups of 13 cards each? 
(iii) divided into four sets of 20, 15, 10, 7 cards? 
(iv) divided into four sets, three of them having 15 cards each and the fourth having 
7 cards? 


Solution: 
(i) From 52 cards of the pack, 13 cards can be given to the first player in em 
ways. 
From the remaining 39 cards, 13 cards can be given to the second player in a T 
ways. 
From the remaining 26 cards, 13 cards can be given to the third player in “56 13 
ways. 
The remaining 13 cards can be given to the fourth player in ue 13 = 1 way. 
By fundamental theorem, the number of ways of dividing 52 cards equally among 
52! 39! 26! 52! 

x x xl= à 

13139! 13!26! 13!13! (13!)4 


(ii) By standard result, the number of ways of forming 4 groups, each of 13 cards 


52 39 26 13 
four players="* Cx "Cx "Cx C= 


82! 
41(13!)4 
(iii) Here the sets have unequal number of cards, hence the required number of ways 
52! 32! 17! 52! 
NE» 32 17 7 = 
= Cn* Сх Сох C= узт 15171 10171 20151017! 
52! 52! 


(iv) By standard result, the required number of ways = 151151151713! = (15173171. 


Problem 2 Find the number of ways of filling three boxes (named А, В and С) Бу 12 
or less number of identical balls, if no box is empty, box B has at least 3 balls and box 
C has at most 5 balls. 
Solution: Suppose box A has x, balls, box B has x, balls and box C has x, balls. Then, 
xi tx +x <12, x 21,» 23,1 <x,<5 
Let x, = 12 — (x, + x, + ху). Then 
xi tX +23 +x4= 12 (1 <x < 8,3 <x, < 10, 1 < x, < 5 and 0 xx, < 7) 
The required number = Coefficient of x! in 
(xl & x? Het EN tot 10) (х x? $e S(x? х7) 
=Coefficientofx" in (xx? x? HA вх HNA Nax) 
= Coefficient of x’ in (1+ x+ x? (1 xx? 4 (Lex x? ex? 4x4 lex x? +) 
= Coefficient of x’ in (1 х) ^ (1 х?) 
= Coefficient of x’ in (1 — x°) (1 +4C,x + Cj? + C, х +) 
aT ecco Tio. 
Problem 3 4 person writes letters to six friends and address the corresponding enve- 
lopes. In how many ways can the letters be placed in the envelopes so that 


(i) at least two of them are in the wrong envelopes? 
(11) all the letters are in the wrong envelopes? 


Solution: 

(i) The number of all the possible ways of putting 6 letters into 6 envelopes is 6!. 
There is only one way of putting all the letters correctly into the corresponding 
envelopes. 

Hence if there 1s a mistake, at least 2 letters will be in the wrong envelope. 
Hence the required answer is 6! — 1 = 719. 
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(п) Using the result of derangements, the required number of ways 


a1 PE Ld “+a 
I! 2! 3! 4! 5! 6! 


~720(1-142 TE ae 
2 6 24 120 720 


= 360 – 120 +30- 6+ 1 =265. 


Problem 4 Find the number of integers which lie between 1 and 10° and which have 
the sum of the digits equal to 12. 


Solution: Consider the product (к®+х\+х fea 4x) (x? pd d pr bes x?) „Ө 
factors. The number of ways in which the sum of the digits will be equal to 12 is equal 
to the coefficient of x! in the above product. So, required number of ways = Coef- 
ficient of x"? in (х0 +х\+х tet xy. 


= Coefficient of x'? in (1 — x) (1— x) $ 
= Coefficient of x!” in (1 - x)$ (1— "6. a ae ve) 
= Coefficient of x!” in (1— aj - °C - Coefficient of x? in a- a 


QU. GG 11б _ 6x 1C — 6062, 


Problem 5 Straight lines are drawn by joining m points on a straight line to n points 
on another line. Then excluding the given points, prove that the lines drawn will inter- 


1 
sect at 2 mn(m — 1) (n — 1) points. (No two lines drawn are parallel and no three lines 


are concurrent.) 


Solution: Let А, 4», ..., А„ be the points on the first line (say /,) and let Bj, B, ..., В, 
be the points on the second line (say /;). Now any point on /, can be chosen in m ways 
and any point on /, can be chosen in n ways. Hence number of ways of choosing a point 
1 and a point on /, is mn. 

Hence number of lines obtained on joining a point on /, and a point on /, is mn. 
Now any point of intersection of these lines, which can be done іп ""C, ways. Hence 
number of point is ""C,. But some of these points аге the given points and counted 
many times. For example, the point 4, has been counted "C, times. Hence required 
number of points is 


1 
nes = т: С, —n- P. = non —1)(п—1) 
Aliter: If we select two points from first line and two from the second line then we will 
have 2 required points from every such selection 
m n 1 
Hence number of such points = 2x | 2 | х = r mn(m —1)(n —1). 
Problem 6 /n the figure you have the road plan of a city. A man standing at X wants 


to reach the cinema hall at Y by the shortest path. What is the number of different paths 
that he can take? 


Solution: A path from X to Y is shown by dark line segments which corresponds y x x 
X y y x y. It is easy to see that any path of required type corresponds to an arrangement 
of x, x, x, x, у, y, y and y and vice versa. Hence required number of ways = number of 


. |8 
arrangements of 4x's and 4y’s, which is JE. 


|414. 
Problem 7 Show that the number of combinations ofn letters out of 3n letters of which 
n are a's, n are b’s and the rest are unequal is (n + 2) - 2^ ^ r 


Solution: From n we have 0, 1, 2, 3..., n From n we may have 0, 1, 2, 3..., n, while 
for each of the rest n letters we may have 2 combinations 0 or 1. Thus the required 
number of combinations is thus 
= Coefficient of x" in 
(lxx А) А е) 04230-24033) 
a _ xn y | 
0-3» 

= Coefficient of x" in (1 2x" 1) (1 +" (1-3)? 
Since (1 — x" * 1? will not contain x", we have required number of combinations 
= Coefficient of x" in (1 +x" -(1—x) ? 
= Coefficient of x" in [2 — (1 23)]" (1 539? 
= Coefficient of x” in 2^ (1 С 2^7 A РС 2"? .0 x) 
e". ono Usadeesi 0) uso" 
= Coefficient of x" in 2" (1x) ?-n.2" !.(1-x) ! 

+1)! 
„y +D 

n! 


= Coefficient of x” in (14 x)? 


n.2" = 2" -(ntl)—n-2"1 = 2n-l (n4 2). 


8 
Problem 8 Show that the number of rectangles of any size on а chess board is >, E. 
k=l 

Solution: A rectangle can be fixed on the chess board if and only if we fix two points 
on x-axis and two points on y-axis. For example, in order to fix the rectangle RSTU, 
we fix B and G on x-axis and K and M on y-axis and vice-versa. 

Hence total number of rectangles on the chess board is the number of ways of choosing 
two points on x-axis (which can be done in С ways) and two points on y-axis (which 


8 
can also be done is °C ways). Hence require number is (^C; = У k?. 
2 
k=l 


Problem 9 Find the number of triangles whose angular points are at the angular points 
of a given polygon of n sides. but none of whose sides are the sides of the polygon. 


Solution: A n-sided polygon has n angular points. Number of triangles formed from 
these п angular points = "Сз. But it also includes the triangles with sides on the 
polygon. 

Let us consider a side PQ. If each angular point of the remaining (л — 2) points is 
joined with PQ, we get a triangle with one side PQ. 

-. Number of triangles with PQ as one side = n — 2. In similar ways n sides like 
OR can be considered. Hence number of triangle = n (n — 2). But some triangles have 
been counted twice. For example, PQ side with R gives APQR. and QR side with P 
gives same APOR. 


Number of such triangles 2 n 
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[As for each side, one triangle is repeated. Hence for п sides, п triangle’s have been 
counted more.] 

Hence, the number of triangles of which one side is the side of the triangle 
-n(n—-2)-nzn(n-—3) 

Hence number of required triangles 


n(n—1)(n—2) 
6 


-"C,- n(n-3)- n(n 3) «zo? 9n+20) = 0740-5. 


Problem 10 Find the number of all whole numbers formed on the screen of a calcu- 
lator which can be recognized as numbers with (unique) correct digits when they are 
read inverted. The greatest number formed on its screen is 999999, 


Solution: The digits 0, 1, 2, 5, 6, 8 and 9 can be recognized as digits when they are 
seen inverted hence number can contain these digits only. 

Note that number can be of 1 digit to 6 digit number. But in more than one digit num- 
bers, 0 cannot come in first place and also in unit place (Imagine inverted case). 


Number of digits Total numbers 
1 7 
2 6х6=36 
3 OXI x 6252 
4 6x7 x 6 = 1764 
5 6x T x 6 = 12348 
6 6x Tx 6 = 86436 


Total = 100843 


Problem 11 Find the number of positive integral solutions of x + y + z+ w = 20 under 
the following conditions: 
(1) Zero values of x, y, z, w are included. 
(ii) Zero values are excluded. 
(ш) No variable may exceed 10; zero values excluded 
(iv) Each variable is an odd number. 
(у) 0«x «y «z «wv. 


Solution: 

(1) x+y+z+w=20;x20,y20,z20,w20 
Coefficient of a” in (a? +a! +a’? + ay 
ste ay *=?%*-1С„ 

Еи 


Note: You can directly use the result”*’~'C,_, or” 'C, 
(ii) Number of ways = Coefficient of a” in (a +a? + œ + -f 

= Coefficient of a^? in а“ (1 = a)? 

= Coefficient of a'f in - a) ^ _ o 

= 969. 


Note: that you can directly use" !C, , 
(iii) If no variable exceeds 10, then sum of rest should be less than or equal to 10 [as 
20 - 10 2 10] 
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Let x < 10, theny+z+w > 10 
and max (у+2+ и) = 20 – min (x) 
тах (у+2+ м) = 20 1= 19 
210 <у+2+уи < 19 [where у > 1,22 1, м2 1] 
=> 10 < (у +1) + (6+1) + (и +1) < 19 
= 7 <y +z +w < 16; 0 < у < 9,0 <2 59,0 <и <9 
Number of solutions = (Number of solutions of y; +z, + w; < 16) – (Number of 
solutions of y, +z, +w; < 6) 
Now, 
Number of solutions of y, + 2 + w; € 16 can be obtained by adding a dummy 
variable x, (x, > 0) such that x, y, +z, + w, = 16. 
Number of solutions = Coefficient of x'° in (1— xy (1— xy‘ = PS — 36 
Again, 
Number of solutions of y, + z; + w; € 6 can be obtained by adding a dummy 
variable /, (/, 2 0) such that /, + y, +z, + w,=6 
Number of solutions = Coefficient of x in (1- xy (1— x)? B {8 
Hence, Total number of solutions = °C; — 4?C, = 633. 
(iv) Each variable is an odd number. 
“xX=2x,+1 y=2y +1 
z=2z,+1 w=2w,+1 [where хү, уу, 21, w, 2 0] 
x+y+z+w=20 
=> (2x, + 1)+ Qy, + 1) + Qz, + 1) + 2w, + 1)=20 
2x, + 2y, + 2z, + 2w, = 16 


>x +y; +z += 8 [where xj, уу, 21, w, 2 0] 
Number of solutions 25 * 4^ !C, , 
s = 165 
(у) Assume 0<x<y<z<w 
Let x =x, 


у=х+ху= (ху) +х, 
z-yctx,-(x +X.) + X3 
w=Z + x4 = (Xj Xt x3) t x4 [where хү, x», x4, 2 1] 
x+y+z+w=20 
=> x, (x, +x) + (Х| xy + x3) + (Х| + Хх) x + x4) = 20 
4x, + 3x) + 2x4 + x4 = 20 (1) [where ху, x5, x3, x4 > 1] 
Let us again change the variables 
x =y tL x =y thx-ythx-ytl [where уу, y», уз, Y4 > 0] 
Substituting above values in Eq. (1), we get 
4, *1) 233605 *- 1) +2 03 + 1) + (4 * 1) = 20. 


=> 4y *3y*2y,* 4-10 [where у, у», уз, Y4 2 0] 
Yı Зу + 2y3 + y4 Number of solutions 
0 10 14 (Use Table-1) 
1 6 7 (Use Table-2) 
2 2 2 (Use Table-3) 


Total Number of solutions = 23 
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Table 1 Table 2 Table 3 
3y, + 2y; +у = 10 Зу; + 2y3+y4=6 Зу; + 2у,+у4=6 
Number of Number of Number of 
Y) 2y4*JX4 solutions y, 233 +4 solutions Y) 253 +4 solutions 
0 10 6 0 6 4 0 2 2 
1 7 4 1 3 2 
2 4 3 2 0 1 
3 1 1 
14 7 2 


Problem 12 There are 12 seats in the first row of a theater of which 4 are to be occu- 
pied. Find the number of ways of arranging 4 persons so that: 


(i) 
(i) 
(iii) 


no two persons sit side by side. 
there should be atleast 2 empty seats between any two persons. 
each person has exactly one neighbour. 


Solution: 


(i) 


(ii) 


We have to select 4 seats for 4 persons so that no two persons are together. It 
means that there should be atleast one empty seat vacant between any two per- 
sons. 

To place 4 persons we have to put 4 seats between the remaining 8 empty seats 
so that all persons should be separated. 

Between 8 empty seats 9 gaps are available for 4 seats to put. 

We can select 4 gaps in en Ways. 

Now we can arrange 4 persons on these 4 seats in 4! ways. So total number of 
ways to give seats to 4 persons so that no two of them are together 

= Сх 4! = °P, = 3024. 

Let xy denotes ће empty seats to the left of the first person, x; (i= 1, 2, 3) be the 
number of empty seats between ith and (i+ 1)th person and x, be the number of 
empty seats to the right of 4th person. 

Total number seats are 12. So we can make this equation : 

Xo Xj X9 X4 x4-8 (1) 
Number of ways to give seats to 4 persons so that there should be two empty 
seats between any two persons is same as the number of integral solutions of the 
Eq. (1) subjected to the following conditions. 

Conditions on x}, x», x4, X4: 

According to the given condition, these should be two empty seats between any 
two persons. That is, 

Min (xj) = 2 for i= 1, 2, 3 and Min (хо) = 0 

Мах (ху) = 8 — Min (ху +x, + x3 +x4)=8-(2+2+2-0)=2 

Мах (х4) = 8- Min (x x +X) +23) =8-(24+24+2-0)=2 

Similarly, 

Max (х) = 4 for i= 1, 2,3 

Number of integral solutions of the equation (1) subjected to the above condition 
= Coefficient of x? in the expansion of (1 +x + PP (à +x + xy 

= Coefficient of x? in х (1 +x x) 

= Coefficient of x? in (1—7)? (1— x)? 

= Coefficient of x? in (1 — x)? 

25*1-1p 266 = 15. 


Number of ways to select 4 seats so that there should be atleast two empty seats 
between any two persons = 15. But 4 persons can be arranged in 4 seats in 4! ways. 
So total number of ways to arrange 4 persons in 12 seats according to the given 
condition = 15 x 4! = 360. 

(iii) As every person should have exactly one neighbour, divide 4 persons into 
groups consisting two persons in each group. 


Let G, and G, be the groups in which 4 persons are divided. 

According to the given condition G, and G, should be separated from each 
other. 

Number of ways to select seats so that G, and G, are separated = 8+ C, 

But 4 persons can be arranged in 4 seats in 4! ways. 

So total number of ways to arrange 4 persons so that every person has exactly 
one neighbour = °C, x 4! = 864 


Problem 13 Jn how many ways three girls and nine boys can be seated in two vans, 
each having numbered seats, 3 in the front and 4 at the back? How many seating 
arrangements are possible if3 girls should sit together in a back row on adjacent seats? 


Solution: 
(i) Out of 14 seats (7 in each Van), we have to select 12 seats for 3 girls and 9 boys. 
12 seats from 14 available seats can be selected іп “С, ways. 
Now on these 12 seats we can arrange 3 girls and 9 boys in 12! ways. 
So total number of ways “С, x 12! = 91 x 12! 
(ii) One van out of two available can be selected in 2С, ways. 


Out of two possible arrangements (see figure) of adjacent seats, select one in 3 C, ways. 
Out of remaining 11 seats, select 9 seats for 9 boys in "e ways. 

Arrange 3 girls on 3 seats in 3! ways and 9 boys on 9 seats 9! ways. 

So possible arrangement of sitting (for 3 girls and 9 boys in 2 vans) is: 

°C, x ?C, x C, x 3! x 9! = 12! ways. 


Problem 14 How many seven-letters words can be formed by using the letter of the 
word SUCCESS so that: 


(1) the two C are together but not two S are together? 
(П) no two C and no two S are together? 


Solution: 


(1) Considering CC as single object, О, CC, E can be arranged in 3! ways. 
XUXCCXEX 
Now the three S are to be placed in the 4 available places (X) so that C C are not 
separated but S are separated. 
Number of ways to place S S S = (No of ways to select 3 places) x 1 = A х1=4 
= Number of words = 3! x 4 = 24. 

(ii) Let us first find the words in which no two $ are together. To achieve this, we have 
to do following operations. 


4! 
(a) Arrange the remaining letter U C C E in 2! Ways. 


(b) Place the three S S S in any arrangement from (a) 


XUXCXCXEX 
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r+1 


There are five available places for three S S S. 
Number of placements = °C, 


4! 
Hence total number of words with no two S together = 2! °C, = 120. 
Number of words having C C separated and S S S separated = (Number of words 


having S S S separated) — (Number of words having S S S separated but C C together) 
= 120 — 24 = 96 [using result of part (1)]. 


Problem 15 А square of n units by n units is divided into n squares each of area 
1 sq. units. Find the number of ways in which 4 points (out of (n + 1) vertices of unit 
squares) can be chosen so that they form the vertices of a square. 


Solution: 


n+1-rlines 


——0——« 
nci 
n 
в n+1-r 
lines 
r+2 P 
r+1 
3 
2 
1 
123 г+1г+2 ~. п+1 


а squre of sizer xr 


We can easily see that number of squares of size r x r with its sides along the 
horizontal and vertical lines is equal to number of positions of P on the lattice points 
formed by (n + 1 — r) horizontal and (n + 1 — r) vertical lines which is (n + 1 — r) x (n 
tl-r). 

= Number of squares of size r x r= (n + 1 — ry. 

In addition to these squares there are squares whose sides are not parallel to hori- 
zontal/vertical lines. Each of these squares is inscribed in some previously counted 
squares. So we will first count how many are inscribed in our r x r size square. Then 
we will sum over ‘r’. 

From the adjacent figure we can see that these are r inscribed squares, including 
the r x r square itself. 

Now total number of squares 


= у) г(п+1—т)? 
ral 


ral г=1 r-i 


— (n Da(nt D)(2n +1) E + » 
6 2 

_ n(n+1)?(n+2) 

Е 12 


Problem 16 A boat's crew consists of 8 men, 3 of whom can only row on one side and 
2 only on the other. Find the number of ways in which the crew can be arranged. 


Solution: Let the man P, Q, R, S, T, U, V, W and suppose P, Q, R can row only on one 
side and S, T on the other as represented in the figure. 
Then, since 4 men must row on each side, of the remaining 3, one must be placed on 
the side of P, Q, R and the other two on the side S, T; and this can evidently be done in 
3 ways, for we can place any one of the three side of P, Q, R. 

Now 3 ways of distributing the crew let us first consider one, say that in which U is 
on the side of P, Q, R as shown in the figure. 

Now, P, Q, R, U can be arranged in 4! ways and S, T, V, W can be arranged in 4! ways. 

Hence total number of ways arranging the men = 4! x 4! = 576 

Hence the number of ways of arranging the crew = 3 х 576 = 1728. 


Problem 17 How many integers between | and 1000000 have the sum of the digits 
equal to 18. 


Solution: Integers between 1 and 1000000 will be, 1,2, 3, 4, 5 or 6-digits numbers, and 
given sum of digits = 18 
Thus we need to obtain the number of solutions of the equation 
Xi X XQ X4 + Х + xo — 18 (1) 
Where 0<x,<9,i=1, 2, 3,4, 5,6 
Therefore, the number of solutions of the Eq. (1), will be 
= Coefficient of x'* in (x°+ x! x2 e xo ex?) 


T |= х10 
= Coefficient of x їп 
1-х 

= Coefficient of x!* in (1 – х!9)6 (1 – x)? 

= Coefficient of x'* in (1 — 6x!°) (1— x) * 

—6+18-1C _¢. airo 

_ a ii BC, _ Bo- 6. Bo, 

= 33649 — 7722 = 25927. 
Problem 18 How many three digit numbers are of the form xyz with x < y; z < y and 
xz 0. 
Solution: Since, x 2 1, then y 2 2 (.. x € y) 
Ify =n then n take the values from 1 to n — 1 and z can take the value from 0 ton — 1 


(i.e., n values) thus for each value of y (2 < y « 9), x and z take n(n — 1) values. 
Hence, the 3-digit numbers are of the from xyz 


9 9 
= Y inn-1) = Yn(1-0[$1x(-1 =o} 


n=2 n=l 


^ч __ oe! ee D 


9 
n=l 


= 285 — 45 = 240. 


n=l 


Problem 19 Find the number of polynomials of the form xX? + ax’ + bx + c which are 
divisible by х2 + 1 and where a, b, с belong to (1, 2,..., n). 
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Solution: Let f(x) = х + ax? + bx +c be the polynomial divisible by х^+ 1 ог (x + i) 
(x — i). 
fü-0 2 Ё+аў+ы+с=0 
(b—1)ic*(c—a)-20 
b-1=Oandc-—a=0 
b-l,c-a 
Hence, number of polynomials = Number of values which a or c can take. 
As a orc can takes n values, therefore number of polynomials = n. 


Problem 20 John has x children by his first wife. Mary has (x + 1) children by her 
first husband. They marry and have children of their own. The whole family has 24 
children. Assuming that two children of the same parents do not fight. Prove that the 
maximum number of fights thats can take place in 191. 


Solution: Let number of children of John and Mary are y and No. of children of John 
and his first wife is x. Hence, number of children of Mary from his first husband are 
(x * 1). 

x+x+1+y=24 (1) 
Total number of fights between two children subject to the condition that any children 
of same parents do not flight. 


N(x)= *C,-[*C) + =C, + УС, | 


N(x) = 276 Dom + G 


=276-| x? + —— 4 


M KE (23- 2x) (22 - 2x) 
| 2 


N(x) = 276 — (3x? — 45x + 253) = —3х^+ 45x + 23 


| [using Eq. (1)] 


(45) _ 


Maximum value of M(x) can occur at x = 72023) = 7.5 
But x є / hencex- 7 or 8 [as Graph is symmetrical about x = 7.5] 
Maximum value = 23 — 3(7} + 45(7) 
= 191. 


Problem 21 There are 2п guests at а dinner party. Supposing that the master and 
mistress of the house have fixed seats opposite one another, and that there are two 
specified guests who must not be placed next to one another, find the number of ways 
in which the company can be placed. 


Solution: Let the M and M' represent seats of the master and mistress respectively, and 
let a), à ..., а, represent the 2n seats. 
Let the guests who must not be placed next to one another be called P and Q. 

Now put P at a,, and Q at any position, other than a, say at аз; then remaining 2n 
— 2 guests can be positioned in (2n — 2)! ways. Hence there will be altogether (2n — 2) 
(2n — 2)! arrangements of the guests when P is at a}. 


The same number of arrangements when Р is at a, or a, , 1 ога,,. 

Hence, for these position (a4, а,, а, + 1, 4&2) of P, there are altogether in 4 (2n — 2) 
(2n — 2)! ways. (1) 

If P is at a, there are altogether (2n — 3) positions for Q. 

Hence, there will be altogether (2n — 3) (2n — 2)! arrangements of the guests when 
P is at ap. 

The same number of arrangements can be made when P is at any other position 
except the four position a}, а,, а, + |, Ap 

Hence, for these (2n — 4) positions of P there will be altogether in (2n — 4) (2n — 3) 
(2n — 2)! arrangements of the guests. (1) 

Hence, from Eqs. (1) and (2), the total number of ways of arranging the guests 


= 4(2n — 2) n — 2)! + Qn — 4) Qn — 3) Qn – 2)! 
= (4n? — 6n + 4) n – 2)! 


Problem 22 There are n straight lines in a plane, no two of which are parallel and no 
three passes through the same point. Their point of intersection are joined. Show that 
the number of fresh lines thus introduced is: 


1 
at D(n-2)(-3) 


Solution: Let AB be any one of the n straight lines and suppose it is intersected by 
some other straight line CD at P. 

Then it is clear that AB contains (n — 1) points of intersection because it is intersected 
by the remaining (и — 1) straight lines in (n — 1) different points. Hence, the aggregate 
number of points contained in the n straight lines = n (n — 1). But in making up this 
aggregate each point has evidently been counted twice. For instance, the point P has 
been counted one among the points situated on AB and again among those on CD. 

n(n—1) 


Hence, the actual number of points — 


Now we have to find the number of new lines formed by joining these points. The 
number of new lines passing through P is evidently equal to the number of points lying 
outside the lines 4B and CD for we get a new lines joining P with each of these points 
only. 

Now, since, each of the lines AB and CD contained (n — 2) points besides the point 
P, the number of points situated on AB and CD. 


=2(n—2)+1=(2n-3) 


-1 
Thus, the number of points outside AB and CD are —- ) (2n—3) = Тһе number of 


new lines passing through P and similarly through each other points. 
So, the aggregate number of new lines passing through the points. 


_ n(n-1) | n(n- 1) 
J l S (2n 5] 


But in the making up this aggregate every new line is counted twice; for instance if Q 
be one of the points outside AB and CD, the line PQ is counted once among the lines 
passing through P and again among these passing through Q. 

Hence, actual number of fresh lines introduced 
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a MD nan} 
2 2 2 


= n(n 1)(n-2)(n-3). 


Problem 23 Let set S = (aj, а», аз, ..., ауу} where all twelve elements are distinct, 
we want to form sets each of which contains one or more of the elements of set S 
(including the possibility of using all the elements of S). The only restriction is that the 
subscript of each element in a specific set must be an integral multiple of the smallest 
subscript in the set. For example, (a5, aç, ag} is one acceptable set, as is {ag}. How 
many such sets can be formed? Can you generalize the result? 


Solution: Every (positive) integer is a multiple of 1. 

So, we will first see a set consisting of a, and other elements: 

There are 11 elements other than a,. So the set with a, and another element, with 
one other element, 2 other elements, and all the 11 other elements, ... and all the 11 
other elements, i.e., we have to choose a, and 0, 1, 2,..., 11 other elements out of а», 

; (MH 11 11 T 
3, ..., аә. This could be done in б + i Tee i^ 2 ways. 

If a set contains a, as the element with the least subscript, then besides a5, the set 

can have ал, ав, dg, 4,9, d,; elements, none or one or more of them. This could be done 


з = = 


Similarly, for having а; as the element with the least subscript 3, we have ае, do, ау» 
to be the elements such that the subscripts (6, 9, 12) are divisible by 3. 

So, the number of subsets with a; as one element is °C) + °C, + C, +С = 2°. 

For a,, one of the elements, the number of subsets (other elements being ag 
апаа) is 22. 

For a; it is 2! (there is just an element ау such that 10 is a multiple of 5). 

For dg, it is again 2! (as 6/12) 

For ах, dg, do. ау, ауу and а», there is just one subset, namely, the set with these 
elements. This is total up to 6. 

So, the total number of acceptable set according to the condition is 


gu ЖО? 4-9? 4:22 4-3. 21 4. 
= 2048 + 32+8+4+2+2 +6 = 2102 


If there are n elements in the set а, a», a5, ..., a, then there are n multiples of 1. 


n 


2 multiples of 2 


multiples of 3 


„|з 


п 
3 multiples of n 


So that the total number of such sets is given by 
HS NET 
27-1 62121 +213 fose DLA] 
Problem 24 Find the number of 6-digit natural numbers where each digit appears at 
least twice. 


Solution: We consider numbers like 222222 or 233200 but not 212222, since the digit 
1 occurs only once. 

The set of all such 6-digits can be divided into the following classes. 

S, = the set of all 6-digit numbers where a single digit is repeated six times. 

n(S,) = 9, since “0° cannot be a significant number when all its digits are zero. 

Let S, be the set of all 6-digit numbers, made up of three distinct digits. 

Here we should have two cases: S,(a) one with the exclusion of zero as a digit and 
other S,(6) with the inclusion of zero as a digit. 


S,(a): The number of ways, three digits could be chosen from 1, 2, ..., 9 is "Cy. Each 
of these three digits occurs twice. So, the number of 6-digit numbers in this case is 
6! _ 9x8x7_ 720 


x x =9x8x7x15 = 7560. 
2!1x2!x2! 1х2х3 8 


=?С, 


S,(b): The three digits used include one zero, implying, we have to choose the other 
two digits from the 9 non-zero digits. 


This could be done in °C, = 2 


— 36. Since zero cannot be the leading digit, so 


let us fix one of the fixed non-zero numbers in the extreme left. Then the other five 
digits are made up of two zeroes, two fixed non-zero numbers and another non-zero 
number, one of which is put in the extreme left. 

5! 
————— X 
2!x2!x1! 
(since from either of the pairs of fixed non-zero numbers, one can occupy the extreme 
left digit) = 60. 

So, the total number in this case = 36 x 60 = 2160. 

п(5,) = n(S,a) + n(S;b) = 7560 + 2160 = 9720. 

Now, let S} be the set of 6-digit numbers whose digits are made up of two distinct 
digits each of which occurs thrice. Here again, there are two cases: $,(a) excluding the 
digit zero and S,(b) including the digit zero. 

S,(a) is the set of 6-digit numbers, each of whose digits are made up of two non-zero 
digits each occurring thrice. 


In this case the number of 6-digit numbers that could be formed is 


<- n[S$3(a)] = °С, x <5 = 36x20 = 720. 
S4(b) consists of 6-digit numbers whose digits are made up of three zeroes and one of 
non-zero digit, occurring thrice. If you fix one of the nine non-zero digit, use that digit 
in the extreme left. This digit should be used thrice. So in the remaining 5 digits, this 
fixed non-zero digit is used twice and the digit zero occurs thrice. 
So, the number of 6-digit numbers formed in this case is 


! 
je- 08 
31x2! 


n(S3) = nS4(a) + nS4(b) = 720 + 90 = 810. 
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Now, let us take S4, the case where the 6-digit number consists of exactly two digits, 
one of which occurs twice and the other four times. 
Here again, there аге two cases: S,(a) excluding zero and < (р) including zero. 


$ (а): If a and b are the two non-zero numbers, then when a is used twice and b is four 


times, we get 
6! 
41x 2) 
So, when two of the nine non-zero digits are used to form the 6-digit number in this 
case, the total numbers formed is 


EET and when a is used four times and b is used twice, we again get 
!x 4! 


= 36x5x6=1080. 


1х2! 


9s x2x 


Thus, n[S,(a)] = 1080. 


S,(b): In this case we may use four zeroes and a non-zero number twice or two zeroes 
and a non-zero number four times. 

In the former case, assuming the one of the fixed non-zero digit occupying the 
extreme left, we get the other five digits consisting of four zeroes and one non-zero 
number. 


х1! 


This results in 9x 2 6-digit numbers. 


When we use the fixed non-zero digit four times and use zero twice, then we get 
5! 
3!x2! 
for the remaining three times it occupies 3 of the remaining digits, other digits being 
occupied by the two zeroes. 
So, n(S4) = n[S4(a)] + n[S4(d)] 
= 1080+ 45 + 90 = 1215. 
Hence, the total number of 6-digit numbers satisfying the given condition 
= п(51) + п(5) + n(S3) + п(5) 
= 9+ 720+ 810 4 1215 
= 2754. 


Problem 25 Let X= (1, 2, 3, ..., nj, where n є N. Show that the number ofr combina- 
tions of X which contain no consecutive integers is given by 


-r«l 
C А Jmewosrs zn 


r 


9x 


—90 six-digit numbers, as the fixed number occupies the extreme left and 


Solution: Each such r combination can be represented by a binary sequence b,, by, 
03, ..., b, where b; = 1, if i is a member of the r combination and 0, otherwise with no 
consecutive b,’s = 1 (the above r combinations contain no consecutive integers). The 
number of 1° in the sequence is r. 

Now, this amounts to counting such binary sequences. 

Now, look at the arrangement of the following boxes and the balls in them. 


1 2 3 4 5 6 7 
| o | oo | o | ooo | o | o | o | 


oo | oo | o | ооо | o | o | oo 


Here, the balls stand for the binary digits zero, and the boundaries on the left and right 
of each box can be taken as the binary digit one. In this display of boxes and balls as 
interpreted gives previously how we want the binary numbers. Here, there are 7 boxes, 
and 6 left/right boundary for the boxes (stating from 2 to 6). So, this is an illustration 
of 6 combinations of non-consecutive numbers. 

The reason for zeroes in the front and at the end is that we can have leading zeroes 
and trailing zeroes in the binary sequence b,, b,,..., bp 

Now, clearly finding the r combination amounts to distribution of (n — r) balls into 
(r + 1) distinct boxes [(n — r) balls = (n — r) zeroes as these аге r ones, in the n number 
sequence] such that the 2nd, 3rd, ..., rth boxes are non-empty. (The first and the last 
boxes may or may not be empty—in the illustration 1st and the 7th may have zeroes or 
may not have balls as we have already had six combinations!). Put (r — 1) balls one in 
each of 2nd, 3rd, ..., rth boxes, (so that no two l's occur consecutively). Now we have 
(n — г) – (т — 1) balls to be distributed in (r + 1) distinct boxes. 


шам кы 
ways, 
[(n-r)-(r-1)] 


i.e., i dim | ways which is equal to 


This could be done in | 


n—-2r4l 


| n-rt+l | und 
= ways. 
(n-r+1)-(n-2r+1) r 


Here (n — 2r + 1) is the number of that of identical objects (zeroes of the binary 
representation) and (the distinct boxes is (r + 1 — 1) = z. Thus, we apply the formula 


for distributing r identical objects in n distinct boxes as given by C DNE | 
Р 


[Distribution formula] 


Problem 26 Let S= (1, 2, 3,..., (n + 1)}, where n = 2 and let T= {(x, y, 2) | x, y, 2 
€ S x <z, y <z}. By counting the members of T in two different ways, prove that 


ve n+2 42 п+1 
= 2 a 
Solution: T can be written as T= ТО Tj, Т = {(x, у, 2) | x,y,z € S,x=y < z) and T, 


= {(x, y, Z) |x, y, ZE S, X £y, х,у < Z}. 
The number of elements in T, is the same as choosing two elements from the set S, 


+1 
where (5) = (n+ 1), i.e., n(T)) = C ^ | (as every subset of two elements, the larger 


element will be z and the smaller will be x and y.) 


n+l 
In T, we have ( B | elements, after choosing three elements from the set S, two 


of the smaller elements will be x and y and they may be either taken as (x, y, z) or as 
(у, x, 2) or in other words, every three element subset of S, say (a, b, c}, the greatest 
is z, and the other two can be placed in two different ways in the first two positions, 


nal nal 
$ noir =| 5 y 4 | 
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n+l 
T, can also be considered as U S;, where 5, = {(x, y, i) / x y < i, x, y e S}. All these 
i-2 
sets are pair-wise disjoint as for different i, we get different ordered triplets (x, y, i). 
Now in 5, the first two components of (x, у, i) namely (x, у), can be any element 
from me set 1, 2, 3, ..., i— 1. 
x and y can be any member from 1, 2, 3, ..., (i — 1), equal or distinct. 
The number of ways of selecting (x, у), x, y e (1,2, 3,..., (i— 1)} is (i — 1. 
Thus, n(S;) for each i is (i — 1), і> 2. For example, n(S,) = 1, n(S3) = 22 =4 and so on. 


n+l 
Now, ит Üs) 


i=2 


n+l 


= х п(5;) 
і=2 


(because all S/'s are pair-wise disjoint) 


n+l n 


= Убе) Р 
i=2 i=l 


+1 +1 n 
and hence, А +2)" = 2 2, 
2 3 tel 


Problem 27 Show that the number of ways in which three numbers in AP can be selected 


from l, 2, 3,..., nis : (n-1) or ; n(n— 2) accordingly as n is odd or n is even. 


Solution: Let three numbers be a, b, c with common diffrence ‘d’, Now c — a = 2d 
=> c s a(mod 2) — c, a both ever or odd. 
Let n = 2m then there are m even numbers and m odd numbers. For c, a both even 


m 
B choices and for both odd 4 choices. Hence for n = 2m, (7) AP's. For n 


т(т-1) n 
2.— —— = —(n- 2) AP’s. 
even, 2 2 )AP's 
2 
Similarly for n = 2m + 1, Bit К | =m = (=) AP’s. 
2 2 2 


Problem 28 А train going from station X to station Y, has 11 stations in between, as 
halts. 9 persons enter the train during the journey with 9 different tickets of the same 
class. How many different sorts of tickets they may have had? 


Solution: 9 people enter the train during the journey, that is, they enter possibly from 
halt 1 to halt 11. But they can have tickets from halt i to halt j, 1 < i<j < 12 (where 
12th station is Y). 


The total number of different tickets 
200, = 12х11 Z 
2 


66. 
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So, the total number of different sort of available tickets is 
2c = 12x11 = 
1.2 


From these 66, we have to choose 9 tickets. 
This can be done in 6С, ways. 


66. 


Aliter: Halt 1 issues 11 different tickets. 
Halt 2 issues 10 different tickets. 


Halt 11 issues 1 ticket. 
As the travellers might have got into the train from Halt 1 to 11. So, the total num- 
ber of different types of available tickets 1s 


11x12 _ 


14+24+3+---+10+11= 66. 
So, there are 66 possible types of tickets to be issued to 9 persons. This could be done 
in TEL Ways. 


Problem 29 There are two bags, each containing m numbered balls. A person has to 
select an equal number of balls from both the bags. Find the number of ways in which 
he can select at least one ball from each bag. 


Solution: He may choose one ball or two balls or m balls from each bag. 
Choosing one ball from one of the bags can be done in "C, ways. Then, choosing 
one ball from the other bag also can be done in "C, ways. 
Thus, there are "C, x "C, ways of choosing one ball from each bag. Similarly, if 
r balls, 1 x r x m are chosen from each of the two bags, the number of ways of doing 
this is 
c). CC) = "С, 


Thus, the total number of ways of choosing at least one ball from both the bags 1s 


Y (” C = Y (” С? 4 (” C, y = np = 


ral r=0 


! m 
= (2n)! —las mp = [Ec б? «| 


EPI 
n.n! =o 


Problem 30 /f'n points (no three of which are collinear) in a plane be joined in all 
possible ways by straight lines and if no two of the straight lines coincide or are 
parallel and no three lines pass through the same point (with the exception of the 
n original points), then prove that the number of points of intersection, exclusive of 
these n points is 


0 1)(л— 2)(и – 3). 


Solution: Every pair of distinct points determines a straight line. Given n points, по 
three of which are collinear, we get "C, lines, i.e., the number of lines determined by п 
n(n—1) 


distinct points, no three of which are collinear 15 "C; 5 
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In turn these lines, taken two at a time, intersect. However, through joining each one 
of points to the other (n — 1) points, we see that there are (n — 1) lines passing through 
each one of these original points. Thus, each of these original points will be counted 
"ІС, times and all the original points will be counted as n x ""'C, points. 

(1—1) 

2 


The total number of points of intersection of the lines А including these n 


n(n-l) 


original points counted n-""'C, times is, thus, 2 О». 
So, the points of intersection other than the original points is thus 


n(n-l) 
2 С, —nx oa 
саа | 

__ 2 2 п(п—1)(п—2) 

2 1.2 
_n(n-D[n(n-1)-2] n(n-1)(n-2) 

8 2 
Xe n-2-4(n-2)] 
_ a 1) TON T mr 2)(n=3) 


Aliter: Selection of any four points out of n points corresponds to a complete 
quadrilateral for a complete quadrilateral we get three new points of intersection 
as shown in the figure. 


Hence 3 |) points — 3 n(n—1)(n—2)(n—3) | n(n- D(n - 2)(n -3) | 
4 4x3x2xl 8 


Problem 31 You have n objects, each of weight w. When they are weighed in pairs, the 
sum of the weights of all the possible pairs is 120. When they are weighed in triplets, 
the sum of the weights of all possible triplets is 480. Find n. 


Solution: The number of all possible pairs of objects that could be obtained from n 
objects 1s 


"С, n(n—1) 
2 
Total weight of — D pairs = — D x2xw 
= n(n — 1)w units = 120 (1) 
The number of all possible triplets of objects that could be obtained from n objects 
oe — M 


р . n(n—1)(n—2) 
The total weight of all these triplets = ED ZEE x3w 


_ Wn—N(n=2)xw _ ag (2) 
2 


Dividing Eq. (2) by (1), we get 


n-2 480 , 
2 120 
=> n-2=8 or n=10. 


Problem 32 Find the number of permutations (рү, р», Py Pa Р» рв) Of (1, 2, 3, 4, 5, 6) 
such that for any k, 1 < k< 5 (py, P» Py .... pj) does not form a permutation of 1, 2, 3, 
„ә К, ie., py #1, (py р) is not a permutation of (1, 2) (D,, p», рз) is not a permutation 
of (1, 2, 3), etc. [INMO, 1992] 


Solution For each positive integer k, 1 < k € 5, let №, denote the number of permuta- 
tions (рү, рэ, ..., pg) such that p, + 1, (р, p2) is not a permutation of (1, 2), ... (pj. р», 
..., Pj) is not a permutation of (1, 2, ..., k). We are required to find Ns. 

We shall start with N}. 

The total number of permutations of (1, 2, 3, 4, 5, 6) 1s 6! and the permutations of 
(2, 3, 4, 5, 6) is 5!. Thus, the number of permutations in which p, = 1 is 5!. 

So, the permutation in which p, # 1 is 6! — 5! = 720 — 120 = 600. Now, we have to 
remove all the permutations with (1, 2) and (2, 1) as the first two elements to get N,. Of 
these, we have already taken into account (1, 2) in considering N, and subtracted all the 
permutations starting with 1. So, we should consider the permutation beginning with 
(2, 1). When p, = 2, p; = 1 (рз, ра, ps and pg) can be permuted in 4! ways. 

So, N, = N,— 4! = 600 – 24 = 576. 

Having removed the permutations beginning with (1, 2), we should now remove those 
beginning with (1, 2, 3). But, corresponding to the first two places (1, 2) and (2, 1), we 
have removed all the permutations. So, we should now remove the permutations with 
first three places (3, 2, 1), (3, 1, 2), (2, 3, 1). 

Note that the first 3 positions being 1, 2, 3 is included in the permutations begin- 
ning with 1. 

For each of these three arrangements, there are 3! ways of arranging 4th, Sth and 
6th places and hence, 

N, = N3 — 3 x 3! = 576 — 18 = 558. To get Ny, we should remove all the permutations 
beginning with the permutations of (1, 2, 3, 4), of which the arrangement of (1, 2, 3) in the 
first three places have already been removed. We have to account for the rest. So, when 4 
is in the first place, 3! arrangements of 1, 2, 3 in the 2nd, 3rd and 4th places are possible. 
Also, when 4 is in the second place, since we have removed the permutation when | occu- 
pies the first place, there are two choices for the first place with 2 or 3 and for each of these 
there are 2 arrangements, i.e., (2, 4, 1, 3), (2, 4, 3, 1), (3, 4, 2, 1), (3, 4, 1, 2). When 4 is in 
the third place, then there are first 3 arrangements (2, 3, 4, 1), (3, 2, 4, 1) and (3, 1, 4, 2). 

So, the total permutations of (1, 2, 3, 4) to be removed from N; to get М, is (6+ 4 + 
3) x 2 = 26, because there are 2 ways of arranging the Sth and 6th places for each one 
of the above permutations of (1, 2, 3, 4). 


^ Ny=N3— 26 
= 558 — 26 = 532. 


To get М, we should remove from №, all the permutations of (1, 2, 3, 4, 5) which have 
not been removed until now. When 5 occupies the first position, there are 4! = 24 ways 
of getting 2nd, 3rd, 4th and 5th places which have not been removed so far. When р, = 5, 
p, cannot be 1, so p, can be chosen from the other 3, viz., 2, 3 and 4, in 3 ways and 3rd, 
4th and Sth places can be filled for each of the first place choice in 3 x 2x 1 = 6 ways. 
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So, when p; = 5, there 18 different arrangements to be removed. 

When р» = 5, the first two places cannot be (1, 2) so that they can be filled in (2, 3), 
(2, 4), (3, 1), (3, 2), 3, 4), (4, 1), (4, 2), (4, 3) and for the fourth and fifth places there 
are exactly two choices for each of the above arrangements for first and second place. 

So, when р; = 5, the number of arrangements to be removed is 8 x 2 = 16. When p, 
= 5, p, ру рз сап be removed (241, 412, 421, 234, 243, 342, 324, 423, 432, 314, 341, 
413, 431) and since there is only one choice left, we have now to remove 13 arrange- 
ments when 


B3 
When р; = 5, we have already removed the permutations of (1, 2, 3, 4) of the first four 
places to find S4. 
So, now S;=S,— (24+ 18 + 16+ 13) 
= 534 71 = 463. 
So, 463 is the desired number of permutations. 


Problem 33 Consider the collection of all three element subsets drawn from the set 
{1, 2, 3, 4, ..., 299, 300}. Determine the number of subsets for which, the sum of the 
elements is a multiple of 3. 


Solution: The given set S = {1, 2, 3, 4, ..., 299, 300} can be realised as the union of 
the three disjoint sets S}, S, and S} with 
S= {хє S:x=3n+1,05n< 99}, 
S,={xe $:х=3п+2,0< п < 99}, 
S3= {xe $:х=3п,1<п< 100}. 
Now, to get the set of all three element subsets of S, with the sum of the elements of the 
subset a multiple of 3, we should choose all three elements from the same set S;, 5, or 
$4 or we should choose one element from each of the set S,, 5, and S;. 
We see that, n(S,) = n(S,) = n($3) = 100. 
Choosing all the three elements from either S}, 5, or S; will give 3 x ^C, triplets 
and its sum is also divisible by 3. 
Choosing the three elements, one each from 5,, S, and S; will give 
100C, x !C, x !°°C, triplets and its sum is also divisible by 3. 
So, the total number of 3 element subsets with the required property is 
3 x C, + 1C x C, x C, 
_ 3x100x99x 98 
1x2x3 
= 100 x 99 x 49 + 1000000 
= 485100 + 1000000 
= 14,85,100. 
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Problem 34 A normal die bearing the numbers 1, 2, 3, 4, 5, 6 on its faces is thrown 
repeatedly until the running total first exceeds 12. What is the most likely total that 
will be obtained? 


Solution: Consider the throws before the last one. After this penultimate throw, the 
running total ‘s’ should be such that 7 € s <12; since, if we take the least value of s, i.e., 


s = 7, then we would just cross 12, if the final throw gives 6, and the maximum value 
of s is 12; in the final throw by getting any number | to 6, the running total exceeds 
12. Thus, the possible values of the running total in the penultimate throw is 7, 8, 9, 
10, 11 and 12. 

Let us tabulate the possible running totals after the final throw. 


Possible Running totals 


after the penultimate Possible running totals after the final 
throw throw 

7 13 14 15 16 17 18 
8 13 14 15 16 17 

9 13 14 15 16 

10 13 14 15 

11 13 14 

12 13 


Thus, the number that occurs most number of times in the possible running total after 
the final throw is 13. 

[Since, the die is a fair die and so getting any one of | to 6 is equally likely and hence, 
the possible running totals 7, 8, 9, 10, 11 and 12 in the penultimate throw is also 
equally likely. ] 


Problem 35 Create two fair dice which when rolled together have an equal probabil- 
ity of getting any sum from | to 12. 


Solution: The only sums that we want are from | to 12, using two dice with faces 
marked, say a, a5, ..., a; and Б}, by, b3, ..., Бс. We have totally 6 x 6 = 36 outcomes. 
So, each number from 1 to 12 should occur — =3 times. 


If one die has numbers 1, 2, 3, 4, 5, 6 on its faces, then for 1 to 6 occur thrice, there 
should be three zeroes on the three faces of the second die. For each of 7, 8, ..., 12 
to occur thrice, three should be 3 sixes on the other three faces, so that (1, 6), (2, 6), 
(3, 6), ..., (6, 6) can occur thrice. 


Thus, the probability of getting 1 from the first die is А and the probability of 
getting zero from the second die is = = > So, probability of getting the pair (1, 0) is 


SG and similarly for each of numbers from 1 to 12 [1=1+0,2=2+0,...,6 
=6+0,7=14+6,8=2+6,...,12=6+6]. 


Problem 36 [f the numbers х, y are chosen at random from 1, 2,..., n with replacement, 
n > 3, show that Р(х} +)? is a multiple of 3) is less than Р(х} +)? is a multiple of 7). 


Solution: Let S= (1,2, 3, ..., n]. 
We shall first take л = 2, n = 3 and п = 4 and find, in how many ways we get (х? + 
a ) and how many of them are divisible by (a) 3; (b) 7. 
For n=2, 
(х, y) = (1, 1), (1, 2), (2, 1), @, 2), 
G^. 5%) = (1, D, (1, 8), (8, 1), (8, 8) 
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and (x° + у?) is divisible by 3 for x’ = 1,5? = 8 and x? = 8, y^ = 1. 
Thus, PL? +y) is a multiple of 3] in this case is - = - апа PIC + y) is a mul- 


tiple of 7] is an impossible event. Therefore, the statement does not hold for п = 2. 
For n = 3, {(, y) | (х,у) є S) = {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (2, 3), (3, 1), 
(3, 2), (3, 3)} 
and, {(x*, у) | (x, y) € S) = {(1, 1), (1, 8), (1, 27), (8, 1), (8, 8), (8, 27), (27, 1), 
(27, 8), (27, 27)}. 
Of these set of ordered pairs, we get (х? + у?) divisible by 3 as (1 + 8), (8 + 1), 
(27 + 27) 23. 
So, here P[(x? + y) is a multiple of 3] = s - : and the set of ordered pairs we get 


set (X + у?) is divisible by 7 is (1 + 27), (8 + 27), (27 + 1), (27+ 8) = 4. 
In this case, P[(x* + у?) is a multiple of 7] = L 


and clearly, P[G? + y) is a multiple of 7] 7 PLC + y) is a multiple of 3]. 

Now, we shall pass on to the general case where n > 3. 

For any number, the possible remainders when n is divided by 3 is 0, 1 or 2. 

So, the possible ordered pairs (x, y) (mod 3) is ((0, 0), (0, 1), (1, 0), (0, 2), (2, 6), 
(1, 1), (1, 2), @ 1), Q2). 

А : 1 
Неге Р(х? + y )is a multiple of 3} = 3 as has already been seen. 
T= (G^ +) | Œ y) € N (mod 3)} 
= {(0° + 0°), (0° + 1), (1° + 0°), (0° + 25, (25 + 0°), 
(1? + Ô), (Р + 2°), (2? + 17), (25 2E 

The subset of T which contains elements x? + y? is a multiple of 3 is {(0° + 1°), 
(42) (23 + 13) and hence, the probability is T 


Again, when S is listed so that the elements are written in mod 7, we get 

S; — (0, 1, 2, 3, 4, 5, 6). 

Now, the set of the cubes of the elements of 57 is 

$„= 10, 1, 8, 27, 64, 125, 216}. 

The pairs (х, у) such that о? + y) is a multiple of 7 are ((0, 0), (1, 27), (27, 1), 
(1, 125), (125, 1) (1, 216), (216, 1), (8, 27), 27, 8), (8, 125), (125, 8), (8, 216), (216, 
8), (64, 27), (27, 64), (64, 125), (125, 64), (64, 216), (216, 64)}. 

Thus, this set of ordered pairs (x^, у?) contains 19 elements such that (х? + у?) is a 
multiple of 7. 


So, P[G? + y) i Itiple of 7] in thi Ed 
о, P[(x + у”) is a multiple of 7] in this case is 7x1 49 
[^ n(S, x $) = n(S) x (S) 27x77 = 49] 
Pl? + у?) is a multiple of 3] = : 
and hence, P[(x* + у?) is a multiple of 3] < P[(x* + ^) is a multiple of 7] = r1 


] 19 1x49 3x19 
« as « 
E 49 3x49 s 


Combinatorics 


Notes: 

1. Here we have assumed that n is both a multiple of 3 as well as 7. Actually, we need 
to prove it for the general case where n need not be either a multiple of 3 or 7. But 
this can also be enumerated and verified. 

2. S,can be considered as the set of possible remainders as (0, 1, 1, 21, 1, 21, —1j in the 
case of mod 7 and to get (х + у) to be divisible by 7, we can choose (1, —1), (0, 0). 


Probability of choosing 1 is E and probability of choosing —1 is also =. 


Probability of choosing (1, —1) or (-1, 1) is 


3 3 18 

2x =x = —, 

7 7 49 
Probability of choosing (0, 0) i ita 
robability of choosing ,0)is 5 7^ 49 


*. Probability of (x ty) is a multiple of 7 is = + 2 = = 
49 49 49 
In the case of mod 3, also we have the set of possible remainders of х? or y on 
dividing by 3 to be (0, 1, 21]. 
For (х? + у) to be a multiple of 3, we should choose х= 0 = у and x? = 1 and 
y z-1 orx!--1 and y? =1, 


x l 
0 can be chosen in E ways. 


m ; . 1 1 
So, probability of choosing a zero and again a zero is А 7 = —. 


9 
Probability of choosing (1, —1) ог (-1, 1) is 
1] 1 11 1 1 2 
х—+—х—=—+—=—. 
33 33 9 9 9 
MEC PET 1.2 3 1 
P[CGx + у) 15 divisible by 3] = 7 + n = oo and hence, the result. 


Problem 37 Show that the number of triplets (a, b, c) with (a + b + c) < 95 is less than 
the number of those with (a + b + c) > 95. where a, b, ce S= (1,2, 3, ..., 63}. 
Solution: Let S= (1, 2, 3, ..., 63} 

Let A be the set of all triplets of S such that (a+ b + c) < 95, i.e., 

А = ((a, b, ck(a- bcc) < 95; а, b, ce S). 

Similarly, let B be the set of all triplets of S such that (a + b + c) > 95, where (a, b, c) 
є S, 
i.e., B= {(a, b, c): (a+ b +c) > 95;а, Б, сє S} 
and C= {(a, Б, с): (a+ b+c) > 97;а, Б, сє S}. 
Clearly, C is a proper subset of B because a, b, сє S, if (a + b + c) = 96 then (a, b, c) 
є B and (a, b, c) e C. 

However, every element of Ce B, 
as, at+b+c>97 => a+b+c>95 
hence, (a,b,c)e C = (а, Б, с) є B. 
Now, it is enough if we show that n(A) = n(C) as n(C) < n(B) and n(4) = n(C) 

= n(A)«n(D). 
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If (a, b, c) e A, then 1 <a+b+c<95 and also 1 <a, b, c < 63. 
Therefore, 1 < (64 — а), (64 — b), (64 — c) € 63 and as (a+ b + c) < 95, 
(64 — a) + (64 Б) + (64 — c) = 192 - (a + b + c) > 192 – 95 = 97. 
Thus to each element of A, there is a unique element in C. 
Conversely, if (a, b, c) e C, then ((64 — a), (64 — b), (64 — c)) e A for 
(64 — a) + (64 — b)+ (64 — с) = 192 - (a+b + с), 
and since (a, b, c) e C, (ac b+ c) > 97 
-. 192 - (a + b + c) < 192 – 97 295 
and thus ((64 — a), (64 — b), (64 — c)) € A, which shows that for every element of C 
there corresponds a unique element in A. 
Thus, there is a 1 — 1 correspondence between the sets 4 and C. 


<. n(4) = n(C) < n(B). 


Problem 38 Prove that it is impossible to load a pair of dice (each die has numbers 
1 to 6 on their 6 faces) so that every sum 2, 3, ..., 12 is equally likely. As customary, 
assume that the dice are distinguishable (For example, a 2 on the first die with a 4 on 
the second is different from a 4 on the first die and a 2 on the second, even though the 
same total 6 is obtained). 


Solution: Let p; denote the probability of i coming up on the first die and q;, the prob- 
ability of i on the second die where i= 1, 2, ..., 6. The probability of getting the sum 


2ispq,. 
The probability of getting the sum 12 is ред. 


Ifthe probability of getting all the 11 sums are same, then probability of each would 


1 
be —. 
11 


The probability of getting а 7 is also 7 and is equal to 


{| 
үү 1% + Pads + P3d4 + Pads + Psdo + Рей 


> Pide + Pon 
= рф B + pedi (£) 
q 46 
= р |“) + peqe H 
4 46 
1 1 1 
_ (e. (2)- (2.2 
Wha) Wha) Ula % 


my jety 
а d6 


But 4 апа 2. are reciprocals of one another and hence their sum should be 2 2. 


а % 
i.e., 46 + Ф cannot be less than 1. 
d de 


It is a contradiction and hence, the result. 


Combinatorics 
Aliter: The probability mass function of the first die can be written as a probability 
generating function (pgf) as 
2 3 4 5 6 
рх t+ Pox’ +p + pyx + psx + pox’. 
For the second die, the pgf is 


2 3 4 5 6 
qı X + GX + qax + qax + qsx + qe Е 


"TN 1 
Now, the pgf of the sum is given by iu +x ee xl?) 


Cancelling х? on both sides, we get 


PEU PUE P 


The RHS is the product is (x — @) (x— а)... (x – œ"), where œ is the 11th roots of 
11 


unity. All the roots of the RHS are complex and they occur in conjugate pairs. On the 
LHS we have two real polynomial factors each of degree 5. This is impossible. We can- 
not have a real Sth degree polynomial factor for 1 + x + er 

Hence, such dice do not exist. 


Problem 39 There are 6 red balls and 8 green balls in a bag. Five balls are drawn out 
at random and placed in a red box. The remaining 9 balls are put in a green box. What 
is the probability that the number of red balls in the green box plus the number of green 
balls in the red box is not a prime number? 


Solution: Let g denote the number of green balls in the red box. Green Box 
So, the red box contains (5 — g) red balls. 5 balls 
There are 8 green balls in all. So, the number of green balls in the green box 

g green balls 
-(8-g) (6-9 
: red balls 
There are 6 red balls in all. 
So, the number of red balls in the green box Red Box 
=6-(5-g)=(l+g) 9 balls 
(8— g) green 

So, the number of red balls in the green box + the number of green balls in the red box balls 

=(1+2) +2= (22+ 1). 6-(5-9) | (red 
Here (2g + 1) is ап odd number. =1+9 f[balls) 


Now, g cannot exceed 5, because only 5 balls are put in red box and it is taken that 
g green balls are put in red box. 

So, 2g + 1 cannot be greater than 2x 5 + 1 = 11. 
Even if g=0,2g+1=1 
and hence, 1<2е+1<11. 
The odd primes from 10 to 11 are 3, 5, 7 and 11. 

So, the only composite odd number less than 11 is 9, since 1 is neither composite 
nor prime, 2g + | can either be 9 or 1. 
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So, 2g +1=1 > z= 0 
and 20+1=9 => g=4 
Only for the value of g = 0 or 4, we get the number 2g + 1 to be non-prime. 
Thus, it implies that we should find the number of ways of drawing all 5 red (to put 


in red box) or 4 green and 1 red in the draw. 
The number of ways of drawing 5 red out of 6 red and 0 green out of 8 green is 


i -°Co. 
The number of ways of drawing 4 green and 1 red balls is 
= Сх °C, 
Total number of drawing 5 balls is "e and hence, the required probability is 
$C; x 8Co + 8C, x °С, 
4с, 


8x 7x6x5 
6x 1+ — 
E 1x2x3x4 
14x13x12x11x10 
1х2х3х4х 5 
6+ 420 426 213 


14x13x11 14x13x11 7 1001 


Problem 40 An oil vendor has three different measuring vessels A, B and C with 
capacities 8 litres, 5 litres and 3 litres. The vessel A is filled with oil, he wants to divide 
the oil into two equal parts, by pouring it from one container to another, without using 
any other measuring vessels other than the three. How can he do it? 


Solution: It is clear that, after pouring the oil several times into the different containers 
A, B and C, finally he should have 4 litres in vessel A and 4 litres in vessel B. Since C 
can hold a maximum of 3 litres only, this can be done by using a rectangular coordinate 
system. B can hold 0, 1, 2, 3, 4 and 5 litres and C can hold only 0, 1, 2 and 3 litres. 


(2,3) (4, 3) 
03. a 
M 
(0, 2) | А 
| PS 
| Y 
= — е eee НЕ 


e Ф 4 v 
(0, 0) (1, 0) (2, 0) (3, 0) (4, 0) (5, 0) 


We represent the contents of B and C in a rectangular coordinate system using a 5 x 
3 grid. Since no fraction is involved, we take only the 24 lattice points (1, j). 

Here i = 0, 1, 2, 3, 4, 5; 7=0, 1, 2, 3 are used as follows: 

In the horizontal lines (x-axis) are plotted (0, 0) to (5, 0) to represent the possibili- 
ties of different measures of oil that B can hold, and in the vertical line (y-axis), the 
points (0, 0) to (0, 3) are plotted to represent the possibilities of different measures of 
oil that C can hold. 


We do not fill both the vessels B and C with 5 litres and 3 litres, respectively (5, 3) 
at any stage, as this forces us to use vessel A again. Vessel A is filled with 8 litres in 
the beginning. 

To start with, filling the oil in vessel B from vessel A represents the point (5, 0). 
This is shown by the arrow from (0, 0) to (5, 0) and this is followed by (2, 3) (by pour- 
ing oil from B to C, B now has 2 litres and C has 3 litres). This is followed by (2, 0) 
(by pouring oil from C to A, C is empty and A has 3 + 3 = 6 litres). Now, (follow the 
arrows) (0, 2) (by pouring oil from B to C). This is followed by (5, 2) (by pouring 5 
litres from A into В) and (5, 2) is followed by (4, 3) [by pouring 1 litre from В to С, 
as C can hold one more litre and hence (5 — 1, 2 + 1) = (4, 3) is reached]. 

Now, we finally get (4, 0) from (4, 3) by pouring 3 litres of oil from C into A. 

Now, B has 4 litres and A has 4 litres. 

Thus in seven stages (minimum), we accomplish this task. 

The above schematic representation can be given in a tabular column also as follows: 


Stage 8 L Vessel 5 L Vessel 3 L Vessel 
0 (initial) 8 0 0 
1 3 5 0 
2 B 2 3 
3 6 2 0 
4 6 0 2 
5 1 5 2 
6 1 4 3 
7 4 4 0 


We have several other methods, but the one given above is the best solution. Since in 

this case, we accomplish the task in the minimum number of steps. We give here a 

diagrammatic representation as well as a tabular column for yet another solution. 
Here we have 


(1, 3) (3, 3) 


(5, 1) 


NI < 


CO г 
(0,0) (1,0) (2,0) (3,0) (4, 0) (5, 0) 


(1) - (0, 3) 
2 (2)- (3, 0) 
2 (9-G,» 
> (4) – (5, 1) 
> (5)- (0, 1) 
> (6) — (1,0) 
> (7) (1,3) 
> (8) – (4, 0) 
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In this case we accomplish the task in 8 stages (8 > 7!). 


Stage 8L SL 3L 

(Initial) 0 8 0 0 
1 5 0 3 

2 5 3 0 

3 2 3 3 

2) 5 1 

2 7 0 1 

6 7 1 0 

7 4 1 3 

8 4 4 0 


Problem 41 Consider a square array of dots, coloured red or blue, with 20 rows and 
20 columns. Whenever two dots of the same colour are adjacent in the same row or 
column, they are joined by a segment of their common colour. Adjacent dots of unlike 
colours are joined by a black segment. There are 219 red dots, 39 of them on the border 
of the array, not at the corners. There are 237 black segments. How many blue seg- 
ments are there? 


Solution: In each row, there are 19 segments (Since there are 20 points in each row). 
There are 20 rows and hence there are 20 x 19 = 380 horizontal segments. 
Similarly, there are 20 x 19 = 380 vertical segments (There are 20 columns with 19 

segments in each column). 

Therefore, the total number of segments = 760. 

Number of black segments = 237. 

Number of segments which are either blue or red = 523. 

Let r denote the number of red segments and each red segment has 2 red points as 
the end point of the segment and each black segment has one end point coloured blue 
and the other end point coloured red. 

So, the total number of times a red dot becomes an end point of a segment is 


=2xr+237=2r+237 (1) 


There are altogether 219 red dots and of these, 39 are on the border. 

So, the number of red dots in the interior is 180. 

Each red dot on the border accounts for 3 segments (Since none of the red dots is 
on the corner). 

So, the number of segments for which each red point on the border becomes the 
end points 3. 
So, the total number of segments to which the 39 border red dots are end points 
39х3= 117. 

Each of the 180 red points on the interior becomes the end point for 4 segments. 

So, the total number of segments for which the 180 red points are the end points 
= 180 x 4 = 720. 

So the total number of times a red dot becomes an end point, i.e., total number of 
red ends 


= 117 + 720 = 837 (2) 


Hence, Eqs. (1) and (2) represent the same number, the result, 
- 2r+ 237 = 837 
"- r= 300. 


i.e., the number of red segments = 300 
and the number of blue segments = 523 — 300 = 223. 


Problem 42 Suppose on a certain island there are 13 grey, 15 brown and 17 crimson 
chameleons. If two chameleons of two different colours meet, they both change to the 
third colour. (For example, when a grey and brown pair meet, then both would change 
to crimson). This is the only time they change colour. Is it possible for all chameleons 
eventually to be of the same colour? 


Solution: We will write the number of grey, brown and crimson chameleons as triples 
(g, b, c). An encounter of grey and brown changes the count (g, b, c) to (g, b, c) 
t (-1, -1, 2). 

Similarly, the other encounters will lead to changes (—1, 2, 1) and (2, –1, —1) in the 
count of grey, brown and crimson chameleons. Let there be m encounters of (-1, —1, 2) 
kind, n encounters of (—1, 2, 21) kind and / encounters of (2, —1, —1) kind leading to all 
chameleons of the same colour, i.e., the final triples will be either (45, 0, 0) or (0, 45, 
0) or (0, 0, 45). Hence, we get the following equations 1f we end up in the triple (45, 0, 
0), i.e., all grey chameleons. 


(13, 15, 17) + m, 1, 2) + n(-1, 2, 21) + (2, -1, —1) = (45, 0, 0) 


7. -m—n+21=32 
-т+2п-1=-—15 
2т-п-1=-—-17 


These three equations are consistent, but of rank < 3. Hence, they have infinity of 
solutions given by 


т=1-22 апа га 


Note that we will never get all the three т, n, / to be integers in these solutions. 
Hence, the equations even though they are consistent, they are of no use to us as we 
want /, m, n to be positive integers. 

Similarly, when the terminal triple is either (0, 45, 0) or (0, 0, 45), we get systems of 
equations which do have an infinity of solutions but which do not provide integer solu- 
tions. Hence, no sequence of encounters will even lead to all chameleons to be of the 
same colour. 


Aliter 1: For this solution we use very elementary modulo arithmetic. Note that 
our initial configuration (13, 15, 17) when taken modulo 3 is (1, 0, 2). Let us see 
the effect of each of the encounters modulo 3 on (1, 0, 2). Consider encounter 1 
leading to the change (-1, —1, 2). This leads to the new configuration (1, 0, 2) 
+ (1, -1, 2) (modulo 3) = (0, —1, 4) (modulo 3) = (0, 2, 1) (modulo 3). Note that 
one of the components of the triple (original as well as the resultant) was divisible 
by 3, one left a remainder of 1, and the third left a remainder of 2 when divided 
by 3. Similarly, using encounters (—1, 2, —1), we get (0, 2, 1) modulo 3 and using 
(2, -1, —1), we get (3, —1, 1)(modulo 3) = (0, 2, 1) (modulo 3). Whatever be the 
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encounter, the resultant triple has the same configuration, one component divis- 
ible by 3, one leaves a remainder of 1 and the other leaves a remainder of 2 when 
divided by 3. So, the successive encounters lead to the triples (0, 2, 1), (2, 1, 0), (1, 
0, 2), (0, 2, 1) and so on. But if all chameleons must be of the same colour, we must 
end with (45, 0, 0) or (0, 45, 0) or (0, 0, 45). Taking modulo 3, this implies that we 
have to arrive at (0, 0, 0) modulo 3. But we will never arrive at a triple where every 
component is divisible by 3 by our above discussion. Hence, the chameleons can 
never be of the same colour. 


Aliter 2: Let us use weights for each colour; 0 for grey, 1 for brown and 2 for crimson. 
The value of a triple (g, b, c) is calculated as (0 x g + 1 x b+ 2 x c) modulo 3. For the 
initial configuration the value is (0 x 13 + 1 x 15 + 2x 17) modulo 3 = 1 (modulo 3). 
Let us now see how each of the encounters affects the value. In the case (—1, —1, 2) the 
value is changed by —1 x 0 + (C1) x 1+ 2 x 2 = 3 (mod 3) = 0 (mod 3), i.e., no change. 
Similarly, for the other two encounters (—1, 2, —1) and (2, –1, —1), the value is changed 
by 0 (mod 3) only. Hence, the value remains the same after any number of encounters 
in any order. But the value of the final required configurations namely, (45, 0, 0), 
(0, 45, 0) or (0, 0, 45) is 0 (mod 3). But the original value, namely, 1 (mod 3) does not 
change by the encounters and hence, can never reach 0 (mod 3). Hence, the chame- 
leons cannot all end up with the same colour. 


Aliter 3: We will enumerate all possible triples that we can arrive at due to these 
encounters and check whether we can ever arrive at (45, 0, 0), (0, 45, 0) or (0, 0, 45). 
Instead of 1 grey and 1 brown becoming 2 crimson, we will take the general case 
of r grey and r brown becoming 2r crimsons. Similarly for the other encounters as 
follows: 


G B С Changes Due to Encounters 


Initial stage 13 15 17 -13 =13 +26 
1 0 2 43 4 -2 -2 
2 4 0 41 -4 8 -4 
3 0 8 37 +6 -8 -8 
4 16 0 po —16 32 -16 
5 0 32 13 26 -13 -13 
6 26 19 0 -19 -19 38 
7 7 0 38 -7 14 -7 
8 0 14 31 28 -14 -14 
9 28 0 17 -17 34 -17 
10 11 34 0 -11 -11 22 
11 0 23 22 44 —22 -22 
12 44 il 0 -1 -1 2) 
13 43 0 2 -2 4 -2 
14 41 4 0 —4 -4 8 
15 37 0 8 -8 16 -8 
16 29 16 0 -16 -16 32 
17 13 0 32 -13 26 -13 


19 38 7 0 =7 e 14 
20 31 0 14 -14 28 -14 
21 17 28 0 -17 -17 34 
22 0 11 34 34 -11 = 
23 22 0 23 -22 44 -22 
24 0 44 1 2 =1 =1 
25 2 43 0 =2 -2 4 

26 0 41 4 8 —4 4 

27 8 37 0 -8 -8 16 
28 0 29 16 32 -16 -16 
29 32 13 0 -13 -13 26 
30 19 0 26 =19 38 7 

31 0 38 7 14 =7 =I 
32 14 31 0 -14 -14 28 
33 0 17 28 34 -17 -17 
34 34 0 11 =11 2m = 
35 23 22 0 -22 -22 44 
36 1 0 44 =] 2 l 
37 0 2 43 


In the 37th stage we get back to (0, 2, 43), the same as we got in the first stage. Note 
that, at no stage did we get 2 components to be equal. Thus, it starts recurring and we 
will never reach the configurations (0, 0, 45), (0, 45, 0) or (45, 0, 0). Hence, the result. 


Problem 43 During a certain lecture each of five mathematicians fell asleep exactly 
twice. For each pair of these mathematicians, there was some moment when both were 
sleeping simultaneously. Prove that at some moment, any three of them were sleeping 
simultaneously. Assume that no one was sleeping before the lecture. [USA MO, 1986] 


Solution: Here we use proof by contradiction. 

That is, we assume that there is no moment when any three of the mathematicians were 
sleeping simultaneously. Since every pair of mathematicians had some common time 
interval when both of them were sleeping, there are C = 10 non-overlapping time 
intervals, (Non-overlapping because at no point of time did three of them sleep simul- 
taneously by our assumption) one interval of common dozing for each of the ten pairs. 
Each such interval is started by a moment when one of the mathematicians in the pair 
fell asleep. Each of the 5 mathematicians fell asleep twice. 

-. There are exactly 10 such moments such that each moment initiated a different 
interval (as we have to account for 10 non-overlapping intervals). Let us now consider 
the first common dozing interval, say, that of mathematicians | and 2. The moment 
b starts the common interval. But note that moment a is already used up and does not 
start any other common dozing interval. 

We are left with 8 moments and 9 common dozing intervals which have to 
start at these 8 moments which is impossible. Hence it is not possible that all the 10 
intervals are non-overlapping and hence, in an interval, there will be 3 mathematicians 
sleeping simultaneously. 
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Aliter: Let the 5 mathematicians be mı, т), m4, m, and ms. Let the 10 pairs be 
(mj, m5), (m, тз), (т, та), (т, Ms), (Mz, тз), (Mz, тд), (Mz, ms), (тз, та), (тз, Ms) 
and (m,, ms). 

If these pairs have 10 non-overlapping time intervals when each pair sleeps, then 
each mathematician sleeps with 4 of his colleagues in turn. But each mathematician 
can sleep for only 2 stretches. Therefore, we form the time interval as follows: We 
will represent the mathematicians mj, m», m3, m4, т; on a line segment showing the 
moment they fall asleep and the moment they wake up. We will show that the hypoth- 
esis is not satisfied (each pair sleeping in a common interval), if we do not allow three 
of them to sleep during one time interval. 


The time of waking up 


Ma Ма Ms M, Мз Ms M 


lobi dd del] 
LIE Le 


M, Ms Мз M, Ms M, M, М5 М M, 
The time of falling asleep 


Explanation of the diagram: After representing the mathematicians M,, M5, M3, Мц, 
М; and showing the time of their falling asleep, after the 5th mathematicians falls 
asleep, M, goes to sleep for his second nap. After M, starts sleeping for the second 
time, M, cannot come for his second nap, as every pair should occur exactly once and 
we had M, and M, sleeping simultaneously at the initial stage itself. So, the points, 
showing the other four mathematicians to follow M, for their second nap, should be 
М}, Ms, М, and M, in that order. 

Now each mathematicians appears twice, and we have the pairs (Mj, M»), (М, M3), 
(M5, Ма), (Ма, Ms) (Ms, M;), (Mi, M3), (M3, Ms), (М5, M5) and (М›, Ма). 

Here these pairs common sleep period is shown as the ordered pairs of their sub- 
scripts (1, 2), (2, 3), (3, 4), (4, 5), (5, 1), (1, 3), (3, 5), (5, 2) and (2, 4). 

Thus, we have just nine pairs, sleeping simultaneously and the pair (1, 4) did not 
sleep simultaneously. 

In the diagram, when M, appears for the second time, he sleeps along with M}. So, 
if we replace M, between M, and M, in the figure, so that M,’s waking up moment is 
shown after M, starts sleeping but before M, starts sleeping as in the following figure. 


a PUR i "^ "^ Ж 1" Ё = м, 
АИИ Я 5 


Since both M, and M, wake up after M, falls asleep, both M, and M, sleep simultane- 
ously with M, and the time interval between M, falling asleep and M, getting up (or 
M, getting up as M, may get up after M, gets up but before M; falls asleep shown by 
the dotted arrow) shown as (1, 4, 2) is the moment, when all the three М, M, and М, 
sleep simultaneously. Hence, the statement is proved. 


Problem 44 А difficult mathematical competition consisted of a Part I and a Part II 
within combined total of 28 problems. Each contestant solved 7 problems altogether. 
For each pair of problems there were exactly two contestants who solved both of them. 
Prove that there was a contestant who in Part I solved either no problem or at least 4 
problems. 


Solution: We will find the total number of contestants. 

Since for each pair of problems there were exactly two contestants, let us assume 
that an arbitrary problem p, was solved by r contestants. Each of these r contestants 
solved 6 more problems, solving 6r more problems in all counting multiplicities. Since 
every problem, other than p, was paired with p, and was solved by exactly two contes- 
tants, each of the remaining 27 problems (i.e., other than p,) is counted twice among 
the problems solved by the r contestants, i.e., 

6r=2 х 27 


ог r = 9. 


Therefore, an arbitrary problem p, is solved by 9 contestants. Hence, in all we have 


9x28 
— 36 contestants, as each contestant solves 7 problems. 


For the rest of the proof, let us assume the contrary, that 1s, every contestant solved 
either 1, 2 or 3 problems in Part I. 
Let us assume that there are n problems in Part I and let x, y, z be the number of 
contestants who solved 1, 2 and 3 problems in Part I. 
Since every one of the contestants solves either 1, 2 or 3 problems in Part I, we get 
x+y+z=36 (1) 
x+2y+3z=9n (2) 
(Since each problem was solved by 9 contestants.) 
Since every contestant among y solves a pair of problems in Part I and every con- 
testant among z solves 3 pairs of problems in Part I and as each pair of problems was 
solved by exactly two contestants, we get the following equations: 


n(n- 1) 


у+32=2."С =2 =n(n-1) (3) 


From Eqs. (1), (2) and (3), we get 
z- m^ — 10n +36 
23 


29Y 
and y--2m +29n-108= a(n z E « 0. 


As y < 0 is not an acceptable result, our assumption is wrong. 
Hence, there is at least one contestant who solved either no problem from Part I or 
solved at least 4 problems from Part I. 


Problem 45 There are certain number of balls and they are painted with the following 
conditions: 
(i) Every two colours appear on exactly one ball. 
(11) Every two balls have exactly one colour in common. 
(ш) There are four colours such that any three of them appear оп one ball. 
(iv) Each ball has three colours. 


Find the number of balls and the number of colours used. 
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Solution: Let us represent each of the balls by a line segment with three points to show 
the three colours. 
Thus, ROY is a ball with three colours red, orange and yellow. We have to have three 
more balls such that on each of them one of the colours should be red, orange or yellow. 
So, next draw lines through R, O, Y to meet at a common point G standing for green 
colour. But the balls with colours RG, OG and YG must have a third colour in them say, 
Indigo (/), Violet (V) and Blue (B). Thus, we have 7 balls and 7 colours, in all. 

7 colours R, О, Y, G, I, V, B and 7 balls 

1. ROY, 2. RIG, 3. RVB, 4. OVG, 5. YBG, 6.YVI, 7. IBO. 

Clearly, any pair of the above 7 balls have exactly one colour in common (satisfying 
condition 2). Each of the balls contribute 3 pairs of colours. In all, we have 21 pairs of 


colours in all the 7 balls. Now, 7 colours lead to = 2] pairs of colours and each 


pair of colours is found in exactly one ball (satisfying condition 1). Each ball has 3 
colours (condition 4 satisfied). Now, consider the four colours G, R, Y, V. No three of 
these colours are found on a ball (condition 3 is satisfied). 

Thus, the total number of colours is 7 and the total number of balls is also 7. 


Problem 46 /t is proposed to partition the set of positive integers into two disjoint 
subsets A and B. Subject to the following conditions: 


(i) lis in A. 
(п) No two distinct members of A have a sum of the form 
2* + 2(k=0, 1, 2,...). 
(iii) No two distinct members of B have a sum of the form 


2* + 2(k - 0, 1, 2,...). 
Show that this partitioning can be carried out in a unique manner and determine 


the subsets to which 1987, 1988, 1989, 1997, 1998 belong. 


Solution: Since it is given that 1 є A, 2 ¢ А. For if 2 є A, then 20+2=3 1 generated 
by 2 members of A violating the condition for the partitioning. 


..2єВ 
Similarly, 3 ¢4 as 1+3=4=2'+2 
3¢E8B 
But 4 € B. For if4e В, then 27+ 2=4+2=6is generated by two members of B. 
The partitioning for the first few positive integers 1s 
A= (1,4, 7, 8, 12, 13, 15, 16, 20, 23, ...} 
B= (2,3, 5, 6, 9, 10, 11, 14, 17, 18, 19, 21, 22, ...} 


Suppose 1,2, ..., n — 1 (for n > 3) have already been assigned to А A B in such a way 
that no two distinct members of A or B have a sum = 2'+ 2 ([2:0, 1, 2, ...) 

Now, we need to assign n to A or B. 

Let k be a positive integer such that 281420 «242. Then, assign ‘n’ to the 
complement of the set to which аи belongs. But for this, we need to check that 
whether 2 + 2 — n has already been assigned or not. Now asn>2"'+2>2*'41 


2n 2 42 
п> 2+2 п 


Combinatorics 


Since all numbers below n have been assumed to be assigned to either A or B, 2*+2-n 
has already been assigned and hence n is also assigned uniquely. 
For example, consider k= 1 


3=2942<n<2'42=4. 


Consider n=3,4-n=1 Now l€ A (given) 
„3є В 
Consider k = 2 
S27 625<п<22+2=6 
4<n<6 


When л = 4, as6—n=2€ B, we assign 4 to A. 

When n = 5 as 6— 5 =1є A, we assign 5 to B. 

Since the set to which n gets assigned is uniquely determined by the set to which 2‘ 
+ 2 – n belongs, the partitioning is unique. 

Looking at the pattern of the partitioning of the initial set of positive integers, we 
conjecture the following: 


l. ne Aif4|n 

2. ne Bif2|nbut4tn 

3. If nz 2. k- l, r2 1, k odd, Шеп n eA if kis of the form 4m — 1 and n e B if kis 
of the form 4m + 1. 


Proof of the conjecture: We note that 1, 4 € A and 2,3 € B. If 2^! - 2 € n « 2^ 2 and 

all numbers less than n have been assigned to А or B and satisfy the above conjectures, 

then if 4 | n, as 2* +2 – п is divisible by 2 but not by 4, F490 = ye В. Hence, n € A. 

Similarly, if 2 divides n but not 4, then 2* +2 – п іѕ divisible by 4 and hence, is in A. 
-.ne B. 


If n 2 27. k - 1 where r > 1, k odd and k= 4m — 1, then 


2 42-nz2 '-2- ke122'QF" 5) + 1 
where clearly 2*" — k is odd and equals 1 (mod 4). 
52 .2-n6e В. 
Hence, n € A. Similarly, it can be shown that if n = 2”. k+ 1, where k= 1 (mod 4), then 


п € B. Thus, the conjecture is proved. 
Now, 1988 1s divisible by 4. 


7 1988€ A 

1987 =2'-993+1 where 993 = 1 (mod 4) 
7 1987 є B 

1989 = 22.497 +1 where 497 = 1 (mod 4) 
7. 1989 є B 

2 |1998 but 4 1 1998 

7. 1998 є B 

1997 = 22.499+1 where 499 = 3 (тоа 4) 
-. 1997 є A. 
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10. 


11. 


12. 


13. 


1. 


94-1 p 
Given p, q € N, prove that >| | - >| | 
k=1L d ki P 


. Prove that Уфа) =n, where ф(4) = number of positive integers coprime with d 


d\n 
and less than or equal to d. 


. Prove that Ут(0) 2 | where т(/) is number of divisors of k. 


n 
k=1 k=l k 


n 


2ng 
. Prove that — = ?"C, – 2"С, | and hence or otherwise, deduce that "C. dg 
nal " 


always divisible Бу (n + 1). 


. Prove that У Y | PAQ|=n4"" where X is a set of n elements. 


РсХ ОсХ 


. Let n апа r be integers with 0 € r < n. Find a simple expression for 


OG oG 


. Letn be positive integer not less than 3. Find a direct combinational interpretation 


. . : n+l 
of the identity 8 - 4 | 
2 


. Find the number of functions f: (1, 2, 3, ..., n) — (1947, 1951, 2018, 2020} such 


that f(1) + f(2) + --- + f(n) is odd. 


. Let n be a positive integer. Prove that the binomial coefficients 


п\(п\ (ип п | T 
3| 5 so s a are all even if and only if n is a power of 2. 
1/42/43 n-1 


n 


r 


Find all ne N, such that | | is odd Vr=0, 1, 2, ..., n. 

Delete 1 0 1 digits from the number 13579 11 13 15 17 19 ... 109 111 in such 
a way that the remaining number is 

(i) as small as possible, 

(ii) as big as possible. 

You are given 7 sheets of paper and you cut any number of these into 7 small 
pieces. Out of the total sheets you get, you again cut some into 7 pieces and you 
continue the process. At every stage you count the total number of sheets you 
have. Show that you will never get 605 pieces. 


During election campaign, n different kinds of promises are made by various po- 
litical parties, n > 0. No two parties have exactly the same set of promises. While 
several parties may make the same promise, every pair of parties have atleast one 
promise in common. Prove that there can be at most gm parties. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24, 


25. 


26. 


27. 


28. 


29. 


30. 


The number 3 can be expressed as an ordered sum of one or more positive inte- 
gers in four ways as follows: 

3,1+2,2+1,1+1+1. 

Show that the positive integer n can be so expressed in 7 ways. 

Let be any natural number. Find the sum of the digits appearing in the integers 
1, 2: 3s 54 107-2, 10^ = 1: 

Let f(n) denote the number of solutions (x, y) of x + 2y 2 n for which both x and 
y are non-negative integers. Show that f(0) = /(I) = 1, и) = (и - 2) + 1, n= 2, 3, 
4, .... Find a simple explicit formula for f(n). 

At a party, there are more than 3 people. Every four of the people have the prop- 
erty that one of the four is acquainted with the other three. Show that with the 
possible exception of three ofthe people, every one at the party is acquainted with 
all of the others at the party. 

What is the least number of plane cuts required to cut a block of size a x b x c into 
abc unit cubes if piling is permitted? 

In a mathematical competition, a contestant can score 5, 4, 3, 2, 1, or 0 points 
for each problem. Find the number of ways he can score a total of 30 points for 7 
problems. 

Every person, who has ever lived has upto this moment, made a certain number 
of hand-shakes. Prove that the number of people who have made an odd number 
of handshakes is even. 

Show that among any seven distinct positive integers not greater than 126, one 


can find two of them, say, x and y satisfying the inequalities 1< Say 
y 


Given a set of (n + 1) positive integers none of which exceeds 2и, show that 
atleast one member of the set must divide another member of the set. 

There are six closed discs in a plane such that none contains the centre of any 
other disc (even on the boundary). Show that they do not have a common point. 
Prove that if 5 pins are stuck on to a piece of cardboard in the shape of an equilat- 
eral triangle of side length 2, then some pair of pins must be within distance 1 of 
each other. 

Given any (n + 2) integers show that for some pair of them either their sum or 
their difference is divisible by 2л. 

Two players, play the game. The first player selects any integer from 1 to 11 
inclusive. The second player adds any positive integer from 1 to 11 inclu- 
sive to the number selected by the first player. They continue in this manner 
alternatively. The player who reaches 56 wins the game. Which player has the 
advantage? 

You are given 6 congruent balls two each of colours red, white and blue and in- 
formed that one ball of each colour weighs 15 gram, while the other weighs 16 
grams. Using an equal arm balance only twice, determine which three are the 16 
gram balls. 

Find the number of integers in the set (1, 2, ..., 10°} which are not divisible by 5 
nor by 7 but are divisible by 3. 

Find the number of integers in the set {1, 2, ..., 120} which are divisible by ex- 
actly m of the integers 2, 3, 5, 7 where m = 0, 1, 2, 3, 4. 

For how many paths consisting of a sequence of horizontal and/or vertical line 
segments with each segment connecting a pair of adjacent letters in the diagram 
below is the word MATHEMATICS spelled out as the path is traversed from be- 
ginning to end. 
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32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


M 
MAM 
MATAM 
MATHTAM 
MATHEHTAM 
MATHEMEHTAM 
MATHEMAMEHTAM 
MATHEMATAMEHTAM 
MATHEMATITAMEHTAM 
MATHEMATICITAMEHTAM 
MATHEMATICSCITAMEHTAM 


A group of 100 students took examination in English, Science and Mathematics. 

Among them, 92 passed in English, 75 in Science and 63 in Mathematics; at most 

65 passed in English and Science, at most 54 in English and Mathematics and 

at most 48 in Science and Mathematics. Find the largest possible number of the 

students that could have passed in all the three subjects. 

Lines L,, Lo, ..., Гоо are distinct. All lines L,,, n being positive integer are paral- 

lel to each other. All lines L4, з, n a positive integer pass through a given point 

A. Find the maximum number of points of intersection of pairs of lines from the 

complete set (L4, La, ..., Гоо). 

How many integers with four different digits are there between 1,000 and 9999 

such that the absolute value of the difference between the first digit and the last 

digit is 2? 

A multi set is an ordered collection of elements, where elements can repeat. For 

example, (a, a, b, c, с} is a multiset of size five. Discover the number of multisets 

of size four, which can be constructed from the given 10 distinct elements. 

Find the number of numbers from 1 to 10'”, having the sum of their digits equal 

to 3. 

Two students from Standard XI and several students from Standard XII participated 

in a chess tournament. Each participant played with every other once only. In each 

game, the winner has received one point, the loser zero and for the game drawn, 

both the players got 0.5 points each. The two students from Standard XI together 

scored 8 points and the scores of all the participants of Standard XII are equal. 

(1) How many students of Standard XII participated in the tournament? 

(ii) What was the equal score in Standard XII? 

Show that an equilateral triangle, cannot be covered completely by two smaller 

equilateral triangles. 

The diagonal connecting two opposite vertices of a rectangular parallelepiped is 
73 units. Prove that if the squares of the edges of the parallelepiped are integers, 

then its volume cannot exceed 120. 

In a group of 7 people, the sum of the ages of the members is 332 years. Prove 

that three members can be chosen, so that the sum of their ages, is not less than 

142 years. 

Ten students solved a total of 35 problems in a Mathematics contest; each problem 

was solved by exactly one student. There is one student who solved exactly one 

problem, at least one student who solved exactly two problems and at least 

one student who solved exactly three problems. Prove that, there 1s also at least 

one student, who has solved at least 5 problems. 

Let T be the set of triplets (a, b, c) of integers, such that 1< a €« b « c < 6. 

For each triplet (а, b, c) consider the number axbxc. Add all these numbers 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


54. 


55. 


56. 


57: 


58. 


59, 


60. 


corresponding to the triplets in 7. Prove that the resulting sum is a multiple 
of seven. 

There are 9 cells ina 3x3 square, when these cells are filled by numbers —1, 0, 
1. Prove that, of the 8 sums obtained, at least two sums are equal. 

How many 6-digit numbers are there such that 

(1) The digits of each number are all from the set {1, 2, 3, 4, 5} 

(11) Any digit that appears in the number appears at least twice. 

(Example: 225252 is admissible while 222133 is not). 

Show that, in any group of 5 students there are two students who have identical 
number of friends within the group. 

Given 11 different natural numbers, none greater than 20. Prove that, two of these 
can be chosen, one of which divides the other. 

Find the number of 6-digit natural numbers, such that the sum of their digits is 10 
and each of the digits 0, 1, 2, 3, occurs at least once in them. 

Prove that, among 18 consecutive 3-digit numbers, there is at least one number, 
which is divisible by the sum of the digits. 

A rectangle with sides 2m — 1 and 2n — 1 is divided into squares of unit length by 
drawing parallel lines to the sides. Find the number of rectangles possible with 
odd side lengths. 

A road network as shown in the figure connect four cities. In how many ways can 
you start from any city (say A) and come back to it without travelling on the same 
road more than once? 

Consider the lines х= kand y= k, ke (1,2, ..., 9). The number of non-congruent 
rectangles, whose sides are along these lines. is 

A point P, is at a distance of 12 cm from the centre of a aie of radius 13 cm. Find 
the number of chords of the circle passing through P which have integral lengths. 
Let P, denotes the number of ways of selecting 3 people out of ‘n’ sitting in a row, 
if no two of them are consecutive and Q,, is the corresponding figure when they 
are in a circle. If P, — О, = 6, then find the value of n. 

Take a AABC. Take n points of sub-division on side AB and join each of them to 
C. Likewise, take n points of sub-division on side AC and join each of them to B. 
Into how many parts is A4BC divided? 

Each side of an equilateral AABC is divided into 6 equal parts. The corresponding 
points of subdivision are joined. Find the number of equilateral triangles oriented 
the same way as AABC. 


Let n = 10°. Evaluate log, d 

dín 
Let n = 180. Find the number of positive integral divisors of n^, which do not 
divide n. 
Show that the number of positive integral divisors of 111 ... 1(2010 times) 1s 
even. 
How many unordered pairs (a, b} of positive integers a and b are there such that 
LCM (a, Б)= 1,26,000? 
(Note: An unordered pair (a, b} means (a, b} = (b, a}) 
The sum of the factors of 7!, which are odd and are of the form 3/ + 1 where t is 
a whole number, is 
Consider a set (1, 2, 3,..., 100}. Find the number of ways in which a number can 
be selected from the set so that it is of the form x’, where x, y e N and > 2, is 
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11. 
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1. 


Let A, B be disjoint finite sets of integers with the following property. 
Ifxe (4А UB), then eitherx+ 1€ Aorx-2e B. 
Prove that n(A) = 2n(B) [i.e., | A |= 2 |B |]. 


. Find all positive integers k, for which the set A = (1996, 1996 + 1, 1996 + 2, ..., 


1996 + k} with k + 1 elements can be partitioned into two subsets В and C such 
that the sum of the elements of B = sum of the elements of C. 


. Suppose you and your husband attended a party with three other married couples. 


Several hand-shakes took place. No one shook hands with himself or (herself) 
or with his (or her) spouse, and no one shook hands with other more than once. 
After all the hand-shaking was completed, suppose you asked each person includ- 
ing your husband, how many hands he or she had shaken? Each person gave a 
different answer. 

(1) How many hands did you shake? 

(ii) How many hands did your husband shake? 


. Let S= (1, 2, ..., 100} and A be any subset of S containing 53 members. Show 


that 4 has two numbers a, b such that a — b = 12. Construct a subset B of S with 
52 numbers such that for any two numbers a, b of B, |a — b | € 12. 


. Let A be any set of 19 distinct integers chosen from the AP 1, 4, 7, 10, ..., 100. 


Show that 4 must contain at least two distinct integers whose sum is 104. Find a 
set of 18 distinct integers from the same progression such that the sum of no two 
distinct integers from the set equals 104. 


. Ina room containing N people N > 3, at least one person has not shaken hands with 


every one else in the room. What is the maximum number of people in the room that 
could have shaken hands with every one else? 


. A positive integer n has the decimal representation n = d, d, ... d,,. 


(1) n is called ascending if 0 < di € d; <... < d,, 
(1) n is called strictly ascending if 0 < d, < d, <... «d, 
Find the total number of type (i) and type (ii) numbers, which are less than 10°. 


. Let N(A)= (1,2, ..., k}. Find the number of: 


(1) functions from N(n) to N(m). 

(ii) one-to-one functions from N(n) to N(m), n < m. 
(iii) strictly increasing functions from N(n) to N(m), n < m. 
(iv) non- decreasing functions from N(n) to N(m). 


. Let n = 26. 35. 5? . 7^, Find the number of positive integral divisors of п which 


are greater than V7. 


k k 
Let m=) mip!,n z Y np’; т, п € (0, 1, 2, .., p — 1} and p is a prime 
i=0 i=0 


b we Жү 
number, prove that = 


i=0 


"| (mod р). 

№; 

Let T(n) denote the number of non-congruent triangles with integer side lengths 
and perimeter л. 

Thus 7(1) = 7(2) = T(3) = T(4) = 0, while 7(5) = 1. Prove that 

(i) 7(2006) < 7(2009) 

(п) 7(2005) = 7(2008). 

Let Aj, A>, Аз Ay, As, Ag be distinct points in a plane. Let D and d be the longest 
and the shortest distances respectively between pairs of points among them. Prove 


that, 2 > V3. 


13. 


14. 


15. 


16. 


17. 
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19. 
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22. 


23. 
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26. 


27. 


28. 


Several football teams enter a tournament, in which, each team play every other 
team exactly once. Show that, at any moment, during the tournament, there will be 
two teams, which have played up to that moment, an identical number of games. 
Given 7-element of set A = (a, b, c, d, e, f, g}. Find a collection T of 3-element 
subsets of A, such that each pair of elements from A, occurs exactly in one of the 
subsets of T. 

In how many different ways, can the digits 1 through 5, be arranged to form a 
five digit number, in which, the digits, alternately rise and fall? These numbers 
are called Mountain Numbers; for example, 13254 is a Mountain Number while 
12354 is not. 

If A is a 50 element subset of the set (1, 2, 3, ..., 100} such that, no two numbers 
from A, add upto 100, show that A contains a square. 

Show that, there exist two powers of 1999, whose difference is divisible by 1998. 
If the digits 1, 2, 3, 4, 5, 6, 7, 8, 9 are divided into three groups, show that, the 
product of the numbers in one of the groups, exceeds 71. 

Show that, there exists a power of 3 which ends in the digits 001. 

If 181 square integers are given, prove that, one can find a subset of 19 numbers 
among these such that, the sum of these elements is divisible by 19. 

Given any 13 distinct real numbers, prove that, there are two of them, say x and y, 


such that, 0 « ae deaf. 
1+ xy 


Suppose that each of n people knows exactly one piece of information, and all n 
pieces are different. Every time person A phones to person B and tells B every- 
thing what he knows, while B tells A nothing. What is the minimum number of 
phone calls between pairs of people needed for everyone to know everything? 
Consider a rectangular array of dots with an even number of rows and an even 
number of columns. Colour the dots, each one red or blue, subject to the condi- 
tion that a each row, half the dots are red and the other half are blue and in each 
column also, half the, dots are red and the other half are blue. Now, if two points 
are adjacent and like coloured, join them by an edge of their colour. Show that the 
number of blue segments is equal to the number of red segments. 

Teams Т, 75, ..., T, take part in a tournament in which every team plays every 
other team just once. One point is awarded for each win and it is assumed that 
there are no draws. Let s,, 55, ..., s, denote the total scores of T}, T5, ..., T, respec- 


tively. Show that for 1 < k < n, sq +55 ++ + Sp En, 3 k(k+ 1). 


Seventeen people correspond by mail with one another each one with all the rest. 
In their letters only three different topics are discussed. Each pair of correspon- 
dents deals with only one of the topics. Prove that there are atleast three people 
who write to one another about the same topic. 

No matter which 55 positive integers one may select from 1, 2, 3, ..., 100. Prove 
that there will be some two that differ by 9, some two that differ by 10, some two 
that differ by 12, some two that differ by 13, but surprisingly their need not be any 
two that differ by 11. 

There is a 2n x 2n array (matrix) consisting of 0% and 1% and there are exactly 37 
zeroes. Show that it is possible to remove all the zeroes by deleting some n rows 
and some п columns. 

Let a(n) denote the number of ways of expressing the positive integer n as an or- 
dered sum of 1% and 275, e.g., a(5) = 8 because 5= 1+1+1+1+1=2+1+1 + 
1=1+2+1+1=1+1+2+1=1+1+1+2=2+2+1=2+1+2=1+2 +2. 
Let b(n) denote the number of ways of expressing n as an ordered sum of integers 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


greater than 1, for example, b(7) = 8 because 7=3+2+2=2+3+4+2=2+2+ 
3=3+4=4+3=2+5 = 5 +2 = 7. Prove that a(n) = b(n + 2) for n= 1,2, .... 
A pack of 13 distinct cards is shuffled in some particular manner and then re- 
peatedly in exactly the same manner. What is the maximum number of shuffles 
required for the cards to return to their original positions? 

Each of n boys attends a school-gathering with both his parents. In how many 
ways can the 37 people be divided into groups of three such that each group con- 
tains a boy, a male parent and a female parent, and no boy is with both his parents 
in his group? 

A permutation a), аз, ..., a, are 1,2,3,..., n is said to be good if and only if (a; /) 
is constant for all j, 1 < j € n. Determine the number of good permutations for n 
= 1999, n = 2000. 

An international society has its members from six different countries. The list of 
members contains 1978 names numbered 1, 2, 3, ..., 1978. Prove that there is at 
least one member whose number is the sum of the numbers of two members from 
his own country, or twice as large as the number of one member from his own 
country. [IMO, 1978] 
Let A and E be opposite vertices of a regular octagon. A frog starts jumping at 
vertex A. From any vertex of the octagon except Е, it may jump to either of the 
two adjacent vertices. When it reaches vertex Е, the frog stops and stays there. 
Let a, be the number of distinct paths of exactly n jumps ending at Е. Prove that 


1 
45,47 0, ы al y"), n=1,2,3,..., where х 22442, y 22 - J2. 


Here a path of n jumps is a sequence of vertices (Pp, ..., P,) such that 

(0) Po =A, P, — E. 

(ii) for every i, 0 <i E n — 1, P, is distinct from Е. 
(ш) for every i, 0 <i E n — 1, P; and P; + 1 are adjacent. [IMO, 1979] 
Let n and k be given relatively prime natural numbers k < n. Each number in the 
set M= (1, 2, ..., n — 1} 1s coloured either blue or white. It is given that 

(i) for each i e M both i and (n — i) have the same colour; 
(ii) for each i e M, i = k, both i and (f — k) have the same colour. 
Prove that all numbers in M have the same colour. [IMO, 1985] 
2x2xn hole in a wall is to be filled with 2л, 1 x 1 x 2 bricks. In how many dif- 
ferent ways can this be done if the bricks are indistinguishable? 
Let P,, P^, ..., P, be distinct two element subsets of the set of elements {a}, а», 
әз, 44) Such that if P; O P; * 6, then (aj, а) is one of the P's. Prove that each of 
the a, appears in exactly two of the P's. 
Ten airlines serve a total of 1983 cities. There is direct service without a stop over 
between any two cities and if an airline offers a direct flight from A to B, it also 
offers a direct flight from B to A. Prove that at least one of the airlines provides a 
round trip with an odd number of landings. 
Five students A, B, C, D, E took part in a contest. One prediction was that the contes- 
tants could finish in the order A B C D E. This prediction was very poor. In fact, no 
contestant finished in the position predicted and no two contestants predicted to finish 
consecutively did so. A second prediction had the contestants finishing in the order 
DAE C B. This prediction was better. Exactly two of the contestants finished in the 
places predicted and two disjoint pairs of students predicted to finish consecutively 
actually did so. Determine the order in which the contestants finished. 
Suppose five points in a plane are situated so that no two of the straight lines 
joining them are parallel, perpendicular or coincident. From each point perpen- 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


49. 


50. 


diculars are drawn to all the lines joining the other four points. Determine the 
maximum number of intersections these perpendiculars can have. 

In a plane, a set of n points (n = 3) is given. Each pair of points is connected by 
a segment. Let d be the length of the segment we define a diameter of the set to 
be any connecting segment of length d. Prove that the number of diameters of the 
given set is at most л. 

In a mathematical contest, the three problems A, B and C were posed. Among the 
participants there were 25 students who solved at least one problem each. Of all 
the contestants who did not solve problem A, the number who solved problem B, 
was twice the number who solved C. The number of students who solved only 
problem A was one more than the number of students who solved A and at least 
one other problem. Of all students who solved just one problem, half did not solve 
problem A. How many students solved only problem B? 

In a sports contest, there were m medals awarded on n successive days (n > 1), on 


1 
the first day, one medal and 7 of the remaining (m — 1) medals were awarded on 


2 
the second day, two medals and 7 of the now remaining medals were awarded; 


and so on. On the nth and last day, the remaining n medals were awarded. How 
many days did the contest last, and how many medals were awarded altogether? 
Given n > 4 points in the plane such that no three are collinear. Prove that there 


n 
are at least | ә | convex quadrilaterals whose vertices are four of given points. 


A certain organization has n members and it has (n + 1) three member commit- 
tees, no two of which have identical membership. Prove that there are two com- 
mittees which share exactly one member. [USA MO, 1979] 
Ina party with 1982 persons, among any group of four there is at least one person 
who knows each ofthe other three. What is the minimum number of people in the 
party who know everyone else? [USA MO, 1982] 
On an infinite chess board, a game is played as follows: At the start n pieces are 
arranged on the chess board in n x n block of adjoining squares, one piece in each 
square. A move in the game is a jump in a horizontal or vertical direction over 
an adjacent occupied square immediately beyond the piece who has been jumped 
over is then removed. Find those values of n for which the game will end with 
only one piece remaining on chess board. [IMO, 1993] 
Find the number of ways in which one can place the numbers 1, 2,..., n^ on square 
of n x n chess board, one on each such that the numbers in each row and each 
column are in AP (assume n = 3). [INMO, 1992] 
Consider nine points in space, no four of which are coplanar. Each pair of points 
is joined by an edge (that is, a line segment) and each edge is either coloured blue 
or red or left uncoloured. Find the smallest value of n such that whenever exactly 
n edges are coloured, the set of coloured edges necessarily contains a triangle all 
of whose edges have the same colour. [IMO, 1992] 
Nine mathematicians meet at an international conference and discover that among 
any three of them, at least two speak a common language. If each of the mathema- 
ticians can speak utmost three languages, prove that there are atleast three of the 
mathematicians who can speak the same language. [USA MO, 1979] 
Is it possible to choose 1983 distinct positive integers, all less than or equal to 10°, 
no three of which are consecutive terms of an AP? Justify your answer. 

[IMO, 1983] 
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I. A straight line segment can be drawn joining any two points. 
C h IL Any straight line segment can be extended indefinitely in a straight line. 
a pte r Ш. Given any straight lines segment, a circle can be drawn having the segment as radius and one endpoint as center. 
IV. All right angles are congruent. 
V. Iftwo lines are drawn which intersect a third in such a way that the sum of the inner angles on one side is less 
than two right angles, then the two lines inevitably must intersect each other on that side if extended far enough. 
This postulate is equivalent to what is known as the parallel postulate. 


VI. Given any straight line and a point not on it, there exists ‘one and only one straight line’ which passes through 
that point and never intersects the first line, no matter how far they are extended. This statement is equivalent 


to the fifth of Euclid's postulates, called parallel postulate. 


8 IH. Ill. IV. Euclid of Alexandria 
D — С 
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Geometry 


8.1 ANGLE 


An angle is the figure formed by two rays, called the sides of the angle and sharing a 
common endpoint, called the vertex of the angle. 


8.1.1 Complementary Angles 


Complementary angles are angle pairs whose measures add up to one right angle (1/4 
turn, 90°, or z/2 radians). If the two complementary angles are adjacent their non- 
shared sides form a right angle. 


8.1.2 Supplementary Angles 


Two angles whose measures add up to a straight angle (1/2 turn, 180°, or л radians) are 
called supplementary angles. 

If the two supplementary angles are adjacent (i.e., have a common vertex and share 
just one side), their non-shared sides form a straight line. Such angles are called a 
linear pair of angles. 


8.1.3 Vertically Opposite Angles (VOA) 


A pair of angles opposite to each other, formed by two intersecting straight lines that 
form an ‘X’-like shape, are called vertical angles or opposite angles or vertically oppo- 
site angles. They are abbreviated as vert. opp. Zs. They are always equal. 


8.1.4 Corresponding Angles Postulate or CA Postulate 


If two parallel lines are cut by a transversal, then corresponding angles are 
congruent 


Vertex 
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8.1.5 Alternate Interior Angles Theorem 
or AIA Theorem 


Iftwo parallel lines are cut by a transversal, then alternate interior angles are congruent 
to each other. 


8.1.6 Angle Sum Theorem 


Sum of all the angles of a triangle is 180°. 
Construction: Draw a line XY through the vertex A and parallel to base BC. 
ZXAB = ZABC 
(alternate interior angles between two parallels) 
Similarly ZYAC 2ZACB 
Now, ZABC + ZBAC + ZACB = ZXAB + ZBAC + ZYAC = 180? 


Corollary 1: Exterior angle of a triangle is equal to sum of two opposite interior 
angles. 


Construction: Extend BC to point X such that C lies in between B and X. 


Proof: Exterior angle at vertex C is 
ZACX = 180?- ZACB = ZBAC + ZABC 
(using previous theorem) 


Corollary 2: In any лп sided convex polygon sum of all angles is 
(n — 2) x 180? and also sum of all exterior angles (taken in one direction, i.e., either 
clockwise or counter clockwise) in any convex polygon is 360°. 


Construction: Take a point P inside the polygon Join it with all the vertices. 


Proof: As there are n triangle having P as common vertex, sum of all angles of all 
triangles is n x 180°. Now remove from it sum of angles at vertex P which is 360°. 
Hence sum of all interior angles of the polygon is nx180? —360? = (n — 2)x180? 


Example | /f the bisectors of ZABC and ZACB of a triangle meet at a point I. then 
1 
prove that ZBIC =90°+ rae 


Solution: 


Given: In AABC, BI, CI bisects ZB and ZC 
To Prove: ZBIC = 90° + Z 


Proof: In AABC, ZA* ZB + ZC = 180° 
= ZA+2x+2y = 180° 


= x4 y= 90-224 (1) 


In AIBC, ZI +x+y=180° 


=> ZI +90°— 544 = 180° (From Eq. (1)) 


> И = 90°45 ZA. 


Example 2 The sides AB and AC of a triangle ABC are produced to P and Q 
respectively. If the bisectors of ZPBC and ZQCB intersects at I, then prove that 


ZBI,C = 90? — — 


Solution: 


BI, bisects ZPBC and CI, bisects ZOCB 
Let ZI,BP = ZL,BC =x and ZI,CB = ZI,CQ = y 
ZABC =180° – 2х and ZACB -180?-2y 
In AABC, ZA- ZB + ZC =180° 
=> ZA«180? -2x -180? - 2y =180° 


= x4 y= 90.7 ZA (1) 
In ABI,C, х+у+ ZI, =180° 

1 
> 90^ «7 LAt 21, = 180° (From Eq. (1)) 


= ZI, =180° 90° TZA 


= ZBI,C= 90° 2A, 


Example 3 PS is the bisector of КОРК and PT L QR show that ZTPS = lio — ZR) 
Where ZQ « ZR. 2 


Solution: 
Let ZOPS = SPR = a and ZTPS =x 
2 СОРТ =а-х 
In APTR, by using exterior angle property 
ОТР =90°=a+x+ZR (1) 
In APTOQ, by using exterior angle property 
АРТЕ = 90° = a-x+ZQ (2) 
-. From Eq. (1) and Eq. (2) 
a+x+ZR=a-x+ZQO 
=>2x=ZO-ZR 


= x=5(20-2R) 
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1 
Note: If ZR» ZO, then х= SM -ZQ) 


Example 4 Jn above question if PM is the circum-diameter of АРОК then prove that 
PS bisects ZTPM. 


Solution: 
Construction: Join OM, RM 
Proof: Since POM is a diameter, ZPRM = 90? 
=> ZQRM =90°-ZR 
=> ZOPM = ZORM =90°- ZR (Angle in same segment) 
=> “ТРМ = ZOPM -ZQPT 
= (90° — ZR)- (90° — ZQ) 
=> “ТРМ -ZQ-ZR 


1 
Since ZTPS = Pica O-ZR) (From Previous problem) 


7 ZSPM = 2040 — ZR) 
-. PS bisects ZTPM. 


Example 5 Prove that the angle between internal bisector of one base angle and 
the external bisector of the other base angle of a triangle is equal to one half of the 
vertical angle. 


Solution: 
Given: BT bisects ZABC and CT bisects ZACD 
To prove: ZBTC = 244 


Proof: In AABC, by using exterior angle property of a triangle 
ACD = ZABC + ZA 


=>2y=2x+ZA 

= (у= 04544 (1) 
In ATBC, by using exterior angle property 

Zy2Zx-ZT (2) 
-. From Eqs. (1) and (2), we get, Zx+ ZT = Zx + A 


= “ИТ = 2 44 


Example 6 The side ВС of AABC is produced, such that D is on ray BC. The bisector 
of ZA meets ВС in L as shown in the figure. Prove that ZABC + ZACD =2ZALC. 


Solution: 
In AABC, by using 
Exterior angle property 


Z2= Z1-2Zx 


Adding Z1 to both sides 
1+ 42 = 714+ Z14+22x 


=2/1+2/х= 20/1+ Zx) 
=> 41+ 22=223 
2 ZABC + ZACD = 2ZALC. 


Example 7 The given figure shows a five point star. Find sum of the angle ZA + ZB 
+2C+2ZD+ ДЕ, 


Solution: Let BE intersects AC and AD at L and M respectively 


Now, in AMBD, by using exterior angle property Z2 = ZB + ZD (1) 
Similarly, in ALCE, Z1 = ZC + ZE (2) 
In AALM, ZA + Z1+ 22 = 180° 
=> LA+ZC+ ZE + ZB+ ZD = 180° (From Eqs. (1) and (2)) 


Or ZA+2B+2C+2ZD+ZE =180° 


Note: In n point star sum of all the angles at its vertices is (n—4)x 180°. 
Example 8 Jn a quadrilateral ABCD, AO and BO are the bisectors of ZA and ZB 


1 
respectively, prove that ZAOB = gue + ZD). 


Solution: 
In quadrilateral ABCD, ZA-- ZB + ZC + ZD = 360? 


=> 2x+2y+ ZC + ZD = 360° 


> x+ y=180°->(ZC+ZD) 


In AAOB, x + y+ Z1=180° 
> 180*- (2C ZD)« Z1 =180° 
> А1 = SC р). 


Example 9 Jn the figure bisectors of ZB and ZD of quadrilateral ABCD meets CD 
and AB produced at P and О respectively. Prove that ZP + ZO = T ABC + ZADC). 


Solution: 


Let ZABP = ZPBC = у = 248 


and ZADQ = ZQDC = x = — 


=> ZPDQ =180°—х and ZPBQ -180?- у (1) 
In quadrilateral PDQB,ZP + ZPDQ + ZQ + ZQBP = 360? 
=> ZP +180° -x+ Z0+180°- y = 360? (From Eq. (1)) 


LP +2Q=x+y=5(ZB+ 2D). 
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Of the three angles of a triangle, one is twice the smallest and another is three 
times the smallest. Find the angles. 


. Can two internal angle bisector in a triangle be perpendicular? 
. Ifthe angles of a triangle are in the ratio 5 : 7 : 6, determine the three angles. 
. The difference between two angles of a triangles is 24°. All angles are numeri- 


cally double digits. Find the number of possible values of third angle. 


. In AABC, the angle bisectors of the exterior angles of 7A and ZB intersect op- 


posite sides CB produced and AC produced at D and Е respectively, and AD = AB 
— BE. Then find angle A. 


. Prove that, in n point star sum of all the angles at its vertices is (n — 4)x180*. 


. In a regular polygon an interior angle is four times bigger than corresponding 


external angle. Find the number of sides of the polygon. 


. The interior angle of a п sided regular polygon is 48? more than the interior angle 


of a regular hexagon. Find л. 


. The interior angles of a polygon are in Arithmetic Progression. The smallest inte- 


rior angle is 120? and common difference is 5?. Find the number of sides. 


. Ifina convex polygon, the sum of all interior angles excluding one is 2210°, then 


find the excluded angle and number of sides of the polygon. 


. In a convex polygon the sum of all interior angles is less than 2017?. Find the 


maximum number of sides. 


. Ifall exterior angles of a polygon are obtuse then find the number of sides of the 


polygon. 


. In the adjacent diagram, Find ZA + ZB + LC + ZD + ZE + ZF + ZG. 
. There are four points A, B, C, D on the plane, such that any three points are not 


collinear. Prove that in triangles ABC, ABD, ACD, BCD there is at least one tri- 
angle which has an interior angle not greater than 45°. 


. Prove that a convex polygon cannot have more than three acute internal angles. 
. In AABC, AB = АС. D is a point on BC such that AB = CD. E on AB such that DE 


L AB. Prove that 2 ZADE = 3Z B. 


. Given a quadrilateral ABCD, E is a point on AD. F is a point inside ABCD such 


that CF, EF bisects ZACB and ZBED respectively. Prove that 


1 
ZCFE = 90° + 2 (ZCAD + ZCBE). 


Two regular octagons and one square completely cover the part of a plane around 
a point without any overlapping shown in the figure. Find all the other possible 
combinations of three regular polygons, two of which are congruent and one 
different. 

Three regular polygons have one vertex in common and just fill the whole space 
at that vertex. If the number of sides of the polygons are a, b, c respectively, prove 


that 1 + > + l- 2 Also find all possible (a, b, c) witha < b < c. 
a c 


Quadrilateral ABCD has ZBDA = ZCDB = 50°, ZDAC = 20? and ZCAB = 80°. 
Find angles ZBCA and ZDBC. 


8.2 CONGRUENT TRIANGLES 


Two triangles are congruent if and only if one of them can be made to superpose on the 
other so as to cover it exactly. 
Some of the following congruencies are often used: 


8.2.1 Side Angle Side (SAS) Congruence Postulate 


Two triangles are congruent, if two side and the included angle of one are equal to the 
corresponding sides and the included angle of the other triangle. 


8.2.2 Angle Side Angle (ASA) Congruence Postulate 


Two triangles are congruent, if two angles and the included side of one triangle are 
equal to the corresponding two angles and the included side of the other triangle. 


8.2.3 Angle Angle Side (AAS) Congruence Postulate 


If any two angles and a non-included side of one triangle are equal to the correspond- 
ing angle and side of another triangle, then the two triangles are congruent. 


8.2.4 Side Side Side (SSS) Congruence Postulate 


Two triangles are congruent if the three sides of one triangle are equal to the corre- 
sponding three sides of the other triangle. 


8.2.5 Right Angle Hypotenuse Side (RHS) Congruence Postulate 


Two right triangles are congruent, if the hypotenuse and one side of one triangle are 
respectively equal to the hypotenuse and one side of the other triangle. 


Example 10 /n the adjacent diagram it is given that AB = CE EF = BD and ZAFE = 
ZCBD. Prove that AAFE = ACBD 
Solution: 
We have, AB = CF 
=> AB + ВЕ = CF + BF 


=> AF = СВ (1) 
In AAFE and ACBD 

AF = СВ (From Eq. (1)) 
ZAFE = ZCBD (Given) 
FE = BD (Given) 
So by SAS congruence, we have 

AAFE = ACBD 


Example 11 7n the figure РОКУ is a quadrilateral and T and U respectively are points 
on PS and RS, such that РО = КО, ZPQT = ZRQU and ZTQS = ZUQS. Prove that 


QT - QU. 
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Solution: 


Proof: In APQS and AROS 
We have PO = RO 
zl2z2 
Z3-2 Z4 
“ Z14+ 23 = 22+ 24 
=> ZPQS = ZROS 
OS = OS (Common) 
= ЛРОЅ = AROS (By SAS) 
= Z5= L6 (CPCT-Corresponding parts of congruent triangles) 
In АТО$ and AUQS 
Z3-2 Z4 
OS = OS 
Z5- Z6 
-. By ASA congruences 
ATQS = AUQS 
=> QT = QU (CPCT). 
Example 12 In the figure АС = АЕ, АВ = AD and ZBAD= ZEAC, prove that 
BC = DE. 
Solution: 
Construction: Join DE 
Proof: In AABC and AADE 
АВ= Ар (Given) (1) 
Also 41= Z2 
=>Z1+23=22+ 23 
= “ВАС = ZDAE (2) 
Also АС = AE (Given) (3) 
Using Eqs. (1), (2) and (3) and applying SAS congruences 
AABC = AADE 
=> ВС = DE (CPCT). 


Example 13 Prove that angles opposite to two equal sides of a triangle are equal. 


Solution: 


Given: In AABC, AB = AC. 
To prove: ZB = ZC 


Construction: Draw the bisector AD of ZA which meets BC at D. 
Proof: In ZBAD and ZCAD 


AB = АС (Given) 
ZBAD = ZCAD (Construction) 
AD = Ар (Соттоп) 
-. By SAS congruences 

A BAD = ACAD 


= САВР = «АСР (CPCT) 
Hence proved. 


Note: If two angles of a triangle are equal, then sides opposite to them are also equals 
(proof is left for the reader). 


Example 14 /f'the altitude from one vertex of a triangle bisects the opposite side, then 
prove that triangle is an isosceles. 


Solution: 

Given: In A4BC, AD L BC and BD = DC 
To prove: АВ = AC 

Proof: In AADB and AADC 


AD = AD (Common) 
ZADB = ZADC = 90° 
DB=DC (Given) 


-. By SAS congruences, AADB = AADC 

= AB = AC (CPCT). 
Example 15 /f the bisector of the vertical angle of a triangle bisects the base of the 
triangle, then prove that the triangle is isosceles. 


Solution: 


Given: AD bisects ZBAC of AABC and BD = DC 
To prove: AB = AC 
Construction: Draw DM 1 AB, DN | AC 
Proof: In AAMD and AAND 

ZAMD = ZAND = 90° 


Z1=22 (Given) 
AD = Ар (Соттоп) 
-. By AAS congruence 

A AMD = A AND 

=> DM = DN (CPCT) 
In AMDB and ANDC 

ZDMB = ZDNC = 90° 

DM = DN (Proved above) 
DB- DC (Given) 


-. By RHS congruence, AMDB z ANDC 
=> “МВР = ZNCD 
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Aliter: 
Construction: Produce AD to E such that AD = DE join EC 
Proof: In AADB and AEDC 


AD = ED (Construction) 
ZADB = ZEDC (VOA) 
DB = DC (Given) 
-. By SAS congruences, A4DB z AEDC 

=> АВ = ЕС (СРСТ) 
> /1= 23, i.e., / ВАР = / СЕР (СРСТ) 
But 41= Z2 (Given) 
> /2= 23 

= АС = СЕ 

But CE = AB 

=> АС = АВ 


Hence proved. 


Example 16 Line T is the bisector of ZA and B is any point on l. BP and ВО are 
perpendiculars from B to the arms of A. Prove that BP = ВО or B is equidistant from 
the arms of ZA. 


Solution: 
In AAPB and AAQB, we have 


ZAPB = ZAQB = 90° 


Z1= 22 (Given / is the angle bisector) 
AB = АВ [Соттоп] 
-. By AAS congruences, AAPB = AAQB 

=> PB - QB. 


Note: Each point on the angle bisector is equidistant from the arms of an angle. 
Example 17 Jn the figure AD is a median and BL, CM are perpendiculars drawn from 
B and C respectively on AD and AD produced. Prove that BL = CM 
Solution: 
Proof: In ABDL and ACDM 

ZBLD = ZCMD = 90° 


ZBDL = ZCDM (VOA—Vertically Opposite Angle) 
BD=CD (Given) 
-. By AAS congruences 

ABDL = ACDM 


=> ВІ = СМ (CPCT). 
Note: In this figure BLCM will be a parallelogram. 
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Example 18 /n a right angled triangle, if one acute angle is double of another. Prove A 
that the hypotenuse is double the smallest side. ў 


Solution: 


Given: In A4BC, ZB = 90° and ZACB = 2ZCAB 


To prove: AC = 2BC 3. 2x 


Construction: Produce CB to D such that CB = BD. Join AD. 


Proof: In A4BD and A4BC 
AB = AB (Common) 


ZABD = ZABC = 90° 
BD=BC (Construction) 
-. By SAS congruences, A ABD = A ABC 
= ZADB = ZACB = 2x (CPCT) 
And ZBAD = ZBAC =x 
DAC = ZACD = ZCDA 


-. AADC is an equilateral triangle 
= AC= DC = DB+ BC = ВС + ВС 30 
=> АС = 2ВС. 


Note: In 30?—60?—90? triangle, sides аге a, за, 2а respectively. B a C 


Example 19 ABC is a triangle in which ZB = 2ZC. D is a point on BC such that AD 
bisects ZBAC апа AB = CD. Prove that ZBAC = 72°. 


Solution: 


B D | C 


Given: In A4BC, ZB -2ZC 


AD bisects ZBAC 
AB = CD. 


To prove: ZBAC = 72? 
Construction: Draw BE the angle bisector of ZABC which meets AC at E. Join DE. 
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Proof: Let ZC = х then ZB = 2х and ZBAD= ZCAD=y 


Since BE bisects ZABC 
2 LABE = ZEBC =x 
Then in ABEC, 

ZEBC = ZECB =x 

7 BE = СЕ 

In AABE and ADCE, 
AB = DC 

ZABE = ZDCE =x 
BE=CE 

-. By SAS congruence 
AABE = ADCE 

7 AE = DE 

ZBAE = ZCDE =2y 
Since АЕ =DE  -. ZEAD= ZEDA =y 
In A4BD, 

3y=2x+y 

S2y22x 

y=x 

In AABC, by ASP (Angle Sum Property) of a triangle 
ZA+ZB+ ZC = 180° 
=> 2y+2x+x=180° 
=> 5y =180° (Asx=y) 
=> у= 36° 

=> “ВАС = 2у = 72° 


Hence proved. 


A 


(Given) 


(Proved above) 


(CPCT) 


(Exterior angle property) 


Example 20 Prove that in any triangle, the three points of intersection of the adjacent 
angle trisectors form an equilateral triangle. 
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Solution: 
Given: AP, AR trisects angle A; BP, BO trisects angle B; CO, CR trisects angle C; 
To Prove: APOR is an equilateral triangle. 
Proof: In AABC За + 3b + Зс = 180° 
>at+b+c=60° (1) 
In AABE, AP, BP are the angle bisectors 
-. P is the incentre of AAEB 
-. PE bisects ZAEB = ZPEA = ZPEB = x (say) 
Similarly Q is the incentre of ABFC and R is the incentre of AADC. 
OF bisects АВЕС = ZBFO = / СЕО = y (say) 
RD bisects ZADC = ZRDA = ZRDC =z (say) 
Also in AAEB, 2a + 2b + 2x = 180° 
=>atb+x=90° 


= 60° —- c +x = 90° (From Eq. (1)) 
=>x=30°+c (2) 
Similarly, y = 30° + a 
and z = 30° + b 
In AAPB, 
ZAPB = 180? — (a + b) 

= 180° — (60° — c) (From Eq. (1)) 


= “АРВ = 120° + с 
= ZBPS= ZAPF = 180° — ZAPB= 60° – с 


In ABPS, 

ZPSO=60°-—c+b (Exterior angle property) 
In APSE, 

ZSPE + (60° — c + b) + x = 180° 

=> ZSPE + 60° + b — c + 30° + c = 180° (From Eq. (2)) 
= ZSPE = 90° —b (3) 
In APDI, 


90? — b + z + ZPID = 180° 
= 90° — b + 30° + b + ZPID = 180° 
= ZPID = 60° 
Similarly ZD/Q = 60° 
So ZPIQ = 120° 
Similarly ZQIR = 120° 
ZPIR = 120° 
In APID and AQID 
ZPID = ZQID = 60? 
ZIPD = ТОР = 90° – b (From Eq. (3)) 
ID=ID 
-. By AAS congruency 
APID = AQID 
= PI = QI and PD = QD (CPCT) 
DI is the L bisector of PQ 
As DIR is a straight line, DR is the L bisector of PO 
= PR- QR (4) 
Similarly PE is the L bisector of OR 
= РО= РК (5) 
From Eqs. (4) and (5) 
PQ-QR-PR 
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Frank Morley 


9 Sep 1860—17 Oct 1937 
Nationality: English 


Figure 8.1 


Note: The above problem, is known as Morley's trisector theorem, was discovered 
in 1899 by Anglo-American mathematician Frank Morley. It has various generaliza- 
tions; in particular, if all of the trisectors are intersected, one obtains four other equi- 
lateral triangles. 


Build-up Your Understanding 2 


1. 


9. 


“О? is the circumcentre of AABC. M is the mid-point of the median through А. 
Join OM and produce it to N such that OM = MN. Show that, N lies on the altitude 
through A. 


. Ina given quadrilateral ABCD, AB = AD, ZBAD = 60°, ZBCD = 120°. Prove that 


BC+ DC = АС. 


. Given that AABC is an isosceles right triangle with AC = BC and ZACB = 90°. D 


is a point on AC and Е is on the extension of BD such that AE L BE. 
If AE = 1/2 BD, prove that BD bisects ZABC. 


. Inthe figure point D is an interior point of equilateral triangle ABC. It is given that 


DA = DB. Point Е is also given so that ZDBE = ZDBC and BE = AB. Find ZE. 


A 
E 
D 
B C 


. In the figure, given that in A4BC, AB = AC, D is on AB and Е 15 on the exten- 


sion of AC such that BD = CE. The segment DE intersects BC at G. Prove that 
DG = GE (see Figure 8.1). 


. Given BE and CF are the altitudes of the AABC. Р, О are оп BE and the extension 


of CF respectively, such that BP = AC, CQ = AB, Prove that AP L AQ. 


. In the square ABCD, E is the mid-point of AD, BD and CE intersect at F. Prove 


that AF L BE. 


. In figure, AD, BE are the altitudes of A4BC with orthocentre H, which lies in the 


interior of the triangle. If BH = AC, Find ZB. 


A 
LAN 
B D C 
Triangle ABC is a right triangle with ZA = 30° and ZC = 90°. Segment DE is 


perpendicular to AC at D and AD = CB as indicated in the figure. 
Find DE, if DE + AC=4. 


C 
XN 
A E B 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


Each side of square ABCD has length | unit. Points P and Q belong to AB and DA, 
respectively. Find ZPCQ if the perimeter of ААРО is 2 units. The square is shown 
in the figure. 


D C 

Q 

A B 
P 


As shown in the figure, in AABC, D is the mid-point of BC, ZEDF = 90°, 
DE intersects AB at E and DF intersects AC at F. Prove that BE + CF > EF 
(see Figure 8.2). 

Given that ABC is an equilateral triangle of side 1, ABDC is isosceles with DB 
= DC outward of AABC and ZBDC = 120°. If points M and N are on AB and AC 
respectively such that ZMDN = 60°, find the perimeter of AAMN. 


C 


A E B 


In the equilateral AABC, the points D and Е are on AC and AB respectively, such 
that BD and CE intersect at P, and the area of the quadrilateral ADPE is equal to 
area of ABPC, find ZBPE. 
In the figure, A4BD and BEC are both equilateral with A, B, C being 
collinear, M and N are midpoints of AE and CD respectively, AE intersects BD 
at G and CD intersects BE at H. Prove that (1) AMBN is equilateral, (11) GH || AC 
(see Figure 8.4). 
Squares ABDE and BCFG are drawn outside of triangle ABC. Prove that triangle 
ABC is isosceles if DG is parallel to AC. [Leningrad MO, 1988] 
Given that AABC is right angled isosceles triangle with ZACB = 90°. D is the 
mid-point of BC, CE is perpendicular to AD, intersecting AB and AD at E and F 
respectively. Prove that ZCDF = ZBDE. 
In an isosceles triangle АВС, АВ = BC, ZB = 20°. M, М are on AB and BC respec- 
tively such that ZMCA = 60°, ZNAC = 50°. Find ZNMC in degrees. 

[Moscow MO, 1952] 
Isosceles triangle ABC is shown in the figure. In that triangle, 7A = ZB = 80° and 
cevian AM is drawn to side BC so that CM = AB. Find ZAMB (see Figure 8.5). 
In AABC, ZABC = ZACB = 80°. The point P is on AB such that ZBPC = 30°. 
Prove that AP = BC. 
In AABC, ZC = 48°. Dis any point on BC, such that ZCAD = 18° and AC = BD. 
Find ZABD. 
D is an inner point of an equilateral AABC satisfying ZADC = 150°. Prove that 
the triangle formed by taking the segments AD, BD, CD as its three sides is a right 
triangle. [North Europe MO, 2003] 
In the isosceles right triangle ABC of the figure, Z4 = 90? and AB = AC. Suppose 
that D is the interior point of the triangle, so that ZABD = 30° and AB = DB. Prove 
that AD = CD (see Figure 8.6). 
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А 
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А 
В С 


Figure 8.6 


Chapter 8 


8.3 TRIANGLE INEQUALITY 


8.3.1 Theorem | 


If two sides of a triangle are unequal, the longer sides has greater angle opposite to it. 
Given: In AABC, AC > AB 

To prove: ZB > ZC 

Construction: Mark a point D on AC such that AB = AD. Join BD. 
Proof: In AABD, AB = AD 

SAl= 272 

In ABDC, by exterior angle property 

&2 = 73-74 

= 2> 24 

=> 41> 44 (As 41 = Z2) 

= 214+ 23> Z1> 24 

=> ZABC > ZACB. 


8.3.2 Theorem 2 


(Converse of theorem 1) In a triangle, the greater angle has the longer side opposite 
to it. 


Given a AABC in which ZABC > ZACB 

To prove: AC > AB. 

Proof: In AABC, we have the following three possibilities 

(i) AC=AB (ii) AC< AB (ii) AC > AB 

Out of these there are three possibilities among those exactly one must be true. 

Case 1: When AC = AB 

=> ZB=ZC (Angles opposite to equal sides are equal) 
But it is given that ZB > ZC 

-. Which is a contradiction and hence AC # AB. 


Case 2: When AC < AB 

Then ZABC « ZACB (с> Longer side has the greater angle opposite to it) 
But it is given that ZB > ZC which is again a contradiction 

Thus we are left with the only possibility 

AC > AB which must be true and hence AC > AB. 


8.3.3 Theorem 3 


The sum of any two sides of a triangle is greater than the third side. 
Given: AABC 

To prove: AB+ AC > BC, AB+ BC > AC and AC+BC> AB 
Construction: Produced side BA to D such that AD = AC. Join CD 
Proof: In A4CD, 
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AC = AD 
= 22 
Also 41+ 23> Zl 
11+ 23> 22 
In ABCD, ZC > ZD 
-. In ABCD, BD > BC (The side opposite to greater angle is longer) 
BA+AD> BC 
= BA+AC> BC (As AD = AC) 
Similarly we can prove others. 
Corollary: The difference of any two sides of a triangle is less than the third side. 
Proof: А 
To prove: АС — AB < BC; BC - АС < AB; BC — AB < АС 
Let if possible AC > AB 
Take a point D on AC such that AD = AB, join BD. D 
Since AD = AB З 
So Z1=22 B С 


Also /2+/3=180° and /1+ 44 < 180° 


> 2714+24< 224+ 23 


=> Z4« Z3 (As Zl < Z2) 


=> BC > CD = АС- Ар 


BC > АС- AB (As AD = AB by construction) 
= AC-AB<BC 
Similarly we can prove others. 


8.3.4 Theorem 4 


Of all the line segments that can be drawn to a given line, from a point not lying on it 


the perpendicular line segment is the shortest. P 
Given: A straight line / and a point P not lying on /. PM L l and N is any point on / 
other than M. 
To prove: PM « PN П 
M N 

Proof: APMN, ZM = 90? 

So, ZN <90° 

—ZN«ZM 

=> PM < PN (Side opposite to greater angle is larger) 

Thus PM is the shortest of all line segments from Р on line ‘/’ 

A 

Example 21 Show that the sum of the three altitudes of a triangle is less than the sum 
of three sides of the triangle. E 
Solution: б 


Given: In AABC, AD 1 BC, BE 1 AC, CF L AB 
To prove: AD + BE +CF < АВ + ВС + СА zi D p 


Chapter 8 
A 
5 
be Sal 
P Q 


Proof: Since in a right angled triangle, hypotenuse is the longest side. 
In ЛАВР, AB > AD 
In ABCE, BC > BE 
In AACF, AC > CF 
Adding all we get AB + BC+CA> AD + ВЕ + СЕ. 


Example 22 In the figure РОКУ is a quadrilateral. РО is its longest side and RS is its 


shortest side. Prove that ZR > ZP and ZS > О. 


Solution: 

Given: In quadrilateral PORS, РО is the longest side and RS is the shortest 
To prove: (i) ZR > ZP (ii) ZS»ZQ 

Construction: Join PR and SQ 


Proof: 
(1) In APOR, PO > QR (as PQ is the longest side) 
= 43> 42 (1) 
In APRS RS < PS (as RS is the shortest side) 
=> Z4>Z1 (2) 
Adding Eqs. (1) and (2) 
23+ ZA» 21+ 22 
=> ZR>ZP 
(ii) In APOS, PO > PS (As PQ is the longest side) 
5:065 07 (3) 
In AQRS, OR > RS (As RS is the shortest side) 
= /5> /8 (4) 
Adding Eqs. (3) and (4) we get 725+ 76» 27+ /8 
= LS > КО. 


Example 23 /n quadrilateral PORS, diagonals intersect at O. Show that 
(1) PO + QR + RS + SP > PR + QS 
(ii) PO + ОК + RS + SP <2 (PR + QS) 


Solution: 


Proof: Since the sum of any two sides of a triangle is greater than the third side 
(i) ~. In APOR, PO + QR > PR 

In AQRS, QR + RS > OS 

In APRS, RS + SP > PR 

In APSQ, PS + РО > QS 

Adding all four we get, 2(PQ + QR + RS + SP) > 2(PR + QS) 

=> POQ +QR+ RS + SP > PR+ QS 
(ii) In AOPQ, OP + OQ» PO 

In AORO, OQ + OR» RO 

In AORS, OR + OS» RS 

In AOPS, OS + OP» PS 

Adding all the above four inequality we get, 

2(OP + OR + OQ + OS) > PO + QR + RS + SP 


=> 2(PR+ QS) > PQ + QR4 RS + SP. 
or PO + QR + RS + SP < 2(PR+ QS) 
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Example 24 In AABC, AD L BC if DC > DB prove that AC > AB. 
Construction: Take a point E on DC such that DB = DE. Join AE. 
Proof: since in ЛАВЕ, AB = AE 


Ales? 

Now 22+ 23 = 180° (Linear pair) 
Also Z1+ 24 «180? 

= 21+ Z4< 224+ 23 

>Z4< 23 (^ Z1= 22) 


In AAEC, AC > AE 
= AC > AB (As AE = АВ). 
Example 25 O is any point in the interior of ZABC. Prove that 


(i) AB4 AC» OB + OC 
(ii) AB + BC+ CA» OA + OB + ОС 


1 
(iii) ОА+ОВ+ОС> > (АВ+ВС+ СА) 


Solution: A 
Constructions: Produce BO to cut AC at T. 


Proof: In ZABT, since sum of any two sides is greater than the third side 


а 
(i) -. AB- AT > BT 
= AB+ АТ > BO+OT (1) 
In AOTC, 
OT+TC>OC (2) B [e 
Adding Eqs. (1) and (2), AB+ AT - OT TC > BO- OT OC 
=> ÁB + AC > OB + OC 
Gi) Join OA A 
Since AB + AC > OB + OC (3) 
Similarly АВ + BC > OA- OC (4) 
AC+BC>OA+OB (5) 
Adding Eqs. (3), (4) and (5) we get, 2(4B + BC + AC) > 2(0A+OB+OC) 
=> AB + BC + CA» OA + ОВ + OC 
(iii) Since in AOBC, OB + OC > BC (6) B C 
Also in AOAC, OC - OA» AC (7) 
Апа ш AOAB, ОА+ OB > AB (8) 


Adding Eqs. (6), (7) and (8), we get 2004+ OB + OC) > (AB + BC + AC) 


Note: (iii) is also true if O is any point in the plane of AABC but not (i). 


Example 26 Prove that any two sides of a triangle are together greater than twice the 
median drawn to the third side. 


Solution: 
Given: In AABC, AD is a median 
To prove: AB + AC > 24D 
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A Construction: Produce AD to E such that AD = DE, join CE. 
Proof: In AADB and AEDC 
AD = ED (Construction) 
Z ADB = Z EDC (VOA) 
And BD = CD (Given) 
R DY Fa -. By SAS Congruency, AADB = AEDC 
\ i -. AB = EC 
P: In AACE, 
i3 AC+CE > AE 
Us = AC + AB» AD + DE (As CE = AB) 
= АС+ АВ> 2Ар (Аѕ РЕ = АР) 
Example 27 Jn AABC, If AD, BE, CF are the medians than prove that 
SUB BC СА) < AD + BE + CF < АВ + ВС + СА 
А Solution: 
Since by previous question 
Е Е АВ+АС>2Ар (1) 
Similarly 
AB+ BC > 2BE (2) 
2 5 ` AC + BC > 2CF (3) 


Adding Eqs. (1), (2) and (3), we get 
2(AB + BC+ CA) > Z(AD + ВЕ + CF) 
=> AÁB + BC + CA > AD + BE + CF 


Or 40 + BE + CF < AB + BC + СА 


Also in AGBC, 

GB+GC > BC (4) 
Similarly, GC + GA > AC (5) 
And GA + GB > AB (6) 


Adding Eqs. (4), (5) and (6), we get 
2(GA + GB + GC) > AB + BC + CA 
2 2 2 
> (3 AD+ 5 BE+ д cr > АВ+ ВС +СА (As G being centroid of the triangle 
divides median in 2 : 1 ratio, See proof of it on pp. 8.27-8.28) 


> AD+ BE « CF > =(AB+ BC +CA) 
3 
Thus о E BE <а+Ь+с. 


Example 28 Let ABC be an equilateral triangle. Let E be the mid-point of the segment 
AD, which is drawn through A to meet the side BC at D. Show that AE < CE. 


Solution: 


B 


Given: AABC is equilateral, ZA = ZB = ZC = 60°; АЕ = ED 


To 


prove: AE « CE or AE - ED« EC or ED« EC 


Proof: ZB < 0 < m — ZC —60?x0«180?—60? 2120? 


2-48 <ф<С = 39 <H 60° >$<0 > ED < ЕС 


> AE < EC (As ED = AE) 


Hence proved. 


Build-up Your Understanding 3 


1 


2. 


3. 


. Find the number of triangles with integral side lengths such that second largest 

side is 4 and only one side being largest. 

Let each side of the triangle is a prime number and divisor of 2001. Find the num- 

ber of such triangles. 

Find the number of isosceles triangles with integral side lengths and having pe- 

rimeter 144 and only one side being largest. 

. Ifa, b, c be the sides of a triangle prove that Уа , Nb, and Ve will also represents 
sides of a triangle. 

. Finda point P, inside a convex quadrilateral ABCD, such that PA + PB + PC + PD 
is minimum. 

. Prove that in a convex quadrilateral ABCD, 
max(AB + CD, AD + ВС} < AC+ BD < AB + BC +CD + DA. 


Also prove that, if AB + BD < AC + CD, then AB < AC. 


. A line / is given in a plane and two points 4 and B are also in the same plane. 
Find P on the line such that AP + PB is minimum. Give your answer in two cases 
separately A, B on same side of the line or on opposite side of the line. 

. A line / is given in a plane and two points А and В are also in the same plane 
such that AB not perpendicular to line /. Find P on the line such that |AP — PB| is 
minimum. Give your answer in two cases separately A, B on same side of the line 
or opposite side of the line. 


. A line /15 given in a plane and two points А and В are also in the same plane such 


that A and B are not at same distance from the line /. Find P on the line such that 
[АР — PB| is maximum. Give your answer in two cases separately А, B on same 
side of the line or opposite side of the line. 
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Village В 
Se ee 
e 
Village A 


Evangelista Torricelli 


15 Oct 1608-25 Oct 1647 
Nationality: Italian 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 
20. 


21. 


22. 


Two villages A and B lie opposite side of a river whose banks are parallel lines. 
A bridge is to be built over the river, perpendicular to the bank. Where the bridge 
should be built so that the path from one village to other is as short as possible. 
In an acute angle there is a fixed point A, locate points B and C, one on each arm 
of the angle such that perimeter of the AABC be minimum. 

In the preceding problem if angle is 90°, then prove that perimeter of the A4BC is 
always greater than twice the distance of A from the vertex of the right angle. 

A line Z is given in 3-D space and A and B are two fixed points in 3-D space. Find 
P on the line such that AP + PB is minimum. 

An ant sits on one vertex of a solid cube. Find the shortest path on the surface to 
reach opposite vertex. 

An ant sits on the outside surface of a cylindrical drinking glass. There is a honey 
drop at some point on inside surface ofthe glass. Find the shortest possible length 
the ant must crawl to reach the point of honey drop. 

An ant sits on the circumference of a right circular cone. Without changing its 
sense of motion about the axis of cone, it completes one round trip and reaches 
the starting point. Find the shortest possible path. The semi vertical angle of cone 
is less than 30°. Also discuss the case if semi vertical angle is more than 30°. 

An ant sits at P, on the circumference of a right circular cone of semi-vertical 


: 1 ; "E f 
angle such that 0 < sin™! B Without changing its sense of motion about the 


axis of cone, it completes one round trip and reaches on the line OP where “О” is 
the vertex of the cone. Find the shortest possible path. 
P is a point inside the acute angle triangle ABC, prove that 


min(PA, PB, PC] - PA+ PB * PC < АВ + BC + CA 


Let P be inside or on the triangle. Locate P such that РА + PB + PC is maximum. 
In a AABC with all angles smaller than 120°, locate a point P such that 
PA + PB + PC is minimum. 


Note: The point P is called Torricelli's (or Fermat's) Point. 


Let ABCD and PORS be two convex quadrilaterals whose corresponding sides 
are equal. Prove that if ZA > ZP, then ZB < ZO, ZC > ZR, and ZD < ZS. 

The lengths ofthe sides of a quadrilateral are positive integers. The length of each 
side divides the sum of the lengths of other three sides. Prove that two of the sides 
have the same length. 


8.4 RATIO AND PROPORTION THEOREM (OR AREA LEMMA) 


If D is any point on the side BC of a triangle ABC then [ABD] : [ADC] = Вр : DC. 
Here [XYZ] denotes area of AXYZ. 
Construction: Draw AE L BC 


5x BD» AE 


‚ Гавр] вр 
" [АВС] рс 


Corollary: Let AABC be a triangle, D є BC (internally or externally) and P € AD. 
DP |BCP| 


Then = : 
DA [B CA] 


In other words, common base of two triangles, divides the line joining their third ver- 
tex, in the ratio of their areas. 


Example 29 ABCD is any quadrilateral. Diagonals AC and BD intersects at M. Prove 
that [AMD] x [BMC] = [DMC] x [AMB]. 


Solution: By Ratio proportion theorem 


[AMD] DM d 

[AMB] MB 

Айы m d Q) 
[4MC] MB 


Equating Eqs. (1) and (2) 

[AMD] [DMC] 

[AMB] [BMC] 

— [AMD] x [BMC] = [AMB] x [DMC]. 


Example 30 D, E, F are points on the sides BC, CA, AB respectively of AABC, such 
that AD, BE, CF are concurrent at P show that 

PD PE PF 

—— + 4——=]1 

AD BE CF 

AP BP CP 

—_4+—_+4+—_=2 

AD BE CF 

AP AF АЕ 


й) — = + 
PD ЕВ EC 


(1) 


(i) 


Solution: 


(i) Let [BPC] = A,, [APC] = A,, [APB] = ^, and [ABC] =A 


PD _ [BPD] |. PD [PDC] 

AD [BAD] AD [CAD] 

PD [BPD] [PDC] [BPD]-[PDC] [BPC] 
AD [BAD] [CAD] [BAD]+[CAD] [ABC] 
PD A; 

AD A 


In AABD, 


o 
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Аз nd PF Аз 


m PE 
Similarly = 
BE 


an 
A CF ^ 
PD РЕ PF A Аз Аз Atti A | 
AD BE CF A A A A A 
210 РЕВЕ 
АР BE CF 


AP _ [APB] [АРС] [APB]-[APC] 
AD [ADB] [ADC] [ADB]+[ADC] 
_, AP _[APB]+[APC] _ A +A, 


(ii) Now, 


AD [ABC] A 
- ВР A+A; СР A,+A, 
Similarly = = an = 
A CF A 


AP BP СР _Ау+А; Mt A+A _ (AtA + Ag) _ 


AD BE CF A ^ ^ ^ 
AP ВР CP 

AD BE CF 

AP [APB] [АРС] lAPBl«[A4PC] 

PD [BPD] [PDC] [BPD]+[PDC] 

AP _[АРВ]+[АРС] [APB] [АРС] 


(11) Since 


PD [BPC] [BPC] [BPC] 
АРА Ay 
uu A А 
Непгїсиз Hubertus AE [ABE] [АРЕ] [ABE]-[APE] [APB] A; 
van Aubel Also = = = = = 


EC [CBE] [CPE] [CBE]-[CPE] [CBP] A, 
AF [Arc] [AFP] [AFC]-[AFP] [APC] ^; 


Similarly FB [BFC] [BFP] [BFC]-[BFP] [BPC] A, 


Аз ‚А; ЛЕ, AF 


A, A EC FB 


= = 7 cud F E 1) and (2 

ЭБ” ЕС єр (From Eas. (1) and (2)) 

20 Nov 1830-3 Feb 1906 Note: Result (iii) is known as van Aubel’s theorem. 
Nationality: Belgian 


=2 


(1) 


(2) 


Build-up Your Understanding 4 


Лапа u, the ratio AF : FD. 


CEF 
on AC produced. DF intersects BC at E. Compute ——— a 
[DBE] 


1. Let ABC be a triangle and D, E are points on the segment BC, CA respectively, 
such that AE = AAC and BD = ИВС. Let AD, BE intersects at F. Find, in terms of 


2. In AABC, AB = AC = 115, AD = 38, and CF = 77 where D lies on AB and F lies 


3. As shown in the figure, triangle ABC is divided into six smaller triangles by lines 
drawn from the vertices through a common interior point. The areas of these tri- 


angles are as indicated. Find the area of the triangle ABC. [AIME, 1985] 


10. 


11. 


12. 


13. 


. In AABC, E, F, G are points on AB, BC, CA respectively such that AE : EB = BF: 


FC-CG:GA-1:3. К, L, M аге the intersection points of the lines AF and СЕ, 
BG and AF, CE and BG, respectively. Suppose the area of A4BC is 1; find the area 
of AKLM. 


. Suppose P, Q are two points on the same side of the line AB. R is a point on the 


segment РО such that PR = APQ. Prove that [ABR] = (1 — A) [ABP] + ДАВО]. 


. In rectangle ABCD, G and H are trisection points of AD, and E and F are trisec- 


tion points of BC. If AB = 360 and BC = 450, compute the area of PORS. 


. Let D, E, F be points on the sides BC, CA, AB respectively such that 


= “з ” Prove that if AD, BE, and CF are joined, then they will 
DC EA FB n 


form a triangle by their intersections, whose area is to that of the triangle ABC as 


(m-n? = т? +mn+n’. 


. In the figure ABCD is a convex quadrilateral. AC and BD intersect at E. P, О 


are the mid-points of AC and BD respectively. Given that AE = AAC and BE = 
UBD. 

(i) Find the ratios AR : RD and BS : SC (in terms of A and и). 

(11) Suppose the area of ABCD is 1. What is the area of ABSR? 


. Given non-collinear points A, B, C, segment BA is trisected by points D and E, 


and F is the mid-point of segment AC. DF and BF intersect CE at G and H, 
respectively. If [EDG] = 18, compute [FGH]. 
In the figure there is a convex quadrilateral ABCD. The lines DA and CB intersect 
at К, the lines AB and DC intersect at L, the lines AC and KL intersect at G, the 
lines DB and KL intersect at F. Prove that LO sm 
FL GL 

A given convex pentagon ABCDE has the property that the area of each of the 
five triangles ABC, BCD, CDE, DEA, and EAB is unity. Show that all pentagons 
with the above property have same area, and calculate the area. Show, further that 
there are infinitely many non-congruent pentagons having the above property. 

[USA MO, 1972] 
Given a convex quadrilateral ABCD. Let Р, Р, be the trisection points of the seg- 
ment AB and Q,, Q, be the trisection points of the segment CD as shown in the 


[РОО] ! 

figure. Prove that [ABCD] =" 

In the adjacent figure, we trisect BC, DA by the points R,, R5, Si, 5,. Prove that 
[KLMN] 1 
[ABCD] 9 

In trapezoid ABCD with bases AB and CD, АВ = 14 and CD = 6. Points E and F 
lie on AB, such that AD || CE and BC || DF. Segments DF and CE intersect at G, 

[CGH] 


[ABCD] 


and AG intersects BC at H. Compute 
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14. Let P be an interior point of the triangle ABC and extend lines from the vertices 
through P to the opposite side. Let a, b, c and d denote the lengths of segments 
indicated in the figure. Find the product abc if a + b + c = 43 and d = 3. 

[AIME, 1988] 

15. Let P be an interior point of AABC. Let BP, CP meet AC, AB in E and F respec- 
tively. If [BPF] = 4, [BPC] = 8 and [CPE] = 1, find [AFPE]. 

16. If S is the circumcentre of AABC, AS meets BC at M, BS meets CA at N and CS 


1 1 1 2 . | А 
meets AB at Р, prove that, + + = —, where А is the circumradius of 
AM BN CP R 


the triangle. 
17. P is in the interior of AABC. The lines AP, BP, CP meet the opposite sides BC, 
CA, AB in D, E, and F respectively. 
(i) Prove that, a + BE + a > 6. 
PD PE PF 
(ii) When does the equality hold? 


8.5 MID-POINT THEOREM 


The line segment joining ће mid-points of any two sides of a triangle is parallel to the 
third side and is equal to half of it. 


Given: In AABC, D, E are the mid-points of AB and AC respectively 
1 
To prove: DE || BC and DE = aoe 


Construction: Produce DE to F such that DE = EF Join CF. 
Proof: In AAED and ACEF, 
AE=CE (Given) 
Z1=22 (VOA) 
ED=EF (Construction) 
-. By SAS congruence AAED = ACEF 
7 Ар = CF 
but AD = Вр 
- ВЮ = СЕ 
Also 23 = Z4 (CPCT) 
— AB || CF 
In quadrilateral BDFC, 
BD=CF and BD || CF 
Since in a quadrilateral if one pair of opposite side is equal and parallel then it is a 
parallelogram. 
-. BCFD is a parallelogram 
-. DF = BC and DF | BC 
-. DE + EF = BC and DE || BC 
=> 2DE= BC 


І 
= DE = = ВС, рЕ| BC. 


8.5.1 Converse of Mid-point Theorem 


The line drawn through the mid-point of one side of a triangle parallel to another side, 
bisects the third side. 
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Given: In AABC, D is mid-point of AB. DE || BC 
To prove: AE = EC 
Construction: Draw CF || BA 
Which cuts DE produced at F. 
Proof: Since DF || BC and BD || CF 
-. BDFC is a parallelogram 
BD=CF 

But BD=AD 

7 AD = СЕ 


In AEAD and AECF 
Z1=22 (VOA) 
Z3 = 24 (Alternate interior angles) 
AD = СЕ 
-. By AAS congruence AEAD = ЛЕСЕ 
AE = СЕ (СРСТ) 
Hence proved. 
Also DE = FE (CPCT) 
As DF = BC 
=> DE + EF = BC 
=> 2DE = ВС 


= DE = ВС. 


Example 31 Prove that in a triangle all the medians are concurrent and their point of 
intersection, i.e., centroid divides the median in the ratio 2:1. A 


Solution: A> Е 

Given: In AABC F 

Let BE, CF are the medians and let they intersect at G. Join AG and produce it to cut POY 
BC at D. 

To prove: (i) BD = DC B C 


„ AG 2 BG СС 
0) GD 1 GE GF 
Construction: Produce AD to K such that AG = GK. K 
Proof: In AABK, 
F, G are the mid-points of AB and AK respectively. 
-. By mid-point theorem, 


FG || BK and FG => ВК (1) 
= GC || BK 
In A4KC, 


G, E are the mid-points of AK and AC respectively. 
-. By mid-point theorem, 


1 
СЕ | КС, СЕ = „КС (2) 


= BG || КС 

Since in a quadrilateral BGCK 
BG || KC and GC | BK 

-. BGCK is a parallelogram. 


8.28 Chapter 8 


A 
F E 
B D C 
A 
Е D 
B С 


And in a parallelogram diagonals bisects each other 
-. BD = DC and hence AD is a median 

Also GD = DK- x 

- AG=GK=GD+ DK = 2х 


AG 2x 2 
GD x 1 
Also GE =—KC=~BG 
BG 2 
E 1 


1 1 
And GF = о = nd 


ca 2 
GF 1. 
Note: In AABC, the mid-points of the sides BC, CA and AB are D, E and F respec- 


tively. The lines AD, BE and CF are called medians of the triangle ABC, the points of 
concurrency of three medians is called centroid and usually denoted by G. 


2 2 
AG = Pag ; BG= 2 BE ; CG= chal median of a triangle divides the triangle 


into two parts of equal areas 
In adjacent diagram, area of all six triangles are equal, i.e., 


[BGD] =[CGD]= [CGE] =[AGE]=[AFG] =[BFG] = =[48С] 


Example 32 Prove that the mid-point of the hypotenuse of a right angled triangle is 
equidistant from all its vertices. 


Solution: Given In AABC, ZB = 90°, AD= DC 


1 
To prove: BD = 20e 


Construction: Draw DE || CB 


Proof: In AABC, D is a mid-point of AC and DE || CB 
-. By converse of mid-point theorem Е is a mid-point of AB, i.e., AE = EB 
also ZE = 90° ~. DEL AB 
In AAED and ABED 
AE = BE (Proved above) 
ZAED = ZBED = 90° 
ED=ED (Common) 
-.By SAS congruence AAED = ABED 
- AD = BD 
but AD = CD 


BD = AD - CD - АС. 
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Example 33 Prove that the line segment joining the mid-points of the diagonals of a 
trapezium is parallel to each of the parallel sides and is equal to half the difference of 
these sides. 


Solution: Given In trapezium ABCD, AB || CD, P and Q are the mid-points of diagonal 
AC and BD respectively 


To prove: РО || AB || DC and PQ = PUB - DC) 


Construction: Join DP and produce it to cut AB at R. 
Proof: In ACPD and AAPR 


Z1=22 (Alternate interior angles) 
CP = AP (As P is the mid-point of AC) 
&3 = 24 (VOA) 


-. By ASA congruence ACPD = AAPR 

-. CD = AR and DP = RP 

In ADRB 

P and Q are the mid-points of DR and DB respectively 


РО || RB and PQ - КВ 
1 
= PQ||4B || DC and PQ = —(АВ- AR) (As RB- AB - AR) 


= РО= ZUB -CD). (As AR =СР) 


Example 34 In the figure BE 1 АС. AD is any line from A to BC intersecting BE in H. 
P О and Rare respectively the mid-points of AH, AB and BC. Prove that ZPQR = 90°. 


Solution: 


Given: In AABC, BE L AC. О, R are the mid-points of AB, BC respectively AD is any 
line which cuts BE at H. P is a mid-point of AH. 


To prove: ZPQR = 90° 
Construction: Join ОЁ which cuts BE at К 


Proof: Since In AABC, Q, R are the mid-points of AB, BC respectively. 
7. By mid-point theorem QR || AC, 
also, ZBEC = 90? 
- ZBKR = 90° = ZHKR 
In AABH, Q and P are the mid-points of AB and AH respectively 
-. By mid-point theorem Thales of Miletus 
QP || BH | 
2. ZPOR = ZHKR = 90° (Corresponding angles) 
POLOR. 


8.6 Basic PROPORTIONALITY THEOREM (THALES' THEOREM) 


If a line is drawn parallel to one side of a triangle intersecting the other two sides, at 


distinct points, then it divides the other two sides in the same ratio. 
P C. 624 Bc-c. 546 вс 


Given: In AABC, DE || BC Nationality: Greek 


AD AE 
To prove: — = — 
DB EC 
Construction: Draw EF L AD, and DG L AE. Join BE and CD 
[ADE] _ AD т 
` [BDE] DB 
[AED] AE 
Also ——— = == (2) 
[CED] EC 
Since DE || BC 
-. Triangles having same base and between the same parallel are equal in area 
-~ [BDE] = [CED] 
[ADE] [ADE] 
[BDE] [CDE] 


Proof: 


(3) 


Hem mati у т 
rom S. an: we ge 
3 8" DB ЕС 


Corollary: If in a triangle ABC, DE || BC intersects AB in D and AC in Е, then 
AB AC AB AC 


(i) "AD AE (ii) DB EC 


Si = LE by BPT 
(i) Since DB EC (by ) 
DB EC 
AD AE 
DB EC 

=> 14+—=1+—_ 

AD AE 
Ар+ РВ _ АЕ+ЕС 

АР АЕ 
AB _ AC 


AD AE 


AD _ АЕ 
DB EC 
Adding 1 to both sides 


(п) Again using —— 


DB. EC. 
AD*DB | AE« EC 
DB EC 
AB _ AC 

DB EC 


Note: In AABC, if DE || BC, we have 


. AD AE DB EC .. AB АС 
В @ e @ D r 
DB EC AD AE AD AE 


: AD AE AB _ AC . DB _ ЕС 
(iv) == м) — (vi) = 
AB AC DB _ EC AB САС 
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8.6.1 Converse of Basic Proportionality Theorem 


Ifa line divides any two sides of a triangle in the same ratio then the line must be paral- 
lel to the third side. 
Given: In AABC 
ар _ AE 
DB EC 
To prove: DE || BC 
Proof: Let if possible 
DE || BC 
Let DF || BC 
Then by BPT in AABC 
AD _ AF 
DB FC 
-. From Eqs. (1) and (2) 
АЕ AF 
EC FC 
Adding 1 to both sides 
AE AF 
——+1=—+ 
ЕС FC 
AE+EC | AF* FC 
EC EG 
4С AC 
EC FC 
B eta => ЕС = ВС 
ЕС ЕС 
This is possible only if E апа F coincides and thus DE || BC. 


(1) 


Q) 


1 1 


Example 35 7n a triangle ABC, points D and E respectively divide the sides ВС 


and CA in the ratio É =m, and = =n. The segments AD and BE intersect in a 


point X. Find the ratio ——. 
XD 


Solution: 
BD AE 
Given: In A4BC, — =; — == and AD, BE intersect at X. 
DC 1°EC 1 
AX 
To find: —. 
XD 


Construction: Draw DF || BE. 


Proof: Since DF || BE. 
In ACEB 


EF BD m 
2. By BPT, — = — = — 
FC DC 1 
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EF _ m 
EC m«l 
In AADF, EX | FD 
2. By BPT 
AX AE АЕ EC m (ml) 
XD EF EC EF | m 


AX  n(m-l) 
XD m ` 
AE 
Note: a e or EC. 
XD EC BD BD 
BC 


Example 36 On the sides BC, CA, AB of AABC, points D, E, F are taken in such a way 
BD CE AF 2 
DC EA FB 1 


. Show that the area of the triangle determined by the lines 


1 
AD, BE, CF is 7 th of area of AABC. 


Solution: 

Given: In AABC, 
BD CE AF 2 
DC EA FB 1 


1 
А То ргоуе: Кре e 
Е By previous question 
AE 1 
F AX EC 2 1,3 3 
XD BD 2 2 2 4 
C D B BC 3 
с. 
AD 7 
[ABD] BD 2 
Also, —— = — => 
[4BC] BC 3 


[4BD]- SLABC] 


[ABX] AX 3 
Now = —— = — 
[ABD] Ар 7 


3 3 2 
[ABX]- -[4BD]- =х = [ABC] 
[ABX]= =[4BC] 


2 
Similarly [BCZ] = =[ ABC] 


[ACY] = =[4BC] 


Thus [XYZ] = [ABC] - (АВХ] + [BCZ] + [ACY] 


Aliter: See alternate of it in example 82 on Page 8.84. 


Example 37 /n AABC, BM and CN are perpendiculars from B and C respectively on 
any line passing through A. If L is the mid-point of BC prove that ML = NL. 


Solution: 


Given: AABC, XAY is any line passes through А. BM L XY and CN 1 XY. And 
BL = CL, Lis mid-point of BC. 


To prove: LM = LN 
Construction: Draw LK L XAY 


Proof: Since perpendiculars drawn on the same line are parallel to each other 


7 BM || LK || CN 
Also by proportional intercept property 

BL MK 

LC KN 

l= ME [- BL-LC] 

KN 

= МК = KN 

In AMKL and ANKL 
MK = NK 

ZMKL = ZNKL = 90° 
KL= KL (Common) 
-. By SAS congruence, AMKL = ANKL 

=> LM = LN. (CPCT) 


Example 38 /nscribe a square in a given triangle, so that, one side of the square may 
lie along a side of the triangle and the other two vertices lie on the other two sides (one 
in each) of the triangle. Justify your construction. 


Solution: Let ABC be the triangle in which a square is to be inscribed as desired. 
Construct a square BCDE on the opposite side of ZA. 
Join AE and AD to cut BC at P and Q respectively. 
Erect perpendiculars at P and Q to cut AB at S and AC at R, join SR. 
Then PQRS is the square inscribed in AABC as desired. 


Proof: PORS is a right angled trapezium (or right trapezoid) by construction and by 
application of Thales’ Theorem we will show that PO = PS = QR to prove PORS is а 
square. 
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o 
r- 
2) 
| 


Consider A AED, where РО || ED. 


AP РО 
T an (1) 
AE ED 
AP 
PQ- |22), (As РО = a) (2) 
Consider AAEB, where PS || BE. 
Huit 
BE AE 
=> PS= BE BE- 28 а (3) 
АЕ АЕ 
Consider AACD, where QR || CD. 
QR AQ AP 
H — = ——— = ——— 
еге CD AD ЯЕ (From Eq. (1)) 
AP 
=> RỌQ=| — |а 4 
a-(4") o 


From Eqs. (2), (3) and (4), we see PO = PS = RO = PORS is a square. 


Example 39 L is a point on the side QR of APOR. LM, LN are drawn parallel to PR 
and OP meeting ОР PR at M and N respectively. MN produced meets QR produced in 
T. Prove that LT is the geometric mean between RT and QT. 


Solution: 
In AMLT, NR || ML 
TR TN 
7—— = —— (ВРТ 1 
a, (BPT) (1) 
In ATOM, 
IL TIN BPT) Q) 
TO TM 
TR TL 
B ting Eqs. (1) and (2 t =— => TD-TR.T 
y equating Eqs. (1) and (2) we ge TL TO Q 


That is, TL is the geometric mean between TR and ТО. 


Example 40 ABCD is a rectangle, E is the mid-point of AD. F is the mid-point of EC. 
[ABCD] = 120 ст”; find [BDF]. 


Solution: 


Construction: Draw perpendicular from F to CD and BC to meet them at G and H 
respectively. 

Let the sides of the rectangle have lengths 2a and b. Now [ABCD] = 120 

That is, (2a) · (b) = 120 = ab = 60 (1) 
Because of Thales theorem, FG || ED in ACED and F being the midpoint of CE, G will 


b 
be the midpoint of DC; also CG = GD = 2 
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Now [BDF] =[BDC]-[DFC]-[FBC] 


60 P dst Lad 
2 2 2 2 


^ [BDF] = 60 t di Lan 60 5000 15 cm?. 
4 2 4 2 


8.6.2 Internal Angle Bisector Theorem 
The internal bisector of an angle of a triangle divides the opposite side internally in the 
ratio of the sides containing the angle 
Given: In AABC, AD bisects ZBAC 
To prove: = = ee 
AC DC 
Construction: Draw CE || DA which cuts BA produced at Е. 
Proof: Since AD || EC 


<. Z1=2Z4 (Corresponding angles) 
12 = 23 (Alternate interior angles) 
But 41 = 22 (Given) 


= 23 = Z4 > АС= AE 
In ABCE, AD || EC, 
-. By BPT 
m m 
AE DC 

AB BD 
———2——,. 

AC DC 


(As AE = AC) 


Aliter: 


Construction: Draw BM L AD 
CN 1 AD (AD produced) 
In AAMB and AANC 
Z1=22 (Given) 
ZAMB = ZANC = 90° 
-. By AA similarity 
AAMB ~ AANC 

. AB BM 

` AC CN 
In AMDB and ANDC 
Z3- Z4 (VOA) 
ZDMB = ZDNC = 90° 
-. By AA similarity 
AMDB ~ ANDC 

. BM BD 

© CN CD 


(1) 


Q) 
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BS 


С 


-. From Eqs. (1) and (2) 


ав _ BD 
AC DC 
: : [ABD] AB 
Note: In AABC, if AD is the bisector of ZA, then =—. 
[ACD] AC 


8.6.3 Converse of Internal Angle Bisector Theorem 


Ifa line through one vertex of a triangle divides the opposite sides in the ratio of other 


two sides, then the line bisects the angle at the vertex. 
AB BD 

Given: In ЛАВС, — = — 
AC DC 


To prove: AD bisects ZA 
Construction: Produce BA to Е such that AE = АС. Join EC. 


Proof: Since AE = AC 
S34 
AB BD 


Since — = — 
AC DC 


AB | BD 

AE DC 
7. By converse of ВРТ, In ABCE, we have AD || EC 
<. ZL= 24 (Corresponding angles) 
LZ2= 23 (Alternate interior angles) 
But Z3 = Z4 
—ZlzZ2. 
Hence AD bisects the angle ZA. 


(As AC = AE) 


8.6.4 External Bisector Theorem 


The external bisector of an angle of a triangle divides the opposite side externally in 
the ratio of the sides containing the angle. 
Given: In AABC, in which AD is the bisector of the exterior angle ZA and intersects 
BC produced in D. 

BD AB 
To prove: — = —. 

CD AC 


Construction: Draw CE || DA, meeting AB in E. 
Proof: Since AD bisects ZCAX 


wb cu 

also, AD || EC 

43=21 (Alternate interior angles) 
Z4= 22 (Corresponding angles) 


Since Zl = Z2 > 23 = Z4 
AC = AE. 


In ABAD, CE || DA 
-. By BPT 
a 
AE DC 
AB BD 
LI. (As AE = AC) 
AC DC 


Note: This result is not true for isosceles triangle because in that case exterior angle 
bisector is parallel to the base. 


8.6.5 Converse of External Angle Bisector Theorem 


If a line through one vertex of a triangle divides the opposite sides externally in the 
ratio of other two sides, then the line bisects the external angle at the vertex. 
Prove of the theorem is left as an exercise. 


Example 41 ABCD is a quadrilateral in which AB — AD. The bisector of ZBAC and 
ZCAD intersect the sides BC and CD at the points E and F respectively. Prove that 
EF || BD. 

Solution: 

Given: In quadrilateral ABCD, AB = AD, AE bisects ZBAC, AF bisects ZCAD 

To prove: EF || BD 

Construction: Join BD and EF 

Proof: In AABC, since AE bisects ZBAC 


So by internal angle bisector theorem 
BE _ АВ 
EC AC 
In AADC, AF bisects ZCAD 
-. By internal angle bisector theorem 
DF AD 
FC AC 


(1) 


DF АВ 
= (As 4р = АВ) (2) 
ЕС АС 


-. From Eqs. (1) and (2) 

BE DF 

EC FC 

-. By converse of BPT in ABCD 
ВР || EF. 


Example 42 /n a quadrilateral ABCD, if bisector of the ZABC and ZADC meet on the 
diagonal AC, prove that the bisector of ZBAD and ZBCD will meet on the diagonal 
BD. 
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D 
«T 


B 


Solution: 


Given: ABCD is a quadrilateral in which the bisectors of ZABC, ZADC meet on the 
diagonal AC at P. 


Construction: Let the bisector of ZBAD meet on the diagonal BD at Q. Join CQ. 
To prove: Bisectors ZBAD and ZBCD meet on the diagonal BD. Which is equivalent 
to prove that CQ bisects ZBCD. 


Proof: Since in A4BC, BP bisects ZABC 
B AP 


-. By internal angle bisector theorem, d = —— (1) 
ВС РС 
Similarly in AADC. ae ue (2) 
imilarly in 'DC PC 
Е Eqs. (1) апа (2) t =. 
-. From Eqs. (1) an , We ge BC DC 
AB BC 
"n^ ne G) 
AD DC 
In AABD, AQ bisects ZBAD 
AB B 
-. By internal angle bisector theorem —— = Bo (4) 
AD QD 
F Eqs. (3) and (4) t HE Le 
rom Eqs. (3) an , We ge OD CD 


-. By converse of internal angle bisector theorem, CQ bisects ZBCD. 


8.7 SiMILAR TRIANGLES 


Two triangles are similar if and only if 
1. their corresponding angles are equal 
2. their corresponding sides are proportional 
Note: If AABC and APQR are directly similar then 
AB BC AC 
ZA=ZP, ZB- ZQand ZC= ZR also, — = — = —. 
РО QR PR 


We have following criterion for similarity: 


8.7.1 SSS Similarity (Side Side Side Similarity) 


If in two triangles the sides of one triangle are proportional to those of the other then 
the corresponding angles of the two triangles are equal, i.e., in the figure on p. 8.49 
AB ВС АС 


(Similar Triangles) if PO QR PR then ZA = ZP; ZB = О and ZC= ZR. 


8.7.2 AAA Similarity (Angle Angle Angle Similarity) 


If in two triangle the angles of one triangle are equal to those of the other, then sides 
opposite to those angles are proportional. In the figure on p. 8.49 (Similar Triangles) 
if ZA = ZP; ZB= ZO; ZC=ZR 


AA similarity also sufficient for the triangle to be similar 


8.7.3 SAS Similarity (Side Angle Side Similarity) 


If in two triangles, one angle of one triangle is equal to one angle of the other triangle 
and the sides containing these angle are proportional, then two triangles are similar. 


AB AC 


In the the figure on p. 8.49 (Similar Triangles) if Z4 = ZP and PO Е PR 


AABC ~APOR. 


» then 


8.7.4 Area Ratio Theorem for Similar Triangles 


The ratio of the areas of two similar triangles are equal to the ratio of the squares of 

any two corresponding sides. 

Given: AABC ~ APOR 
AB ВС AC 

That is, —— =—— = —— (1) 
РО QR PR 

And КА = ZP ZB-ZQ, ZC- ZR 

[АВС] AB? BC? АС? 

[POR] PO? ОК? PR 


Construction: Draw AX L BC, PY L OR 


І 
e 59. сш (45) 
Proof: LPOR] INS OR) \ PY (2) 
2 


To prove: 


In AABX and APQY 
ZABX = ZPQY 
ZAXB = ZPYQ = 90° 
-. By AA similarity 
AABX ~ APQY 
‚ AB AX 
А РО В. 
-. From Eqs. (1), (2) and (3) 


[ABC] _( AB \( AB) AB? 
[POR] \PQ)\ PQ) РО? 
[ABC] AB? BC? АС? 


[POR] РО? ОК? PR 
Note: In AABC and APQR if AD, PM are the medians, AX, PY are the altitudes and 
AL, PK are the angle bisectors and A, and A, be their areas respectively then the fol- 
lowing results also hold true, if AABC ~ APOR. 
AB BC АС AX Ар AL AB+BC+CA_ JA, 
PQ QR PR PY PM PK PQ+QR+PR Ja, 


G) 


(Using Eq. (1)) 
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Example 43 Given a parallelogram OBCA, a straight line is constructed such that, it 
1 1 
cuts off 3 part of OB and 4 part of OA. Find the fraction of length this line cuts off 


from the diagonal OC. 


Solution: 
Construction: Extend the line to meet CB extended at G. 
AOFD ~ ACFG and AOED ~ ABEG 


CF CG CB+BG CB BG ОА BE 
E = = = + = + =4+2= 6 
OF OD OD OD OD OD OE 
OF 1 OF 1 
_ = = 
CF 6 OC 7 
Thus the line cuts OC at F in the ratio of OF : FC= 1: 6 


Thus 


1 
That is, 7 Part of OC. 


Example 44 Let A, B, C be an acute angled triangle in which, D, E, F are points on 
BC, CA, AB respectively, such that AD L BC, АЕ = EC, CF bisects ZC internally. Sup- 
pose CF meets AD and DE in M and N respectively. If FM = 2, MN= 1, NC = 3, show 
that the perimeter and area of this triangle are equal numerically. 


Solution: 
FN=FM+MN=2+1= 3 andNC=3 
^ FN = NC = Nis ће mid-point of CF. 
Also E is the mid-point of AC — NE || AF (By mid-point theorem) 


-. DE || AB 

* BD=DC (by converse of mid-point theorem) 

Thus AD is both altitude and median to BC 

-. AABC is isosceles > AB = AC (1) 

Also AD is the angle bisector of ZA 

2. ЛАМЕ ~ ADMN (АА) 
АМ FM 2 

"MD MN 1 

This proves that M is the centroid of AABC (as AD 1s median) 

Thus CF is both angle bisector and median to AABC 

i.e., AABC is isosceles > AC = BC. (2) 
- АВ = AC = BC (From Eqs. (1) and (2)) 
-. AABC is equilateral. 


Let the side of the equilateral triangle be ‘a’. 
CF, being the altitude, 


B 


CF=6 = 4-6 = a=43 


2. Perimeter = 3x 4/3 = 125/3 
Area = CS Jed -1245 
Thus area and perimeter are equal numerically. 


Example 45 Show that there is a unique triangle, whose side lengths are consecutive 
integers and one of whose angles is twice the other. 
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Solution: B 
Let ZB 22a ЄТЄ 
The bisector of ZB intersects AC at В', so that, CB’ = 28 and АВ' = us a E 
a+c a+c 
Now AABC ~ ABB'C 
5 BE АЕ. Wobei e C x4 bc zem 
B'C BC ate p ate 
That is, a? = ox a | ог а? = = 
a+c a+c 
ie., а(а+ с) = 02 (1) 
According to our assumption of ће angles, b > а holds. 
-. Either b=(a+1) or b=(a+2) (as a, b, c are consecutive) 
In the first case, i.e., Б = a 1 = = a(a 4 с) 
= (а+1)? = а(а+с), ie, à +2at1l=a tac 
> 2a+l=ac>a\|l>a=l1>c=3andb=2 
Which is impossible, thus b# а +1. 
Then, let b =a +2 then c =a + 1, now(a-2) = а(а+а+1) = 2а? +a 
=> а? -3а-4=0 
ла= -10г 4, butaz#-l (reject) 
ла = 4; thus b = 6 and c = 5. 
2. There is only one triangle satisfying the conditions of the problem, i.e., the tri- 
angle whose measures are 4, 5, and 6. 
Example 46 Ifa perpendicular AD is drawn from the right angled vertex A of a right 
angled triangle ABC to the hypotenuse BC then prove that triangles on both sides of 
the perpendicular are similar to the whole triangle and to each other. Also prove that 
ВА? = BD - BC, СА? = СР. CB and DA! = РВ. DC 
Given: In AABC, ZA = 90° and AD L BC 
To prove: (i) ABDA ~ ABAC, (ii) ACDA ~ ACAB and (iii) ABDA ~ AADC A 
Proof: 2| 3 
(i) In ABDA and ABAC 
ZDBA = ZABC (Common) 1 
ZBDA = ZBAC = 90° B D С 
-. By AA similarity 
ABDA ~ABAC 
BD LEN cu 00. ВЕ 
BA BC 
(ii) In ACDA and ACAB 
ZDCA = ZACB (Common) 
ZCDA = ZCAB = 90° 
-. By AA similarly 
ACDA ~ ACAB 
CD _ СА 
СА СВ 


-. CA = СР. СВ 
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e | 


> 


(ш) Since Z1 + Z2 = 90° 


Note: 


also Z2 Z3 = 90? 

Лв 02 = 12+ 23 

А 046, 

-. In ABDA and AADC 

Z1= 23 (Proved above) 
ZBDA = ZADC = 90° 

-. By AA similarity 


ABDA ~ AADC 
BD AD 
AD CD 
АГ? = ВР. CD. 


АВ? BD.BC BD 
AC? CD-CB CD. 


Build-up Your Understanding 5 


1. 


10. 


In the given figure, what is the ratio of the areas of the two shaded triangles? 


3 4 5 


. In the given figure, what is the ratio of the shaded area to the area of one of the 


five congruent triangles? 


. In AABC, BE and CF are the angular bisector of ZB and Z C meeting at /. Prove 


AF AC 
that — =— 
FI CI 
- ; ac ab 
. Ifthe bisector of ZA in AABC meets BC at D, prove that BD = Fae and DC= bes 
е с 


. Р is any point within AABC апа О is а point outside AABC such that ZCBQ = 


ZABP and ZBCQ = ZBAP. Show that the triangles PBQ and ABC are similar. 


. PM and PN are the perpendiculars from a point to two given straight line OA and 


PM 
OB. If PN is a constant, prove that the locus of P is a straight line through O. 


. From A perpendiculars AX, AY are drawn to the bisectors of the exterior angles of 


B and C of AABC. Prove that XY || ВС. 


. A straight line, perpendicular to АГ, is drawn through the incentre / of AABC, 


meeting AB, AC in D and Е respectively. Prove that BD. CE = iD 


. Prove that the feet of the four perpendiculars dropped from a vertex of a triangle 


upon the four bisectors of the other two angle are collinear. 

In triangle ABC, X and Y be the feet of perpendiculars from vertex A to the inter- 
nal angle bisector of 7B and ZC respectively. Line XY meets AB at P and AC at 
Q. If AB = 7 cm, BC = 8 cm and CA = 5 cm then find РО and XY. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


We are given a triangle with the following property: One of its angles is quadri- 
sected (divided into four equal angles) by the altitude, the angle bisector, and the 
median from that vertex. This property uniquely determines the triangle (up to 
scaling). Find the measure of the quadrisected angle. 

Show that the sum of the reciprocals of the internal bisectors of a triangle is 
greater than the sum of the reciprocals of the sides of the triangle. 

The internal bisector of the ZB of AABC meets the sides B'C' and В'А' of the 
medial triangle in the points A”, C" respectively. Prove that AA”, CC’ are perpen- 
dicular to the bisector of ZB and that B'A" = B'C". 

In AABC, D, E, F are points on the sides BC, CA, AB respectively. Also A, B, C 
are points on YZ, ZX, XY of AXYZ respectively for which EF || YZ, FD || ZX, DE || 
XY. Prove that area of [ABCP = [DEF] - [XYZ]. 

In AABC, find points X, Y, Z on AB, BC, CA such that AXYZ is a rhombus. Show 


that [AXYZ] < 3 [ABC]. 


Points O and H are the circumcentre and orthocentre of acute triangle ABC, re- 

spectively. The perpendicular bisector of segment AH meets sides AB and AC at 

D and E, respectively. Prove that ZDOA = ZEOA. 

Let A and B be two distinct point on the same side of a line / and let L and M 

be foot of perpendiculars to / from A and B respectively. Let AM and BL inter- 

sects each other at P and Q be the foot of perpendicular from P to /. Prove that 
1 1 1 

— =—_+—_. 

PQ AL BM 

Let ABC be a triangle. Construct two parallelograms BADE and BCFG on sides 

BA and BC, respectively. Suppose DE, FG produced meet at H. Show that the sum 

of the areas of the parallelograms is equal to the area of the parallelogram ACTI, 

with sides CZ, AJ equal and parallel to BH. 

Let M be the mid-point of the side AB of AABC. Let P be a point on AB, between 

A and M and Let MD be drawn parallel to PC and intersecting BC at D. If the ratio 


of [BPD] to [ABC] be x, show that, x = >, independent of ће position of P. 


The mid-point of the hypotenuse of a right angled triangle ABC, right angled at B 
is M. A line is drawn perpendicular to the hypotenuse through M, in such a way, 
that the portion of it lying inside the triangle is 3 cm long and outside the triangle, 
up to the other side is 9 cm. Find the length of the hypotenuse. 

P, Q, and R are arbitrary points on the sides BC, CA, and AB respectively of tri- 
angle ABC. Prove that the three circumcentres of triangles AOR, BRP, and СРО 
form a triangle similar to triangle ABC. [British MO, 1984] 
OB is the perpendicular bisector of the segment DE. A is a point on OB. AF L OB, 
meeting OD at F. EF intersects OB at C. Prove that, OC is the harmonic mean 
between OA and OB. 

The point P lies in the interior of AABC. A line is drawn through P, parallel to 
each side of a triangle. The line divides AB into three parts length (in that order); 
BC into three parts, length (in that order); CA into three parts length (in that 
order). Prove the following result: a b c = a'b'c' = a"b"c". 

Let the inscribed circle of triangle ABC touches side BC at D, side CA at E and side 
AB at F Let G be the foot of the perpendicular from D to ЕЕ Show that ге = 22. 
Find the angle х іп adjacent figure. 
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Baudhayana Sulbsütra 
(Compiled around 8th to 7th 
centuries BCE) 


TIARA WI: USI 
тїптїї я aa uen] ЧЧ 
Pedy PA il 


dirghachatursrasyáksanayá rajjuh 


parsvamGni,  tiryagmáni, cha 
yatprthagbhute ^— kurutastadub- 
hayGn karoti. 


A rope stretched along the 
length of the diagonal produces 
an area which the vertical and 
horizontal sides make together. 


The lines are referring to a 

rectangle, It states that the 

square of hypotenuse equals 

the sum of the squarer of sides! 
A 


B D C 


Pythagoras of Samos 


c. 570 BC-c. 495 BC 
Nationality: Greek 


A 
B C 

E 
T FRE x 
Q R 


8.8 BAUDHAYANA (PYTHAGORAS) THEOREM 


In a right angled triangle the square of the hypotenuse is equal to the sum of the 
squares of the other two sides 


Given: In A4BC, ZA = 90 
To prove: BC = АВ? + АС? 
Construction: Draw AD 1 BC 


Proof: In ABDA and ABAC 

ZDBA = ZABC 
ZBDA = ZBAC = 90° 
-. By AA similarity 
ABDA ~ ABAC 

BD BA 

BA BC 
= BA’ = BD - BC (1) 
In ACDA and ACAB 
ZDCA = ZACB 
ZCDA = ZCAB = 90° 
-. By AA similarity 
ACDA ~ ACAB 
CD _ СА 
CA CB 
= CA^ = СР. СВ (2) 
Adding Eqs. (1) and (2) 


(Common) 


(Common) 


ВА? + CA? = BD: ВС+ Ср. BC 
= BC- (BD + CD) 
= BC. BC 

АВ? + AC = ВС. 


Note: АВ? + DC = АС? + ВР? 


8.8.1 Converse of Baudhayana(or Pythagoras) Theorem 


In a triangle if square of the longest side is equal to the sum of the squares of other two 
sides then angle opposite to the longest side is a right angle. 


Given: In AABC, AC? = AB? + BC? 
To prove: ZABC = 90° 


Construction: Construct a right angle triangle POR right angled at O and PO = AB 
and OR = BC. 
Proof: Since in right angle triangle POR, ZO = 90° 
-. By Baudhayana (or Pythagoras) theorem, 
PR? = РО? + OR? 


But PO = AB and OR = BC 
- PR? = АВ? + ВС? (1) 
But it is given that 
АС? = AB’ + BC? (2) 
-.From Eqs. (1) and (2), 
РЕ? = AC? 
= РК = АС 
In AABC апа APOR 
AB = РО 
BC=OR 
АС= РК 
-. Ву SSS congruences 
ЛАВС = ЛРОК 
-. ZABC= ZPQR = 90° 
Some important result based on Baudhayana theorem: 


8.8.2 Acute Angled Triangle Theorem 
In AABC, if ZB < 90° and AD L BC, prove that AC? = AB? + BC? — 2BD - BC 


Proof: In AADC, by using Baudhayana (Pythagoras) theorem 
АС = AD? + DC’ 
= AD? + (BC Вр)? 
= AD? + BD’ + BC’ - 2BD -BC 
= AC’ = АВ? + BC? - 2BD - BC(As АГ? + BD? = AB’). 
Corollary: Let AC be the largest side and AC’ < AB? + BC? implies AABC is an acu- 
teangle triangle. 


8.8.3 Obtuse Angled Triangle Theorem 


AABC is an obtuse triangle, obtuse angled at B. If AD L CB, prove that AC? = АВ + 
BC’ +2BD - BC 


Proof: In AADC, by using Baudhayana (Pythagoras) theorem 
АС = AD? + DC? 
= АГ? + (DB + ВС)? 
= AD? + DB) + ВС? +2 Вр. BC 
= AC’ = АВ? + BC +2BD- BC (As AD? + DB’= АВ?) 


Corollary: In AABC, AC? > AB? + BC? implies AABC is an obtuseangle triangle. 
y 


8.8.4 Apollonius Theorem 


In any triangle, the sum of the squares of any two sides is equal to twice the square of 
half of the third side together with twice the square of the median which bisects the 
third side. 
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Apollonius of Perga 


262 BC-190 BC 
Nationality: Greek 
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Matthew Stewarts 


28 Jun 1717—23 Jan 1785 
Nationality: Scottish 


Given: In AABC, AD is a median. 


To prove: AB’ + AC? = 24D? + 2BD? 
Or AB? + AC? 2 24D? + ; 2C. 


Construction: Draw AM L BC 


Proof: InAADB, ZD < 90° 
-. By acute angled triangle theorem 


АВ? = AD? + BD? - 2DM - BD 
= AD? + BD? - DM- BC 


(1) 


(As 2BD = BC) 
In AADC, ZD > 90° 
-. By obtuse angled triangle theorem 
AC? = AD? + DC? + 2DM- DC 
- AC = AD? + BD? + РМ. BC (2) 


(As 2DC = BC and DC = BD) 
-. Eq. (1) + Eq. (2) gives, 


2 
B 
АВ? + АС? = 24D? + 2BD? = 24D? + (5 = 2AD? + 


1 
=> AB? + AC? =2AD? +5 BC. 


8.8.5 Stewart’s Theorem 


Let D be a point on side BC such that BD = m and DC = n and AD = d. Then 


a(d? + тп) = Ь2т+ с?п. 
Proof: WLOG (Without loss of generality) Let ZADB < ZADC 


= ZADB is acute and ZADC is obtuse. 
In AABD, by using acute angle theorem, we get 


АВ? = AD? + BD? -2BD- MD 

= с? =d? +m? -2mx 

In AADC, by using obtuse angle theorem, we get 

AC? = AD? + DC? +2DC -DM 

=> b =d? +n? +2nx 

-. From nx Eq. (1) + mx Eq. (2), we get, 

nc? + mb? = d?(m п) + mn? + т?п 

=> b?m+ с?п = d?(m п) + mn(m- n) = (d? + тп)(т+п) 


=> b*m+c?n=(d* + тп):а 


(1) 


Q) 
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Notes: 
1. A mnemonic of final result as ‘man + dad = bmb + cnc’ or ‘A man and his dad 
put a bomb in the sink’. 
2. Another version of Stewart’s theorem is as follows: 
Let AD be of length d dividing BC into segments BD and DC such that BD : DC 
=A: u. Then ДАС? + и АВ? = (A + u)AD? +ADC? + uBD?. 
Proof: 
To prove: ЛАС? + uAB? = (A+ u)AD? +A DC? + uBD?. A 
Now, AB? = BE? + AE? =(Ak-ED)* + AE? 
= UAB? = uA? K? + LED? -2uAKED + и AE? (1) 


Similarly AC? = (uk + ЕР)? + AE? 
= ААС? = Au! K + AED?  2uAKED + A AE? (2) 


From adding Eqs. (1) and (2), we get 
uAB? +A AC? = UBD? + ACD? + (u- A)ED? + (u+A)AE? 


= ААС? + ПАВ? = uBD? - ACD? +(А+ п)Ар? (As AE? + ЕР? = Ар?) 


aw 
m 
Xo 
O 


uk— 


3. If AD is a median then m =n = 5 and AD = m, 


В 2а ca z Îūĉa 
By applying Stewarts theorem we get 2 + =| m4 + a 


2 4 
1 

> b? +c? =2т + 2E (Apollonius theorem) 
Or length of the median 

2b? + 2c? - а? 1 
т? = eee => m, =—V2b? + 2c? – а? 

4 2 

Similarly, 


my = soe + 2а? - b? and m, = 22а? +202 –с?. 


b 
4. If AD is the angle bisector,then m = 7 п ‚ АР=ї 
C 


2 2 2 
By applying Stewarts theorem we get ша +© "e Pa Pe a 
b+c b+c 


abc(b+c) s. @ be 
> =| t4 + a 
(b+c) (bo cy 
a?bc 
(b cy 
a? bc 


(b cy 


"us iei) Jou 7 EES] 


> bc = 12 + 


>t =be- 
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Aliter 1: If AD is the angle bisector 
[ABD]+[ACD]=[ABC] 


> A а dns = sd 
2 2. 2 2 2 


1 . A 1 . A A 
=> —t, sin—(b+c) = — bc: 2 sin — cos — 
2 2 2 2 


2bc 
EE cos 
b+c 2 
A special case: If ZA = 120° then the length of angle bisector AD is 
t, = 4 Еа 
b+c b+c 


Aliter 2: If AD is the angle bisector of Z4 in AABC and cuts the circumcircle at Е. 
Then by using the result obtain in example 91 (on page 8.97), we get, 

AD? + BD- DC = AB- AC 

= AD? = AB- AC- BD. DC 


Spe- LL. ba 
b+c b+c 

E a?bc 

0 (becy 


2 
= aD? ae © J| 
b+c 


8.8.6 Lemma 


Let A, B, P, Q be four distinct points on a plane. Then AB L PQ if and only if PA? — РВ? 
= QA’ - OB’. 
Proof: First we will assume P4? — РВ? = OA? — OB? and we will prove AB 1 РО. 
Let foot of perpendicular from P and Q on AB be L and M respectively. Now we 
will prove L = M. 
By Baudhayana theorem we have 
РА? = PL’ + AD? and PB? = РІ? + ВІ? 
— РА? — PB? = AI? — BI? = (AL + BL) (AL — ВІ) = AB(AB — 2BL) (1) 
Similarly, ОА? – ОВ? = AB(AB — 2BM) (2) 
Now From Eqs. (1) and (2), we get 
AB(AB — 2BL) = AB(AB — 2BM) (As РА? — РВ? = OA’ – ОВ?) 
= BL= BM 
=>L=M (As L, M on AB and same side of B) 
Now we will assume AB L РО and we will prove P4? — РВ? = Q4? — OB’. 
Let point of intersection of AB and PQ be L. 
By Baudhayana theorem we have 
РА? = PI? + AD? and PB? = PI? + BI? 
= РА? — РВ? = AI? — BI? = (QI? + АІ?) - (QU? + BI?) = QA? — OB’. 


Note: This Lemma is very useful when we need to prove two lines are perpendicular. 


Example 47 /n а given triangle ABC, in the usual notation, it is given that, a, b, c are in 
geometric progression. Also it is true that, loga—log 2b, log 2b – Іор Зс, log3c — log a 
are in arithmetic progression. Prove that this triangle must be obtuse angled triangle. 


Solution: 
a, b, care in GP > b? = ac 


Іова – 1052р, log2b —1og3c, log3c – loga are in AP 


2. 2(log 2b – log 3c) = (loga — log 2b) + (log3c Іова) 


2b a 3c 
= 2| lo =| lo +lo 
| 5 =| | я 2b Š a ) 


2 
2b 4 3c 3c 
ie, log] — | -log| —x = |=log— 
» (22) oe 4% | a 


2 
Са ж 
9c? 2b 
^. 2b = Зс (Taking cube roots) 


Also 4b? = 9c? => 4ac = 9c? > Да = 9c 


Thus 4a=6b=9c=k (Say) 


k k k 
d=; bs c= 
4 6 9 
2 2 2 
nee TOS T m 
6 36 81 
2 42 р 
We see that, LE ee >b? +e? 
16 36 81 
i.e., ZA > 90? 


-. The triangle is obtuse. 


Example 48 ABCD is a rectangle. Points M and N are on BD such that AM L BD and 
CN L BD prove that BM? + BN’ = РМ? + РА? 


Solution: 
ВМ? = АВ? -AM 
BN’ = ВС? - CN’ 
n 2 2 _ 2 2 2 2 
- BM? + BN? = (АВ? — АМ?) + (BC? - CN’) 
= (DC? — CN’) + (AD? — АМ?) (As AB = DC, BC - AD) 
= ВМ? + BN’ = DV + DM”. 
Example 49 /n a quadrilateral ABCD, given that ZA + ZD = 90° prove that АС? + 
BD? = AD’ + BC’. 
Solution: 


Construction: Produce AB and DC to cut at M 
SinceZA + ZD = 90° 
By ASP (angle sum property) of the triangle 
In AAMD, ZM = 90° 
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-. In AAMC, АС? = АМ? + МС? 
In ABMD, 
BD! = BM? + MD? 
- AC? + ВР? = (АМ? + МС?) + ( ВМ? + MD?) 
= (AM? + РМ?) + (MC) + МВ?) 
= AC’ + BD = AD’ + BC’. 
Example 50 Let ABCD be a square. P and Q are any two points on BC and CD 
respectively. Such that AP = 4 ст, РО = 3 ст, АО = 5 cm. Find the side of the square. 
Solution: 
Since 52 = 32 + 42 
ie, 22+ 23 = 180° 
Zl 24 <180° By converse of Baudhayana (Or Pythagoras) theorem 


ZAPQ = 90° 
D Q C Let ZPAB=0 
Са => “АРВ = 90° -0 
Sla ZQPC - 0. 
5 П 
А B 8 — 
à In DAE = => a-4cos0 
à : PB : 
Also in AAPB, sin0 = ES => PB = 45100 
P 
In АРСО, cos0 = = => PC = 3соѕ0 
Since ABCD is a square 
АВ = BC 
АВ = ВР+ РС 
7. 4cos0 = 45100 + 3cos0 
-. cos0 = 45110 
4 
= eT = => cos? =—— 
: АД 
4 16v1 
7 АВ = а = 4с050 = 4х = 617 ст. 
JA 17 
Example 51 /n the figure ABCD is a square of side ‘a’ units. Find the radius ‘r’ of a 
D — б Yon С 
©) smaller circle. Where arc DB and arc AC has centres at A and B respectively. 
Solution: 
Proof: Since if two circles are touching then the line segment joining their centres 
A B passes through their point of contact 
<i ae 
- BO=a+r 
<. MO=a-r 


And BM -5 by symmetry 
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-. In right angle AOMB D б) C 
ВО? = MO! + ВМ X | 


a? 


2 
> (a+r? =Car (8) => (a*ry-(a-ry =— \ | 
2 4 B 
—* 
A 


A 
a? a k— 
> RC. > r= 


16 


Example 52 7wo sides of a triangle are “З апа 42 units. The medians to these two 

sides are mutually perpendicular. Prove that the third side has an integer measure. 

Solution: Let the medians BE and CF be perpendicular to each other. ҮЗ F, ENZ 
Now BG? + СС? = BC (1) 
Also АВЕ” = 2BC + 2B4? — AC? (2) 

(From Apollonius theorem) 


But BG = = ВЕ апа ѕо ВС? = = ВЕ? (3) 
2 BG? = 5 вс? +2BA? – AC?) (From Eqs. (2) and (3)) 
Similarly CG? = s Bc? +2CA? — AB?) 

Thus, BG? + CG? = TOBC +2BA? — AC? +2BC? + 2CA? — АВ?) 

i.e., BC? = Sanc + AB? + AC?) 


7 9ВС? = ABC? + AB? + AC’ => 5BC? = AB? + AC? 

Le, 5BC? = (V3)? +(V2)? 2 52 BC=1 

which is an integer. 

Aliter: Let FG be y > GC = 2у and GE be x > BG = 2х 
In AEGC, by Baudhayana (or Pythagoras) Theorem, 


2 
x? +4y? = ЕС? ea l (1) 


2 
Similarly in ABGF, 
4х2 +y? = 2 (2) 
i 4 
Now adding Eqs. (1) and (2), we get, 


5х2 +5у? === (24) +(2y)? =1 


= BG? «GC? =1 B = 
= ВС? =1 
5 BC=1. 
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Example 53 Two sides of a triangle are 10 cm and 5 cm in length and the length of 
the median to the third side is 6.5 cm. If the area of the triangle is ep cm? , find the 
value of p. 


A Solution: Let D be the mid-point of BC. By Apollonius theorem, 


AB? + AC? (BD? + AD?) (By Apollonius Theorem) 


10 5 
ог 44D? =2AB? +2AC? - BC? 


B Н С 2 BC? =2АВ? +2АС? -AAD? 
зү 
= 2(10)? + 2(5)? – 42) = 81 (on simplification) 
9+10+5 _ 
2 
Area = Js(s a)(s—b)(s—c) = 6d р 
= J12x3x7x2 = 6p => р=14. 


Example 54 The internal bisector of ZA of AABC meets BC at P and b = 2c in the 
usual notation. Prove that QAP + 2a’) is an integral multiple of с. 


ВС =9 ст > $ = 12 


Solution: As АР is bisector in the problem, we have 


BP c 1 å 
PC 2c 2 u 


(Say) 


Also BP: PC =1:2 > ВР = =a PC = a 

By applying Stewart’s theorem in AABC, we get, 
LAB? + AAC? = (А+ py) AP? + uBP? + APC? 

2 2 4a? 


A 
3*1 ae => 2-7 +1:402 =(241) AP? «2-5 He 


2 
=> 6c? = ЗАР? + 3* 
=> 9AP? +242 =18c?. 


Example 55 /n triangle ABC, the medians from B and A to the opposite sides are 
mutually perpendicular to each other. If a, b, c are the measures of BC, CA, AB respec- 
tively, prove that, 


R29 ay. 
a 
Solution: Let G be the centroid of AABC. 
Since it trisect each median, let AG = 2x, GD = x, BG = 2y, GE = y. 


m Now from right triangles AGB and AGE and BGD, respectively we get, 
E b2 
b 2 Qe _ 1 
4 Be А Шыу (1) 


B a? D а? C 4x? +4y? = c? (2) 


42 
4y? + x? = (3) 


Adding Eqs. (1) and (3), we get 


2 b2 
5х2 +5 pos 
x 4 
2 b2 
> à 2 ка + 4 
EG = (4) 
2,p2 
From Eqs. (2) and (4) we get с? =A(x2 + у2) =" 5 
Thus a? +2 = 5c? (5) 


Also from Eqs. (2) and (3) we can infer that с^ < a? 


And similarly from Eqs. (1) and (3) с? < P? so that “с” is the smallest side. 
24 p2 24 p2 
ap aaa, л... 
5 5 


ie,b? «4a? and а? < 4b? 


<b? (from Eq. (5)) 


TUNE, and m ү 
а Ь а 


Thus z < 2 «2. 
2 a 
Example 56 Let ABC be scalene triangle. The medians from A, B, C meet the circum- 


circle of AABC again at L, M and N respectively. If LM = LN, prove that, АВ? + AC? 
= 2ВС. 


Solution: 


Let G be the centroid of AABC. 
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Now, 


ALNG ~ ACAG (АА) 
.LN GL 
"AC GC 
ALMG ~ АВАС (AA) 
_ LM GL 
"AB GB 
AB GB А 
Thus АС GC (From Eq. (1) + Eq. (2)and using LN = LM) 
AB? _ СВ? 
AC? GC? 


(1) 


(2) 


loag +2BC? - AC?) 
= 1——————— (By Apollonius Theorem) 
9046 +2BC? – АВ?) 


AB? — АС? 3( AB? — AC?) 
= E 
AC? 2AC? + 2BC? — AB? 


(Substracting 1 from both sides) 


=> 2AC? +2BC? – AB? = ЗАС? (As trinagle is scalene, AB? # AC?) 
= 2ВС? = AB? + АС?. 

Example 57 /n an equilateral AABC, a point P is taken in the interior of AABC such 

that PA? = PB? + PC? findZBPC. 
A Solution: Construct ZBCD = ZACP and CD = CP 
In AACP and ABCD 
AC = BC (Given) 
ZACP = ZBCD (Construction) 
GP=CD (Construction) 
-.By SAS Congruency 
AACP = ABCD 
7 AP = BD 
Also 21+ 23 = 22+ 23 = 60° (As Z3 = Z2) 
And PC = CD 
-. APCD is an equilateral A with PC = PD = CD and ZDPC = 60° 
Since 
РА? = РВ? + РС? 
ВР?= РВ? + РІ? (As PA = BD, PC = PD) 
-. By converse of Baudhayna (or Pythagoras) theorem 
ZBPD = 90° 
2 ZBPC= ZBPD + ZDPC 

= 90? + 60° 

2. ZBPC = 150°. 


5 
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1. 


10. 


11. 


12. 


Two sides of a triangle are 4 and 9. The median drawn to third side has length 6. 
Find the length of the third side. 


. ABC is an isosceles triangle with AC = BC. The medians AD and BE are per- 


pendicular to each other and intersect at G. If GD = a unit, find the area of the 
quadrilateral CDGE. 


. A right triangle has legs a and b and the hypotenuse c. Two segments from the 


right angle to the hypotenuse are drawn, dividing it into three equal parts of length 


x- T If the segments have length p and q, prove that p? + 42 = 5х2. 


. Let ABC be a triangle and let D, E, F lie on the sides BC, CA, AB respectively, 


such that AD, ВЕ and CF are concurrent at P. Given that AP = 6, BP = 9, PD = 6, 
PE = 3, and CF = 20, find the [ABC]. 


. In AABD, DB is perpendicular to AC at B so that AB = 2 and BC = 3 as shown 


in the figure. Furthermore, ZADC = 45°. Use this information to find the area of 
AADC. 


. On side AB of square ABCD right ЛАВЕ with hypotenuse AB is drawn externally 


to the square. If AF = 6 and BF = 8, find EF where E is the point of intersection 
of diagonals of the square. Also find EF when AABF is drawn internally to the 
square. 


. Point P on side AB of right AABC is such that BP = PA = 2. Point Q is on the 


hypotenuse AC so that PQ is perpendicular to AC. If CB = 3 find the length of ВО. 
Also find the area of the quadrilateral CBPQ. 


. (i) Let G be the centroid of triangle ABC and Р is an arbitrary point. Prove that 


1 
РА? + РВ? + PC’ = ЗРО? + a (а? P + с?). 


Note: This result is known as Leibniz Theorem. 


(ii) Hence, or otherwise, find the formula of OG in terms of a, b, c, where O is 
the circumcentre. 


. Let AABC be right angle triangle with Z4 = 90? and AL be its altitude. Let r, rj, 


r, the inradii of AABC, AABL, AACL, respectively. Prove that 7? +r? = г2. 
ABCD and A'B'C'D'are two non-congruent squares in a plane, placed by a dis- 
placement; (i.e., A'B' || AB, etc.) Prove that, 442+ CC? » BB? + рр”. 


Quadrilaterals ABCP and A'B'C'P' are inscribed in two concentric circles. If tri- 
angles ABC and A'B'C' are equilateral, prove that P4? + Р'В? + Р'С = РА? + 
PB" + РС? 

Let Q be the centre of the inscribed circle of a triangle ABC. Prove that for any 
point P, a(P4”) + (PB?) + с(РС?) = а(ОА)? + БОВ) + (OC) + (а + Ь + c)OP’, 
where a = BC, b= CA and c = AB. 


8.9 QUADRILATERALS 


A quadrilateral is a polygon with four edges (or sides) and four vertices or corners. 
They may be concave or convex. In our present discussion we are taking convex only. 
There are following important convex quadrilaterals: 
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D 
3 B 2A 
Gottfried 


Wilhelm Leibniz 


| Jul 1646-14 Nov 1716 
Nationality: German 


8.56 


Chapter 8 


8.9.1 Parallelogram 


In a quadrilateral if both the pairs of opposite sides are parallel then it is called a 
parallelogram. 


Some properties of a parallelogram: 

1. A diagonal of a parallelogram divides it into two congruent triangles. 

2. Ina parallelogram, opposite sides are equal. 

3. Two opposite angles of a parallelogram are equal. 

4. The diagonals of a parallelogram bisect each other. 

5. In a parallelogram, the bisectors of any two consecutive angles intersects at right 
angle. 

6. The angle bisectors of a parallelogram from a rectangle. 

7. In a parallelogram sum of any two consecutive angles is 180°. 

8. In a quadrilateral, if both opposite sides are equal then it is a parallelogram. 

9. In a quadrilateral, if both opposite angles are equal then it is a parallelogram. 

0. If the diagonals of a quadrilateral bisects each other then it is a parallelogram. 

1. If one pair of opposite side of a quadrilateral is equal and parallel then it is a 
parallelogram. 


Example 58 77e diagonals of a parallelogram ABCD intersects at O. A line through O 
intersects AB at X and DC at Y another line passing through O intersects AD at P and 
BC at О. Prove that ХОҮР is a parallelogram. 

Solution: 


Given: ABCD is a parallelogram; AC, BD interests at O. XOY, POQ are two lines cut- 
ting AB at X, CD at Y also AD at P and BC at Q. 


To prove: XOYP is a parallelogram 
Proof: In ACOY and AAOX 


Z1=22 (Alternate interior angles) 
CO = AO 

Z3= 24 (VOA) 
-. By ASA congruence 

ACOY = AAOX 

= ОҮ=ОХ (1) 
Similarly in APOD and AQOB 

ZA - Z5 (Alternate interior angles) 
OD = OB (Given) 
Z6= Z1 (VOA) 
-. By ASA congruence 

APOD = AQOB 

7 ОР = ОО (2) 


-. From (1) and (2), in quadrilateral XOYP diagonals bisects each other and hence 
it is a parallelogram. 


Examples 59 ABCD is a parallelogram. Through C a straight line RQ is drawn out- 
side the parallelogram and AP BQ, DR are drawn perpendiculars to RQ. Show that 
DR + BQ =AP 


Solution: 


Given: ABCD is a parallelogram. DR, AP, BO are perpendiculars on any line passes 
through C and out side the parallelogram. 


To prove: DR+ BQ = AP 
Construction: Draw DT L AP 
Proof: In quadrilateral DRPT, ZR = ZP = ZT = 90° 
-. DRPT isa rectangle .. DR = TP (1) 
In ADAT and ACBO 
DA = CB 
ZDAT = ZCBQ (Angle between two parallel lines) AO || BC and AT || BO 
ZDTA = ZCQB = 90° 
-. By AAS congruence 
ADAT = ACBQ 
7 AT = ВО (2) 
(1)+(2) -- DR+ ВО = AT +TP 
=> DR + ВО = AP 


Example 60 L and M are the mid-points of the diagonals BD and AC respectively of 
the quadrilateral ABCD. Through D draw DE equal and parallel to AB. Show that EC 
is parallel to LM and is double of it. 


Solution: 


Given quadrilateral ABCD, L and M are the mid-points of diagonals BD and AC 
respectively. 


1 
To prove: LM || EC and LM = ro 


Proof: Since DE = AB, DE|| AB and in a quadrilateral if one pair of opposite side is 
equal and parallel then it is a parallelogram 

-. ABED is a parallelogram 

Its diagonals bisects each other so L is also the midpoint of AE 

In AAEC, L and M are the midpoint of AE and AC respectively 

-. By midpoint theorem LM || EC 


= LM = „ЕС (Proved) 


Example 61 /n a parallelogram ABCD, AB = 2BC · AD is produced both ways so that 
AM = AD = DN. Show that BN is perpendicular to CM 

Solution: 

Given: ABCD is a parallelogram with AB = 2BC, AM = AD = DN 

To proof: MC L BN 
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Proof: In APMA and APCB 


Z1=22 VOA 
Z3= 24 (Alternate interior angles) 
- AM = BC (As AM = AD = ВС) 
-. By AAS congruence 

APMA = APCB 

AP = BP => P is the midpoint of AB 

=> BC-AP-PB-AM (As AB = 2BC) 


“Z1=23=22= 24 

Also in AABN, АВ = 2ВС, 

AN = 2Ар = 2ВС 

7 АВ = АМ 

205 = 26 

АРАМ = /1+ 43 (Exterior angle proparty, in AAPM) 
= 2+ 22=222= ZBAN 

In AABN, ZBAN + ZBNA+ ZABN =180° 
=> 2224+ 25+ 26 = 180° 

=> 222+22Z5 =180° 

=> 22+ L5 = 90° 

In APOB, 22+ 25+ 27=180° 

=> 90° + Z7 =180° 

=> /7= 90° 

— CM 1 BN 


Example 62 The side AB of parallelogram is produced both ways to Е апа С, so that 
AF = AD and BG = BC. Prove that FD and GC produced intersect at right angles. 


Solution: 


Given: ABCD is a parallelogram AB is produced both ways AF = AD and BG = BC. 
To prove: FD and GC produced cut at right angles 


Proof: Since in AAFD, AF = AD -.ZAFD = ZADF = x (Say) 
ZDAB = 2x (Exterior angle theorem) 
AD ||CB = ZCBG = ZDAB = 2x 
In ABCG, BC = BG > ZBCG= ZBGC = у (Say) 


And 2x+ y+ y =180° > x+ y = 90° 
In AFGH, x + y + Zl = 180? 
=> /1 = 90°. (As x + у = 90°) 


Example 63 /n the sides AB, AQ of AAQB, the points P and D are so chosen that 
[APQ] = [ABD]. DC is drawn parallel to AB to cut BQ in R. BC drawn parallel to AD 
meets DR produced in C. Prove that RC = AP. 


Solution: 
Construction: Join PD 


Proof: Since [APQ] = [ABD], subtract area of AAPD to both sides. 
[APO] - [APD] = [ABD] - [APD] > [PDO] = [PDB] 
Triangles having same base and equal areas must lie between the same parallel 


= PD || BQ Or PD || BR also DR || PB (Given) 
-. DPBR is a parallelogram BP = DR (1) 
Also DC || AB and AD || BC 

-. ABCD is also a parallelogram = AB = DC (2) 


From Eq. (2) – Eq. (1) we get AB – BP = DC - DR 
AP = RC proved. 
Example 64 /n AABC, ZA is a right angle. Squares ACDE and ABGF are described 


on AC and AB externally to the triangle. BD cuts AC in M and CG cuts AB in N. Show 
that AM — AN. 


Solution: 
di E 
OA 
G QX Р 
B C 


Constructions: Join FN and ME. 


Proof: Since if a triangle and a parallelogram having the same base and between the 
same parallel then area of triangle is half the area of parallelogram. 


[GNF |= [свае] 
Апа [GBN]+[AFN]= _[бВАЕ] 


Also [GBC] - SIGBAF ] (Between two parallels FC and GB with same base GB) 


=> [GBN] = [AFN] = [GBC] = [GBN] + [NBC] 

=> [AFN] = [NBC] 

Adding [ANC] to both sides, we get, 

[AFN]+[4NC]=[NBC]+[ANC] 

—[FNC]- [ABC] (1) 


Similarly [DCM]4 [EAM] = SI4CDE] =[DCB] 
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=> [DCM ]* [EAM ]  [DCM ] - [BCM ] 

=> [EAM]-[BCM] 

=> [EAM] + [AMB] = [BCM] + [AMB] (Adding [4MB] to both sides) 
=> [EMB] = [ABC] (2) 
-. From Eqs. (1) and (2), we get, [FNC] = [EMB] 

> 5 FCX AN = J EBx AM 


— AN - AM. (FC = EB as FC = FA + AC- AB + AE = EB) 
Aliter: ACAN ~ ACFG 
AN CA 
FG CF 
AN | CA 


L— (As FG = AB) 
AB AC+AB 


_, ay = ABCA (1) 
AC+AB 

Also ABAM ~ ABED 
AM _ BA 
ED BE 

AM AB 
= _ 

AC AB+AC 


(As ED = AC) 


_ AB-AC 
AB+AC 
From Eqs. (1) and (2) 

AN=AM 


=> AM 


(2) 


Example 65 Prove that the feet of the perpendiculars drawn from the vertices of a 
parallelogram onto its diagonals are the vertices of another parallelogram. 


Solution: 

Let the diagonals of the given parallelogram ABCD intersects at O and P, Q, R, S are 
the feet of the perpendiculars from the vertices on the diagonals. In triangles OSD and 
OQB, we have ZOSD = ZOQB = 90°. 


ZSOD = ZQOB (VOA) 
OD = OB (Diagonals bisects each other) 
By AAS congruence 

AOSD = ЛООВ 

=> OS = ОО (СРСТ) 
Similarly ЛОКА = AOPC 

= OR = OP (CPCT) 


Thus in quadrilateral PORS, diagonals bisects each other and consequently PORS 
is a parallelogram. 


8.9.2 Rectangle 
A parallelogram in which any one angle is right angle is called rectangle. 


Properties: 
1. Opposite sides are parallel and equal. 
2. Opposite angles are equal and of 90°. 
3. Diagonals are equal and bisects each other. 
4. When a rectangle is inscribed in a circle the diameter of the circle is equal to the 
diagonal of the rectangle. 
. For the given perimeter of rectangle, a square has the maximum area. 
6. The figure formed by joining the mid-points of the adjacent sides of a rectangle is 
a rhombus. 
7. The quadrilateral formed by joining the intersection of the angle bisectors of a 
parallelogram is a rectangle. 
8. If P is any point in the plane of the rectangle ABCD, then РА? + PC = РВ? + PD”. 


сл 


8.9.3 Rhombus 


A parallelogram in which any two adjacent sides are equal is called rhombus. 


Properties: 
1. Opposite sides are parallel. 
. All sides are equal. 
. Diagonals are perpendicular bisectors to each other. 
. Diagonals bisects the opposite pair of angles. 
. Figure formed by joining the mid-points ofthe adjacent sides of a rhombus is a rectangle. 
. A parallelogram is a rhombus if its diagonals are perpendicular to each other. 
. Any parallelogram circumscribing a circle is a rhombus. 


о чо tA о м 


. Area of rhombus = T Product of diagonals 


= Base x Height 
= Product of adjacent sides x Sine of the included angle 


8.9.4 Square 


Square is a rectangle whose all sides are equal or a rhombus whose all angles are equal 
thus each square is a parallelogram, a rectangle and a rhombus. 


Properties: 

1. All sides are equal. 
. Opposite pair of sides are equal. 
. Diagonals are equal and are perpendicular bisector to each other. 
. Diagonal ofan inscribed square is equal to the diameter of the circumscribing circle. 
. Side of a circumscribed square is equal to the diameter of the inscribed circle. 
The figure formed by joining the mid-points of the adjacent side of a square is a square 
. Angles formed by the diagonals and a side of square is each equal to 45°. 


8.9.5 Trapezium 


A quadrilateral whose one pair of side is parallel. 


Properties: 
1. The line joining the mid-points of the oblique (non-parallel) sides is half the sum 
of the parallel sides. 
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C 


von a 


. Ifthe non-parallel sides are equal then the diagonals will also be equal to each other 


and converse is also true. The corresponding trapezium is called isosceles trapezium. 


. Diagonals intersects each other proportionally in the ratio of lengths of parallel 


: . AP BP AB 
sides, i.e., —— = — = ——. 
PC PD DC 


. By joining the mid-points of adjacent sides of a trapezium four similar triangles 


are obtained. 


. Ifa trapezium is inscribed in a circle then it is an isosceles trapezium with equal 


oblique sides. 


. Area of trapezium = I (sum of the parallel sides) x Height. 


If ABCD is a trapezium with AB | CD then AC? + BD? = AD? + BC? +2AB-CD 


. Inan isosceles trapezium base angles are equal and other two angles are also equal. 
. If ABCD is an isosceles trapezium with AORS and diagonals intersects at P then 


following results are true. 
(i) AD=BC 
(ii) AC=BD 
(ii) AP = РВ; PD = PC 
(iv) PAx PC =PBxPD 
ee 
PA PB 
(vi) ХАРАВ = ZPBA = ZPDC= ZPCD 
(vii) ZDAB = ZCBA; ZADC = ZBCD 
(уш) ZPAD = ZPBC; ZADB = ZACB 
(ix) AC? = AD? + AB - CD 
(x) If PM || AB || CD then Эм СЕРЕ ug EUER 
PM AB CD AB +CD 
(xi) ABCD is a cyclic quadrilateral and then all the properties of cyclic quadri- 
lateral also apply. In this case it will be an isosceles trapezium. 
Trapezium 


wa 


| 
v 
Acute Right Obtuse 


La EA ve 


жа LT exc 


Isosceles Rectangle Parallelogram 
v 
m 4 
3-Sides equal Square Rhombus 

8.9.6 Kite 
In a kite two pairs of adjacent sides are equal 
Properties: 

1. AB = BC and AD = CD. 

2. Diagonals intersects at right angle. 

3. Longer diagonal is the perpendicular bisector of shorter diagonal. 

4. The quadrilateral formed by the mid-points of the adjacent the sides ofa kite is a rectangle. 

1 
5 


. Areais — product of diagonals 
2 


; 1 : : : 
Note: Area of any quadrilateral = —x Product of diagonals x Sine of the included 
angle between diagonals. 
Example 66 ABCD is a square. M is a mid-point of CD. PORS is a square of maximum 
possible area in trapezium ABMD. KLNT is another square as shown in diagram whose 
area is 180cm?. Find area of square PORS and area of square ABCD. 


Solution: 


Let AB = ВС = 2х > CM =x, Let РО = a, KL = b, Let ZCBM = Ө 


In ROR ton ы => ine and eos == 
2x 2 J5 J5 
In ABPQ, T EE RA > pp 35e 
B 5 2 
uu PO aS as auod 
a V5 \/5 
дайын е ш =. > age 
a {5 V5 
In AKTS, соѕ0 = S NUNG 
KS s 2 
її АЙ ийе EE ct => КР = b 
b 5 V5 
Since AD = AB 
KD + KS + SA = AP + PB 
b 5b 2a a а 
+ + =——+ 
45 2 5 45 2 
=> 2b+5b+4a=2a+5a (Multiplying 245 on both side) 
=> 7b = За 


b 3 p? 9 180 9 
1.—– = - > = => = 
a 7 a? 49 a) 49 


(As P? = [KLNT] = 180) 


= [PORS] = à? = 20x49 = 980 >a = 144/5 


a aJ5 _ 7а _7х14/5 _ 


= 2х=АВ=АР+РВ= + 


45 2 245. 2% 


= [ABCD] = (2x)? = 49? = 2401cm?. 


49 
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Example 67 Jn the figure ABCD is a square. E is the mid-point of CB. AF is drawn 
perpendicular to DE. If side of the square is 2017 cm find the length of FB in cm. 
Solution: 
Construction: Produce DE to cut AB produce at M. 
Proof: In AECD and AEBM 
41=22 (VOA) 
EC=EB (Given) 
ZECD = ZEBM = 90° 
-. By ASA congruences 
AECD = AEBM 
2 CD=BM 
But CD = AB 
7 AB = ВМ 
i.e., In right angled triangle AFM, B is the mid-point of the hypotenuse АМ 
BF = BA = 2017 cm. 
Example 68 Let ABCD be a rectangle such that BC = 3AB. P and Q are points on the 
side BC such that BP = PQ = CQ. Using geometrical or trigonometrical relations or 
otherwise show that ZDBC + ZDPC = ZDQC. 
Solution: Let CD =x then AD = 3x = BC 
7 BP=PQ=QC=x 


In ADBC, tana =—- = 
3x 


In ADPC, tan B =% = 
2x 


ADOC, tany =~ =1= tan45° > y = 45° 


x 


— 


1 5 


— + = 
tana+tanB _ 3 25 —1—{ап45° 
5 


I-tanatanB |_ 


Let us consider tan(a + 3) = 


ET 


6 


Wile 


a+ B=45°=/7 
“. ZDOC = ZDBC + ZDPC. 


Aliter: Using Baudhayana theorem we get 


BD = V10x, DP = 45x and DO = 42x 


BD DQ BỌ 42 
> DP PQ DO 1 
-. By SSS similarly 
2. ABDQ ~ ADPQ 
ZDBO = 2РрО= а 
In ADPQ 
ZDQC = ZDPQ + ZPDQ [By exterior angle property] 
2 ү= а+ В 


Since 
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1. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


ABCD is a parallelogram. The side CD is bisected at P and BP meets AC at X. 
Prove that ЗАХ = 24C. 


. ABCD is a parallelogram. X divides AB in the ratio 3 : 2 and Y divides CD in the 


ratio 4: 1. If XY cuts AC at Z, Prove that 7AZ = 3AC. 


. ABCD is a trapezium with AB || CD and AB = 2CD. If the diagonals meet at O, 


then prove that 34O = 2AC. If AD and BC meet at F, then prove that AD = DF. 


. ABCD is a parallelogram. A straight line through A meets BD at X, BC at T and 


OC at Z. Prove that AX : XZ = AY: AZ. 


. ABCD and AECF are two parallelograms and side EF is parallel to AD. Suppose 


AF and DE meet at X and BF, CE meet at Y, then prove that XY || AB. 


. In square ABCD, line segments are drawn from A to the mid-point of BC, from B 


to the mid-point of CD, from C to the mid-point of DA, and from D to the mid- 
point of AB. The four segments form a smaller square within square ABCD. If AB 
= ], what is the area of the smaller square? 


. If area of a parallelogram is 6 units square and an octagon is formed by inter- 


sections of lines joining each vertex of the parallelogram to the mid-points of 
opposite sides of it, then find the area of the octagon. 


. Consider trapezium ABCD such that AB || DC, AB = 4, DC =10, diagonals AC and 


BD are perpendiculars to each other. Sides DA and CB extended meets each other 
at E. ZDEC = 45°. Find the area of the trapezium. 


. The distance between two parallel sides AB and CD ofa trapezoid is 12 units. 


AB = 24 units; CD = 15 units. E is the mid-point of АВ. ‘O’ is the point of in- 
tersection of DE with AC. Prove that the area of this quadrilateral EBCO 1s 
112 sq. units. 

ABCD is a quadrilateral and Q, P are mid-points of AB, CD respectively, AP and 
DO meet at X; BP and CQ meet at Y; Prove, in the usual notation [AD X] + [ВСУ] 
= [PXQY]. 

A trapezoid was formed by truncating an isosceles triangle ABC, through two 
points, taken as follows: D on AB and E on AC. BE and CD are connected. 
BEQCD = {F}. The area of the original triangle ABC is 60 cm? and that of the 


trapezoid is 45 cm’. Find the area of ABFC. 

Squares ABDE and ACFG are drawn outside DABC. Let P, Q be points on EG 
such that BP and CQ are perpendicular to BC. Prove that BP + CO = BC + EG. 
When does equality hold? 

Let ABCD be a non-isosceles trapezium in which AB || CD and AB > CD. Further, 
ABCD possesses in-centre J, which touches CD at E. Let, M be the mid-point of 
AB and MI meet CD at F. Show that DE = FC, if and only if, AB = 2 CD. 

Let, ABCD be a square, F be the mid-point of DC, and E be any point on AB, such 
that AE > EB. His a point on BC, such that FH is parallel to DE. Prove that EH is 
tangent to the inscribed circle of the square ABCD. 

ABCD is a parallelogram. E and F are the mid-points of AB and AD. Show 
that the area of the quadrilateral AECF 1s half the area of the parallelogram 
ABCD. 

ABCDisaparallelogram and BF is drawn to intersect AC, DC and AD produced 
at E, G and F, respectively. Prove that EB is the geometric mean of EG and 
EF. 


> 
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8.10 CONCURRENCY AND COLLINEARITY 


8.10.1 Definitions 


1. 


2. 


[89] 


A line segment joining a vertex of a triangle to any point on ће opposite side (the 
point may be on the extension of the opposite side also) is called a cevian. 

Three straight lines are said to be concurrent if all three passes through a common 
point. 


. Three points are said to be collinear, if they lie on a straight line. 
. Directed length: Given are any two distinct points A, B on a straight line. They 


determine a line segment of definite length. If we associate with this line segment, 
the direction from A to B, and denote it as AB. Then, the same line segment with 
the direction from В to A is denoted as BA, and we have AB = – BA or AB + ВА = 
0. If M is a point on AB, such that M lies between A and B, then we may say that 
M divides the line segment AB in the ratio AM : MB, internally and, if the point 
N lies outside AB, then N divides AB in the ratio AN : NB, externally. Here, NB is 
negative, if we consider the direction from A to B as positive and hence, the ratio 
AN : NB is negative on the other hand ratio AM : MB is positive. 


A B C If A, B, C are three points on a straight line in the order, we introduce a direction 
in the following manner 
AB, BC, AC are taken to be positive and BA, CB, CA are taken to be negative. Thus 
AB + BC = AC and AB + BC + СА = 0 
O 8.10.2 Theorem 
, І : AB | BC 
If A, B, C and A’, B', C' are points on two parallel lines such that 4E = PC then 
AA', BB', CC’ are concurrent if they are not parallel. 
E g| - aM Proof: Let 44’ and BB' meet at О. where AA’ and BB’ are not parallel. Join OC and 
| let it cut A'B' at Cj. 
By similarity 
а B С BC ОВ АВ 


Lazare Nicolas 


ВС ОВ АВ 


Marguerite, Count Carnot BC 2 BC [As AB _ BC | 
BC, B'C АВ B'C 
=> В'С=8ЁВ'С' 
= С, and С' coincide 
Thus CC’ passes through O. 
8.10.3 Carnot’s Theorem 
13 May 1753-2 Aug 1823 Let points D, E, and F be located on the sides BC, AC, and respectively AB of AABC. 
Nationality: French The perpendiculars to the sides of the triangle at points D, E, and F are concurrent if 


and only if 


BD DC + CE - EA’ + AF — ЕВ? = 0 


Geometry 


Proof: Let us first prove if perpendiculars are concurrent then results hold. 
Let O be point of concurrency and OD, OE, OF are drawn perpendicular to the sides 
BC, CA, AB respectively of a triangle ABC 


BD? = ОВ? – OD” 


DC = ОС? – ОР? 


> BD'-pC-oB-oc (1) 

Similarly 
СЕ? — ЕА? = ОС” — ОА? (2) 
AP? — ЕВ? = OA? — ОВ? (3) 


Adding Eqs. (1), (2) and (3), we get, 


BD? — РС? + СЕ? — EA? + AF — FR = ОВ? - OC? + OC — ОА? + ОА? — OB" = 0. 


Proof of Converse: If D, Е, F be points on the sides BC, CA, AB of a triangle АВС 
such that BD? — DC? + CE? — EA? + AF? — FB? = 0, then the perpendiculars at D, E, F 
to the respective sides are concurrent. 


Proof: Let the perpendiculars at D, E, to BC, CA respectively meet at O. Let OF be 
the perpendicular from O to AB 
Using previous result: 


ВГ? — DC’ + CE’ - AE’ + AF? ЕВ? =0 (1) 
But it is given that 
BD’ – DC’ + CE’ - AF’ + AF’ – ЕВ? = 0 (2) 
-. From Eqs. (1) and (2) 
AF” РВ? = AF’ — ЕВ? 
(AF' + F'B(AF' — F'B) = (AF + FB) AF — FB) 
AB(AF' — F'B) = AB(AF — FB) 
= AF'-F'B-AF-FB (As AB #0) 
AF - AF' = FB- F'B 
—FF'--F'F 


Giovanni Ceva 


=>2FF'=0 > FF'=0 


That is, F and Р" coincide 


8.10.4 Ceva’s Theorem 


If points D, E, F are taken on the sides BC, CA, AB of AABC so that the lines AD, BE, 
CF are concurrent at a point P, then 


8.67 


BD CE AF 7 Dec 1647-15 Jun 1734 


с=т 1 (ОК) ВР.СЕ.АЁ=ЮС.ЕА.ЕВ 


DC EA FB Nationality: Italian 
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| [ABD] BD 
Proof: By Ratio proportion theorem (or area lemma), we have = —— (1) 
" [АРС] DC 
E [BPD] BD 
And = (2) 
[CPD] DC 
B D C 2. From Eqs. (1) and (2) 
BD [ABD] [BPD] [ABD]-[BPD] [АВР] 
DC [ADC] [CPD] [ADC]-[CPD] [ACP] 
Let [BPC] = Ау, [ACP] = A, and [ABP] =A, 
BD ^ 
DC A 


CE [ВРС] A, 
EA [APB] A, 


Similarly 


AF [АРС] A 
FB [BPC] A, 
BD CE AF A ^ Ay 
DC EA FB A, А; A, 


Notes: 


1. In the figure BX and XC are of same sign. CY and YA are of same sign and AZ and 
ZB are of same sign. Thus 


2 Y 
BX CY AZ. n 
Cuno 


2. In Ceva's theorem, if P lies outside as in the figure, then BX, XC are positive, CY 


D 


BX 
is positive, YA is negative, AZ is positive ZB is negative. Thus XC is positive; 


CY . -— 
—- 18 negative, —— 1s negative. 
ZB 


"v YA 
BX CY AZ - 
Hence — —— is positive. 
XC YA ZB 
BX CY AZ 
B C Thus —-:—-—— =+] 
XC YA ZB 


8.10.4.1 Trigonometric Form of Ceva's Theorem 


Let X, Y, Z be the points taken respectively on the sides BC, CA, AB of AABC. Then 
the lines AX, BY, CZ are concurrent if only if 

sinZCAX sinZABY | sinZBCZ _ 

sin XAB sinZYBC sin ZZCA 


8.10.4.2 Converse of Ceva’s Theorem 


BX CY AZ 
If three cevian AX, BY, CZ satisfy —~:-——-—— = +1, then they are concurrent 
XC YA ZB 


Proof: Let BY and CZ meet at P 
Let AP meet BC at X'. 
Then by Ceva’s theorem 


But it is given that 


BX CY AZ. à 
XC YA ZB 
-. From Eqs. (1) and (2) we have 
BX' BX 
XU. XC 
Adding 1 to both sides 
BX' BX 
+1=—+1 
XC XC 
- ВХ'+ ХС ВХ + XC 
X'C XC 
- BC ВС 
XC XC 
=> XC-XC 
or XC-XC=0 
=> ХХ =0 


Therefore X', X coincide. Thus the three cevians are concurrent. 


Note: The converse of Ceva's theorem is more useful than the theorem in the sense 
that most of the elementary theorems regarding concurrency can be proved using the 
theorem 


Example 69 Proved that the medians of a triangle are concurrent. 


Solution: If D, E, F are the mid-points of BC, CA, AB respectively then BD = DC; CE 
= EA; AF = AB 


DC "EA 'FB 
BD CE AF _ 1 
DC EA FB 
Thus the Cevians AD, BE, CF are concurrent. 
For aliter please refer example 31 on page 8.27. 
Example 70 Prove that the altitudes of a triangle are concurrent. 


Solution: For acute angle triangle ABC 
BE L CA, CF L AB 


* In AAEB and AAFC 
ZA = ZA (Common) 
ZAEB = ZAFC = 90° 
-. By AA similarity, AAEB ~ AAFC 


Geometry 


BX' CY AZ 
————-- (1) 
ХС YA ZB . 


8.69 


8.70 Chapter 8 


AF AC 
=> ——= 
AE AB 
Similarly AD L BC then АВЕС ~ ABDA 
BD BA 
———2— 
BF BC 
CE CB 


Also ACEB -ACDA > —— = — 
CD CA 


BD CE AF (BD) (CE) (AF 
DC EA FB \BF)\CD)\ ЕА 
_ ВА BC CA | 


ВС СА AB - 


Aliter 1: 


m LA => BD=ADcotB 
AD 


aes => DC=ADcotC 
AD 


BD _ cot В 
DC  cotC 


Similarl CE  cotC 3 AF  cotA 
пппагу, == = = 
% ВА cotA ЕВ cotB 


BD CE AF  cotB cotC cotA - 


+1 
DC EA FB cotC cotA cotB 
Hence AD, BE, CF are concurrent 
A Aliter 2: (Without Ceva’s theorem) 
Let BE L AC, CF L AB 
Let BE, CF intersect at H. 
Join AH and produce it to cut BC at D. 
Now we have to prove AD L BC. 
Since ZBFC = ZBEC = 90° 
-.B, F, E, C are concyclic 
2. ZBFE + ZBCE = 180° 
90° + ZCFE + ZBCE = 180? 
- ZCFE + ZBCE = 90° or ZCFE + ZDCA = 90° (1) 
Also ZHFA + ZHEA = 90° + 90° = 180° 
-. H, F, A, E are concyclic 
2. ZHFE = ZHAE 
=> ZCFE= ZHAE = ZDAC (2) 


-. From Eqs. (1) and (2) 
ZDAC + ZDCA = 90° 
-. By ASP of a triangle 


In AADC 
ZADC = 180° — (ZDAC + ZDCA) = 180? — 90° = 90° 
= Ар 1 BC. 


Example 71 Prove that internal bisectors of the angles of a triangle are concurrent. 


Solution: If 4X, BY, CZ are the angle bisector then by internal angle bisector theorem 
we have following: 
BX AB СҮ BC AZ AC 


XC AC’ YA BA” ZB BC 


BX CY AZ АВ ВС AC _ 
XC YA ZB AC AB BC 
Aliter: Let ВГ, CI, are the internal angle bisectors of ZB and ZC of АВАС. Join AI. 


Now we have to prove that AI bisects ZA. 
Construction Draw /L L BC, IM L AB and IN L AC 


+1 


Proof: In AJMB and AILM 
ZIBM = ZILM = 90° 


Z1=22 (Given) 
IB=IB (Common) 
-. By AAS Congruences 
AIMB = AILB 
< IM-IL (CPCT) (1) 
In ANC and AILC 
ZINC = ZILC = 90? 
Z3= 44 (Given) 
IC=1C (Common) 
-. By AAS congruences 
AINC = AILC 
- IN=IL (СРСТ) (2) 
-. From Eqs. (1) and (2) 
IL=IM=IN 


Now in AJMA and AINA 
ZIMA = ZINA = 90° 


IM = IN (Proved above) 

ІА = ІА (Соттоп) 
-. Ву RHS congruences 

ЛІМА = АТМА 


= LIAM = ZIAN, i.e., Z5 = Z6. 


Thus A/ bisects ZA and thus in a triangle all the angle bisectors are concurrent. 


Geometry 8.71 


ӨШ? Chapter 8 


Notes: 


1. Taking J as a centre and ZL as a radius draw a circle which passes through M and 
Nand is called in-circle of a triangle, its radius /L is called in-radius апа its centre 
Iis called in-centre. 

2. Ifthe in-circle of A4BC touches BC, CA, AB at L, N, M respectively then AL, BN, 
CM, are also concurrent ( the point of concurrence is a called the Gergonne Point 
of AABC). 


Joseph Diaz Gergonne With regard the Gergonne Point, it is interesting to note the following more general 
result which is know as Problem Of Joseph Diez Gergonne. 

Example 72 /f through the vertices of a AABC, two lines AP. BQ of arbitrary length 
are drawn in the direction of C such that AP parallel to BC and BQ parallel to AC, and 
if lines PD and QD are drawn respectively parallel to ВО and АР meeting in D, then 
the lines AQ, BP and CD are concurrent. 


19 Jun 1771—4 May 1859 
Nationality: France 


Proof: Let AO cut BC in X, BP cut AC in Y and let AO and BP intersect at W, let DC 
meet AB in Z. We will prove that DC passes through W. 


In AQXB and AAXC 
ZOXB = ZAXC (VOA) 
ZOBX = ZACX (Alternate interior angles) 

-. By AA similarity AOXB ~ AAXC 
ВХ ОВ 


ХС АС 
In ABYC апа APYA 
ZBYC=ZPYA_ (VOA) 
ZBCY= ZPAY (Alternate interior angles) 
-. By AA similarly 
ABYC —APYA 
CY BC Q) 


YA АР 


Let DP and BA meet in Е and let DQ, AB meet in F. 
In AEAP and ABFQ 


ZEAP = ZABC= ZBFQ (Corresponding angles) 
ZAEP = ZBAC = ZFBO (Corresponding angles) 
г. AEAP ~AABC -ABFQ 


So from AEAP ~AABC, we get, 


EA AP PE _ 
AB ВС СА 


(3) 
And from ABFQ ~AABC, we get, 


BF FQ QB _ 
AB BC CA 


(4) 
Hence 
EA 
AB od 
BF oy 
AB 
FA À 3 
BF и 
Since in AAZC and AEZD 
ZZAC = ZZED (Corresponding) 
ZAZC = ZEZD (Common) 
-. By AA similarity 
AAZC ~ AEZD 
AZ ZC 
EE (6) 
EZ ZD 
Also, In AZBC and AZFD 
ZZBC = ZZFD (Corresponding angles) 
ZBZC = ZFZD (Common) 
-. By AA similarly 
AZBC -AZFD 
ZB ZC 
op (7) 
ZF ZD 
From Eqs. (6) and (7) 


AZ ZB 

EZ ZF 
AZ EZ EZ-AZ EA А 
ZB ZF ZF-ZB BF и 


(8) 


: BX OB _ 
rom Eqs. (1) and (4) XC 4C H (9) 
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CY BC | 
From Eqs. (2) and (3) [7C C (10) 
-. From Eqs. (8), (9) and (10), we get 
AZ BX CY A 1 
ZB XC YA и a 
Hence by converse of Ceva's theorem the lines АО, BP and CD are concurrent at W. 


=1 


Notes: 
1. If we take AP = BO = AB, then 
AZ A АРІВС СА 
ZB и QB/CA CB 
BX ОВ А 


В 
Ako == оаа й 
ютс лсо) 


Thus by converse of internal angle bisector theorem CZ and АХ аге angle bisector 
of ZC and ZA respectively and hence W is the in-centre of AABC. 


CY 
2. If we take AP = BC and BO = AC then from Eqs. (2) and (1), YA =1, ie,CY- 


(from Eqs. (9) and (10)) 


BX 
YA and XC = 1, ie,BX- XC then W is the centroid of AABC. 


3. Finally if X and Y are the points of contact of the in-circle and P is taken as the 
point at which BY cuts the parallel through А and Q the point at which AX cuts the 
parallel through B, then W is the Gergonne Point of AABC. 

Example 73 Prove that the internal angle bisector of an angle of a triangle and the 
other two external bisectors are concurrent. 
Solution: Given In AABC 
AX, 1s the internal angle bisector of ZBAC. BY, CZ are the exterior angle bisector of 
ZB and ZC which cuts AC produced at Y and AB produced at Z respectively. 

To prove: AX, BY, CZ are concurrent 


3 : AB ВХ 
Proof: In AABC by internal angle bisector theorem —~ = — 
AC XC 
Ву exteri le bisector th CY CA AZ 
y exterior angle bisector theorem — 7 = y7 and og” Zg 
BX CY AZ АВ BC 4C | 
XC YA ZB AC AB BC 


Note: Here CY is positive and YA is negative 


Y 
YA is negative and AZ is positive and ZB is negative 


AZ f T" 
ZB is negative but their product is positive. 


Aliter: Let BJ, CI, are the exterior angle bisectors. Join АЛ, 
Now our aim is to prove AJ, is the angle bisector of ZBAC 


Construction: Draw / С L BC 
ТУ L AB produced 
I W L AC produced 


Geometry BS 


Proof: In АВГ and ABI,V 
ZBUI, = ZBVI, = 90° 


Z1=22 (Given) 

BI, = ВІ (Common) 
-. By AAS congruencies 

ABUI, = ABVI, 

> 10 = IV ( 1 ) 


In ACUI, апа ACWI, 
ZCUI, = ZCWI, = 90° 


Z3- Z4 
CI, = CI, (Common) 
-. By AAS congruence 
ACUI, = ACWI, 
LU = 17 (2) 
2. From Eqs. (1) and (2) ДС = ДУИ = IW (3) 
In AAVI, апа AAWZ, 
ZAVI, = ZAWI, 
ДУ = У (From Eq. (3)) 
Al, = Al, (Common) 
-. By RHS congruence 
AAVI, = AAWI, 


=> ZhAV-ZHhAW 
Hence АЛ, bisects ZBAC. 
Example 74 Let ABC be a triangle and let D, E, F be the points on its sides such that 
starting at A, D divides the perimeters of the triangle into two equal parts, starting 
at B, E divides the perimeter of the triangle into two equal parts and starting at C, F 


divides the perimeter of the triangle into two equal parts. Prove that D, E, F lie on the 
sides BC, CA, AB respectively and the lines AD, BE, CF are concurrent. 


Solution: Let 25=a+h+c be the perimeter of AABC. 

Now c<at+bandb<ct+ta >c+c<at+b+candb+c+a<ctat+cta 
=> 2c<a+b+c<2(c+a) 
=> 2с<25<2(с+а) 
=> с<5<с+а 


So, АВ=с<з=АВ+ВР<с+а= АВ+ВС ү 
Le, АВ+ BD « AB4 BC / М 
-. D lies on ВС. d F E "b 


Similarly Е lies on CA and F on AB 
Also 


c+BD=s=DC+b 
BD-s-candDC-s-b 


Ф 
VOT 
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Christian Heinrich 
van Nagel 


28 Feb 1803—27 Oct 1882 
Nationality: German 


anda+CE=s=EA+C 
=> CE=s-a;EA=s-c 
andb+AF=s=FB+a 


=> AF-s-band FB-s-a 


BD CE AF - (ecc (5 (a2 
DC EA FB s—-b/Ns—-c/Ns—a 


Hence by converse of ceva's theorem AD, BE and CF are concurrent. 


Hence 


Note: D, E, F are the points where ex-circles are touching the sides of the triangle. 


Example. 75 Jf the ex-circle of AABC, opposite the vertices A, B, C touch BC, CA, 
AB at Х|, Y), 23 respectively then prove that AX,, BY,, CZ, are concurrent (the point of 
concurrence is called the Nagel Point of AABC). 


Solution: Let the ex-circle opposite A touch AC produced at Y, and AB produced at Z, 
then BX, = BZ,, and CX, = CY, 
And 


AZ, = AY, 
Hence AB + BZ, = AC + CY, 


AB + BX, = AC+CX, = S (AB + BX; + XC 4 AC) 


AB + BX, = AC 4 CX, = (4B+ BC+C4)=s 


Hence X, bisects the perimeter of AABC and lies on ВС. 
Similarly Y}, 43 lies on AC and AB and bisects the perimeter of AABC. 
Also BX, =s—c, CX, =s—b, CY,=s—a,AY,=s—c, AZ,=s—b and BZ,-s—-a 


BX, CY, AZ; (Ey (ess 
ХС YA ZB wNs-b/Ns-c/Ns—a 


BX, СҮ, AZ 
XC YA ZB 


1 


Hence by converse of Ceva’s Theorem, AX;, BY, CZ, are concurrent. 


Example 76 M is an interior point of a triangle ABC. Bisectors of interior angles 
BMC, CMA, AMB intersect BC, CA, AB respectively at X, Y, Z. Prove that AX, BY, CZ 
are concurrent. 


PA PB PC 

If P is the point of concurrence and ——-——-—— = 8, then show that M is the cir- 
PX PY PZ 

cumcentre and P is the centroid of AABC. 

Solution: In AMBC 

MX is the angle bisector of ZBMC 


BX MB 


° хс MC 


Similarly in AMCA, MY bisects ZAMC and by internal angle bisector theorem 
MA AZ 

MC _СҮ andinAAMB, = 22 

МА YA MB ZB 


BX CY AZ MB „МА | 
XC YA ZB MA MB 


Hence by converse of Ceva’s theorem AX, BY, CZ are concurrent. 
If P is the point of concurrence of AX, BY, CZ. Let [BPC] =A, [APC]=A,, [APB] = A; 


PA [APB] [АРС] _[АРВ]+[АРС] _[АРВ]+[АРС] 
PX [BPX] [PCX] [BPX]+[PCX] [BPC] 

PA AA; 

PX Ay 


ur РВ A, +A; PC ^*^ 
Similarly — = —— and — = ———— 
PY A» PZ A; 


PA PB Pe аа аа (e 


=8 (Given) 
PX PY PZ A, A, Д; 


Since AM = GM. 
ete > уар orat+b>2Vab 


i.e., 
A, +43 > 24443 


Similarly А» +A, 22 A,A3 and А; +A, 22 АзА| 


Multiplying (Ay + А» (А +A; )(А» TA) > 8A,A,A3 
AtA 2+ АА, 
A; Aj А, Е 


Thus equality holds if A; = A; = А; 


BX [ABX] [PBX] _ [4Bx]-[PBx] [ABP] ^ 
“ xc [АСХ] [pcx] [acx]-[pcx] [АРС] A, 


h 


As Аз =A, 


ET zj => ВХ = ХС 
ХС 


But MX is the bisector of ZBMC, and ВХ = XC 
-. AMBC of an isosceles triangle MB = MC. Similarly MC = MA. 
Thus M is the circumcentre of A4BC. 
Since ВХ = XC ~. AX is a median similarly BY, CZ are also medians. 
-. Their point of intersection P is the centroid of the triangle. 


Example 77 AD, BE, CF are three concurrent lines drawn from the vertices of the 
triangle ABC to points D, E, F on the opposite sides. If AD is an altitude of the triangle 
ABC, show that AD bisects the angle ZFDE. 


Geometry 
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, Y A X. Solution: Through А, draw a line parallel to BC. 
DE meets this line at X and DF meets this line at Y. 
F Consider AAXE and ACDE 
E 
ZAEX = ZCED (VOA) 
ZEAX = ZECD (Alternate interior angles) 
B D 
-. By AA similarly 
AAXE ~ ACDE 
CE CD 
T (1) 
EA AX 
Similarly AAFY ~ ABFD 
AF AY 
T a5 Q) 
FB BD 
Since the lines AD, BE, CF are concurrent 
-. By Ceva's theorem 
BD CE AF 
м | (3) 
DC EA FB 


-. From Eqs. (1), (2) and (3) we get 
BD CD AY | 


DC AX BD 
= me 
AX 


Since AD L BC and ZDAX = ZADB = 90° (Alternate interior angles) 
ZDAX = ZDAY = 90? and AX = AY 


-. DA is the perpendiculars bisector of XY. DXDY is an isosceles triangle 
2 ZXDA = LYDA 
=> ZEDA-ZFDA 
-. AD bisects ZEDF. 


Note: If AD, BE, CF are the altitudes and their point of intersection is H, (orthocentre) 
then DH bisects ZEDF and EH bisects ZDEF and hence H is the in-centre of orthic 
triangle DEF 


Example 78 /n any triangle ABC, the median AM, the altitude BH and the angle bisec- 
tor CD are concurrent. Prove, in the usual notation for the triangle, 


b? .cg-g _Ь 
Б +а2-с2 a 


Solution: 
Assume AH = x; 


7 HC-b- x. 


BD BC 
By bisector theorem, — = — = 
AC 


B 
DA b 


Geometry 


Also BM= CM. 
AH CM BD AH 
тете (1) 
HC MB DA HC a 
Consider right angled triangle ABH where BH’ = ж? 
And from right triangle BHC, BHP = a’ -(b- xy. 


By Ceva's theorem, 


Thus, 
c? — x? = д2 — b? — x? + 2bx 

b? +e? -a? 
> x= 

2b 
T NM b? +с2 -a D.g-0 
i 2b 2b 
VN" MN 

шн x _Ьё+с°—-а x 2b 

HC b-x 2b b? +a? – с? 


>. b 02 +c? а? 
ie,—- 


E E mE (From Eq.(1)) 


Example 79 Let ABC be an equilateral triangle and let P be a point in its interior. Let 
the lines АР ВР CP meet the sides BC, CA, AB at A,, В}, C, respectively. 

(1) Prove the inequality: A,B, -B,C,- CjJA, > АВ -B,C - СА. 

(ii) When does the equality hold? 


Solution: 
1 
Now, cosC = cos60° = 3 


Apply cosine formula for 4,B, in A A4,B,C. 
A,B? = CA? + CB? - 2CA - CB, ·соѕС 


1 
ie, AB? = CA? + CB? – СА · СВ (^s cosC = Э 
This is like x? + y? — xy 


Apply Sophie inequality: x? + y? > xy ( where x, y e R) 


“A,B? > СА CB, (1) 
Similarly В.С? > AB, AC, and СА > BA · BC, 
Thus 4B? - B,C? -C,4? > (CA CB, · AB,- AC, · BA - BC,) (2) 
But by Ceva’s theorem, as the lines 44,, BB,, CC, are concurrent, we have, 
BA, -CB,- АС, = CA, - BC, · АВ). 
Thus Eq. (2) becomes 
(АВ, - BC; CLA? 2 (BA - СВ, · AB. (3) 
1 4B BC, СА, > АВ: ВІС-С А 


Equality holds if СА, = CB,; AB, = АС}; BA, = BC. 
This happens when P is the centre of the incircle of AABC. 
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1. 


10. 


11. 


12. 


13. 


14. 


Prove that the necessary and sufficient condition that lines from the vertices A, B, 
C of AABC to points X, Y, Z on the opposite sides are concurrent is that 
sinZBAX sinZCBY sinZACZ _ 4l 

sinZCAX sinZABY sinZBCZ 


. Three squares are drawn on the sides of AABC (i.e., the square on AB has AB as 


one of its sides and lies outside A4BC. Show that the lines drawn from the verti- 
ces A, В, C to the centres of the opposite squares are concurrent. 


. Let ABC be a triangle, and let D, E, F be the feet of the altitudes from A, B, C. 


Construct the incircles of triangles AEF, BDF, and CDE; let the points of tan- 
gency with DE, EF, and FD be C", A", and B", respectively. Prove that AA”, BB", 
CC" concurrent. 


. Three circles (whose centres form the vertices of a triangle) touch two by two. 


Prove that the three common tangents at the points of contact are concurrent. 


. In an acute triangle ABC with AB # AC, let V be the intersection of the angle 


bisector of A with BC, and let D be the foot of the perpendicular from A to BC. If 
E and F are the intersections of the circumcircle of AVD with CA and AB, respec- 
tively, show that the lines 4D, BE, CF concurrent. [Korea MO, 1997] 


. Let ABCDEF be a convex cyclic hexagon. Prove that AD, BE, CF are concurrent 


if and only if AB: CD. EF = BC: DE: FA. 


. Ifa given straight line AB is divided internally at P and externally at Q in the same 


ratio, then AB is said to be divided harmonically at P and О. P and О are called 
the harmonic conjugates of A and B. D, E, F are points on the sides BC, CA, AB 
of a triangle such that 4D, BE, CF are concurrent, If EF cuts BC produced at D', 
prove D and D' are the harmonic conjugates of В and C. 


. The circles А; and k, with respective centres О, and О, are externally tangent at 


the point C, while the circle k with centre О is externally tangent to k, and А. Let 
1 be the common tangent of k, and k, at the point C and let AB be the diameter of 
k perpendicular to /. Assume that О and A lie on the same side of /. Show that the 
lines AO,, ВО», l have a common point. [Bulgaria MO, 1996] 


. Let ABC be a triangle. Construct rectangles ACDE, AFGB, and BHIC, one on 


each side of ABC. Prove that the perpendicular bisectors to the segments EF, GH, 
and /D are concurrent. 

A line from vertex C of AABC bisects the median from A. Prove that it divides the 
side AB in the ratio 1 :2. 

Triangle ABC is inscribed in AXYZ and circumscribed about APOR. If AP, BO, 
CR are concurrent and AX, BY, CZ are concurrent, prove that PX, QY, RZ are 
concurrent. 

The in-circle of A4BC touches the sides BC, CA, AB at D, E, F, respectively. 
The centres of ex-circles opposite A, B, C are P, Q, R. Show that PD, OE and RF 
concurrent. 

Triangle ABC has in-centre 7. The in-circle touches BC, CA at P and О, respec- 
tively. A’, C' are mid-points of sides BC, AB. Prove that the lines AF, PQ, A'C' are 
concurrent. 

In AABC, the in-circle X touches the sides BC, CA, AB at D, E, F. Let, P be any 
point within the circle and, let the segments AP, BP, CP meet È at X, Y, Z. Prove 
that DX, EY, FZ are concurrent. 
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8.10.5 Menelaus Theorem Menelaus of Alexandria 


If a transversal cuts the sides BC, CA, AB of a triangle ABC at X, Y, Z respectively then 

ВХ CY AZ _ 
XC YA ZB - 
Proof: Let h,, h,, А; be the lengths of perpendiculars AP, ВО, CR respectively from A, 
B, C on the transversal. 


c. 70 СЕ с. 140 ce 
Nationality: Greek 


Figure (i) 


Figure (ii) 


In ABQX and ACRX 
ZBOX = ZCRX = 90° 
ZBXQ = ZCXR (Common) 
-. By AA similarly 
ABQX ~ ACRX 
BY BD m 
XC CR h 
Similarly ACRY ~ AAPY 
EIER 
YA AP h 
and AAPZ ~ ABQZ 
um LR LN 
ZB BO Ь 
BX CY AZ_h hh 
XC YA ZB hhh 


=] 
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In Figure (i) as per the directed line segments we have BX is positive and XC is nega- 


А BX . А А » 
tive. Therefore XC is negative and the other two ratios are positive. 


BX CY AZ — 
XC YA ZB 
BZ AY CX 
Remark: You may take —:—:——--1 
ZA YC XB 


In second figure (when transversal cutting all the sides externally) 


As per directed line segments we have BX is positive but XC is negative. 


BX : : 
XC is negative and also CY is positive but YA is negative. 


CY А 
— is also negative and AZ is positive but ZB is negative. 


А2. А 
—— Is negative. 
ZB 


BX CY AZ ; 
Thus =, ==, == all are negative 
XC’ YA’ ZB 
BK CY AZ __ 
XC YA ZB 


8.10.5.1 Converse of Menelaus Theorem 


BX Es Y AZ . 
sions such that ——:——:—— = -1, then X, Y, Z are collinear. 


XC YA ZB 


BX CY AZ. 
XC YA ZB 
Let if possible ZY produced meets BC produced at X”. 


-. By Menelaus theorem 


BX' CY AZ 
XC YA ZB 


BX 
*. From Eqs. (1) and (2) XC = YC 


Subtract 1 from both sides Mj = a 
XC XC 
BX-XC BX'-XC 
XC XC 
BC _ BC 
XC XC 
1 1 
AU ЖС 


If X, Y, Z are three points on each of the sides BC, CA, AB, of AABC or on their exten- 


Proof: Since it is given that X, Y, Zare on BC, CA, AB, or on their extensions such that 


(1) 


Q) 


XC - ХС 
XC-XCz-0 
XX'=0 


That is, X and X’ coincides and thus X, Y, Z are collinear. 


Note: The reader may have a doubt that whether X lies on the right or left of X . In the 
proof given above X has been taken on the left of X . If X lies on the right of X then 


also you can prove. 


Example 80 /n a triangle ABC, AB = AC. A transversal intersects AB and AC internally 
at K and L respectively. It intersects BC produced at M. If KL = 2LM, find KB/LC. 


Solution: In AAKL, consider BCM as the transversal which intersects AK, AL, KL at 
B, C and M respectively. 
-. By Menelaus theorem 


KE C M ЖЕ (As АВ = АС) 


BA CL MK 
Es (As KL = 2LM => КМ =3LM ) 
CL 3 
KB KB 3 
=-3 > —~=-. 
CL LC 1 
Example 81 ABC is a triangle and D and E are interior points of the sides AB and BC 
AD 1 E CF 
respectively such that = – and = 3. If AE and CD intersect at Е find —. 
DB 3 EB FD 


Solution: 

In ABCD, consider EFA as a transversal. 
It cuts BC, CD, DB at E, F and A respectively. 
Then by Menelaus theorem 


ВЕ CF DA. " 
EC FD AB 
. AD 1 AD 1 
Since = > = 
DB 3 AB 4 
CE BE 1 
Also =3 > = 
EB EC 3 
1 CF 1 
-. Eq. (1) b = TE 
q. (1) becomes 3 FD 4 
CF -12 CF 12 
— öf — 


ЕР 1 FD 1 
Aliter: 


Construction: Join BF and produce it to cut AC at G 
Since by Ceva's theorem 
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AD ВЕ CG _ 


DB EC GA 


Q 
Q 
= |V 


ga 
CF CG CE 9.3 12 
FD GA EB 11 1 


Example 82 On the sides BC, CA, AB of AABC, points D, E, F are taken in such a way 
BD CE АЕ _ 2 


that — = — . Show that the area of the triangle determined by the lines 
DC EA FB V 


Also by van Aubel’s theorem, we get 


AD, BE, CF is ; of area of AABC. 


Solution: 


B« 2 »D«———1———* 


AR „ЭС „ BF _ 
Using Menelaus theorem in A4BD with transversal CF, we get — 
RD. CB “FA 


selel 1 => Amo [ADC] ==[4BC]==A 
RD 3 2 AR 6 3 3 


Now, [ARC] = 2 Гарс] = =A ‚ Similarly, | BOC] = =x A and [APB] = =x A 


Now [POR]=[4BC]-[ARC]-[BOC]-[4PB] = л =A ZA A 


= [208] - ха 


Example 83 ABC is a triangle; Р О are points оп AB, so that, 6РО = ЗАР = 20В; R, S 
are points оп AC, such that, 6RS = 3SC = 2AR. Prove that, PR, OS and BC (produced) 
are concurrent. 


Solution: 


Let, 6PQ-3A4P =20B=c 


с с e 
7 РО = –; АР = –; ОВ = 
9 6 3 9 2 


Also let, 6RS =3SC =2AR=b 


x R$ жб =" an a 
6 3 


Applying Menelaus’ theorem to first and second figures 


AEE- ы (BEA а 


(Where PRT, and QST, are transversals to first and second figure respectively) 


c 
s В аза An ll 
nC J| b || 2c [ 
2/)\ 3 
b e 
And | B. | 2 || 2 |-.1 SLE 
ТС j| 2b || с TC 
3 A2 
BT, BT. 
This means — = —2 implying BC is divided externally in the same ratio at two 
TC 1С 


distinct points T, and 7. 
This is not possible implying Т = T; = T (Tj, Т, must coincide). Thus PR, OS, BC 
(produced) are concurrent at 7. 


Example 84 Prove that the tangents at the vertices of a triangle to its circumcircle 
meets the opposite sides in three collinear points. 
Given In AABC, tangent at A to the circumcircles meets CB produced at D. Tangent 
at B to the circumcircle meets CA produced at E and tangent at C to the circumcircle 
meets BA produced at F. 

To prove D, E, F are collinear points 


Proof: In ADAB and ADCA 
ZADB = Z CDA (Common) 
ZDAB = Z DCA (Alternate segment theorem) 
-. By AA similarly ABAD ~ AACD 


BD AD BA c 
AD CD AC b 


AC 
BD АВ? с? 
== = 
CD АС? B 
BD -c? й Tw 
= 2 С> BD and DC are in opposite directions) 
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CE -a° АЕ _-Ь 
Similarly, EA = == апа FB BO 
c a 


вр E АЕ [== а J- 
DC EA FB V) JN e JA а? 


-. By converse of Menelaus theorem D, E, F are collinear. 


Example 85 Three points X, Y, Z are taken on the sides BC, CA, AB respectively of a 
AABC such that AX, BY, CZ are concurrent. YZ meets BC in X'. ZX meets AC in Y', XY 
meets BA in Z'. Prove that 
(i) X', Y', Z' are collinear 
(ii) AX, BY', CZ' are concurrent 
(ш) AX’, BY, CZ' are concurrent 
(iv) AX', BY', CZ are concurrent 
Solution: Since AX, BY, CZ are concurrent 
-. By Ceva's theorem 
BX CY AZ _ T 
XC YA ZB 
The transversal X' YZ cuts the sides of AABC, by Menelaus theorem 


BY' CY AZ _ T 
XC YA ZB 


Similarly the transversal ZXY' and XYZ' with respect to AABC 


BX CY' AZ 
=] (3) 
ХС ҮА ZB 
BX CY AZ 
жашы а --] (4) 
XC YA ZB 


(1) To prove X’, Y', Z' are collinear take those equations which include X’, Y', Z'. 
So multiplying Eqs. (2), (3) and (4) we get 


Geometry 


BX' СҮ AZ\{ BX СҮ AZ\( BX CY AZ 
| —: А I L—. Ji К — Je coxcoxco 
ХС ҮА ZB)/\ XC ҮА ZB/NXC YA ZB 
= Br (EX BOS 42) 42 " 
X'C\ XC YA AB/YANXC YA ZB/Z'B 
BX' СҮ AZ’ _ 
XC YA ZB 
-. By converse of Menelaus theorem X", Y', Z' are collinear 
(11) Now to prove AX, BY', CZ' are concurrent take those equations which includes 
X, Y',Z' 
Thus multiplying Eqs. (3) and (4), we get 
(AE ST OS yen 
XC YA ZB/\ XC YA ZB 
Ge Eee 
XC YA Z'B/\ XC YA ZB 
BX GY' AZ' - 
XC YA ZB 
Thus by converse of Ceva's theorem AX, BY', CZ' are concurrent 
(ш) Multiplying Eqs. (2) and (4), we get 
(C CK cen 
XC YA ZB/AXC YA ZB 
(= CY AT (x CY 22). 
XC YA 2В XC YA ZB 
ук со 
X'C YA 7В 


-1 


-. By using Eq. (1), we get, 


-. By converse of Ceva’s theorem AX’, BY, CZ' are concurrent 
(iv) Multiplying Eqs. (2) and (3) we get 


pure > 
XC YA ZB)/\ XC YA ZB 
(Ar gr ar BX CY 12) 
XC ҮА 72В/ ХС YA ZB 
BX' CY' AZ | 
XC YA ZB 


-. By converse of Ceva's theorem AX', BY', CZ are concurrent 


Example 86 А transversal cuts the sides AB, BC, CD, DA of a quadrilateral at P. О, R, 
AP ВО. CR DS _ 
PB QC RD SA 


Construction: Join AC which cuts the line at Т 


S respectively prove that 


Solution: In A4BC and AADC apply Menelaus theorem on the given transversal, we 
get 


AP ВО CT | a 
PB OC TA 
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Pappus of Alexandria 


c. 290-c. 350 AD 
Nationality: Greek 


CT AS DR 
and VN up ee GS 

TA SD RC 

AP ВО CR DS | 


-. From Eq. (1) + Eq. (2 t 
тош Eg: (D) Eq. 0) Weert a. OC RD SA 


8.10.6 Pappus Theorem 


(2) 


If A, C, E are three points on one straight line. B, D, F on another and if the three lines 
AB, CD, EF meet respectively DE, FA and BC at L, M, N, then these three points L, M, 


N are collinear. 


Given: ACE and BDF are any two lines. AB, CD, EF intersects DE, FA, and BC at L, 


M, N respectively 
To prove: L, M, N are collinear 


Construction: Produce FE and DC to intersect at U 
Let FU cuts BA at V and DU cuts BA at W. 


Proof: Now to prove L, M, N are collinear in AUVW, we have to prove 
UN VL WM 
NV LW MU 

In AUVW, consider LDE as transversal and then by Menelaus theorem 


UE VL WD | 


EV LW DU _/ 
In AUVW consider AMF as transversal and then by Menelaus theorem 


UF VA WM _ 


FV AW MU 
In AUVW, by considering BCN as transversal and then by Menelaus theorem 
UN VB WC 


NV BW CU | 
In AUVW, consider ACE as transversal and then by Menelaus theorem 


UE VA WC — 


EV AW CU 


In AUVW consider BFD as transversal and by Menelaus theorem 


Multiply Eqs. (1), (2) and (3) 


UE |VL| ИР || ОЕ УА z E ИВ WC| v y pn 
EV |LW| DU A FV AW |MU]|)\|NU| BW CU 


(2. VL тм (22, VA AJ. VB = 
NV LW MUJXEV AW CUJXFV BW DU 


(1) 


Q) 


G) 


(4) 


(5) 


By Eq. (4) and (5) 


UN VL WM 
| ier j DCI =-—1 
NV LW MV 

UN VL WM _ 

NV LW MU 


-. By converse of Menelaus theorem, L, M, N are collinear. 
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1. 


2. 


10. 


11. 


12. 


Prove that the external bisectors of the three angle of a scalene triangle meet their 
respective opposite sides at three collinear points. 

In AABC points D and E respectively divide the sides BC and C4 in the ratios 
BD AE 

DC =m, EC =n. The segment AD and BE intersect in a point X. Find the ratio 


AX 


Хр 


. The external bisector of angle A of triangle ABC meets BC produced at L, and the 


internal bisector of angle B meets CA at M. If LM meets AB at R, prove that CR 
bisects the angle C. 


. Ina parallelogram ABCD with ZA < 90°, the circle with diameter AC meets the 


lines CB and CD again at E and F, respectively, and the tangent to this circle at A 
meets BD at P. Show that P, F, E are collinear. [Turkey MO, 1996] 


. Let M be an interior point of triangle ABC. AM meets BC at D, BM meets CA at 


E, CM meets AB at F. Prove that [DEF] < 1/4 [ABC]. 
[The 26th and 31st IMO Shortlisted Problem] 


. Suppose РА, PB, PC be three rays for which ФАРС = ZAPB + ZBPC < 180°. 


sinZAPC _ sinZAPB ^ sinZBPC 


Prove that A, B, C are collinear if and only if 
PB PC PA 


. The diagonals AC and CE of the regular hexagon ABCDEF are divided by the in- 


ner points M and N, respectively, so that AM/AC = CN/CE = r. Determine r if B, 
M, N are collinear [IMO, 1982] 


. Let ABCD be a convex quadrilateral such that ZDAB = ZABC = ZBCD. Let G 


and O denote the centroid and circumcentre of the AABC. Prove that G, O, D are 
collinear. [Bulgaria MO, 1997] 


. The semicircle with side BC of AABC as diameter intersects sides AB, AC at 


points D, E, respectively. Let F, G be the feet of the perpendiculars from D, E to 
side BC respectively. Let M the intersection of DG and EF. Prove that AM 1 BC. 
Consider a triangle ABC and a point P within the triangle. Lines AP, BP, CP 
intersects the opposite sides in points D, E, F respectively. Prove that out of the 


b UNE CM d t least is <2 and at least is 22 
numbers 57, pr? pp atleast one is <2 and at least one is 2 2. 
Consider a triangle ABC with its inscribed circle whose centre 7, touching BC at 


D. Let the mid-points of AD, BC be M, N. Prove that M, I, N are collinear. 
Construction of Harmonic Mean by Pappus: O, A and P are collinear points. 
On the perpendicular to OB at B, mark-off BD = BE. Let the perpendicular to OB 
at A meet OD at F. Draw FE to cut OB at C. Prove that OC is the Harmonic Mean 
between OA and OB. 
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8.11 CIRCLES 


The following elementary theorems about circles are worth remembering: 


1. 


2. 


Опе and only one circle can be drawn so as to pass through three non-collinear 
points. 

The perpendicular drawn from the centre of a circle to a chord of the circle bisects 
the chord. Conversely, the straight line joining the mid-point of a chord of a circle 
to the centre is perpendicular to the chord. 


. Equal chords of a circle are equidistant from the centre. Conversely if two chords 


of a circle are equidistant from the centre then they are equal. 


. Inthe same circle or in equal circles, equal chords cut off equal arcs and conversely. 
. Angle subtended by an arc of a circle at the centre of the circle is twice the angle 


subtended by the same are at any point on the remaining part of the circle. 


. Angles in the same segment of a circle are equal and conversely. 


QU 


. Angle in a semi-circle is a right angle. Angle in a segment smaller than (resp big- 


ger than) a semi-circle is an obtuse (resp. acute) angle. 


. Radius drawn at point of contact of a tangent to the circle is perpendicular to the 


tangent. 


. From an external point we can draw two tangents to the circle. Both tangents are 


equal in length. 


Proofs of above theorems are left as an exercise. It is highly recommended before 
going further please do the proofs of above. 


8.11.1 Alternate Segment Theorem 


If through a point on a circle, a tangent and a chord be drawn the angle which the tan- 
gent makes with the chord is equal to the angle in the alternate segment. 


Given: In the figure XAY is a tangent at A to the circle. AB is a chord and P is any point 
in its alternate segment. 


To prove: (i) ZBAY= ZAPB (ii) ZBAX= ZATB 


Proof: Let O be the centre of the circle. Join AO and produce it to cut the circle at M. 
Join BM 


Z1+ Z2 = 90° 
Also <2 + Z3 = 90° 
21+ 22= 22+ 23 


=> 41=73 
Also Z3 = Z4 (Angles in a same segment) 
Д1= 24 
Now 21+25 = 180° (Linear pair) 
Also PATB is a cyclic quadrilateral 
Z4+ 26 =180° 
=> 21+25=24+ 246 
=> #5=/6 (^ 21= 24) 


Example 87 Let D be a point іп the interior of an acute angled triangle ABC, such 


that ZADB = ZACB + 2 Prove that the circumcircles of the triangles ACD and BCD 


cut each other orthogonally. 
Solution: Draw tangents DT and DS to the circles ADC and BDC at D. 
Then ZADT= ZACD [i.e., Z(1) = Z(2)] (Alternate segment theorem) 
ZBDS = ZBCD [i.e., Z(3) = Z(4)] (Alternate segment theorem) 
This implies that ZSDT = ZBDA — (ZBDS + ZADT) 
= ZSDT=90° + ZC— ZC = 90° 
Thus the tangents to the two circles ADC and BDC are perpendicular, i.e., the cir- 
cles cut each other orthogonally. 


Note: Angle between the tangents (or normals) to the two circles at their point of 
intersection is called angle between the circles and if this angle is 90° then circles are 
said to be orthogonal. 


Example 88 Given a right angle ABC, construct a point N in the interior of the trian- 
gle, such that the angles ZNBC, ZNCA, ZNAB are all equal. Justify your construction. 


Solution: 
Draw a semicircle on AB as diameter. 

Draw CX L AC. 

Draw the perpendicular bisector of BC and extend it to meet CX at О. With ‘0’ 
as centre and OC as radius draw arc of a circle to intersect the semicircle on AB as 
diameter at М. 

N 1s the required point. 


Proof: Join AN, BN, CN. Then ZNAB = ZNBC = ZNCA. 
CA is a tangent and CN is a chord of the circle with centre “О”. 


-. ZACN = ZCBN (angle in the alternate segment) (1) 
BC is a tangent and BN is a chord to circle on AB as diameter. 
<. ZCBN = ZNAB (angle in the alternate segment) (2) 


Thus from Eqs. (1) and (2), we get, ZNAB = ZNBC = ZNCA. 
Note: This point N is called Brocard Point. 


Geometry 8.91 


X 


Pierre Rene Jean Baptiste 
Henri Brocard 


12 May 1845-16 Jan 1922 
Nationality: French 


Archimedes 


c. 287 BCE-212 BCE 
or 211 BCE 
Nationality: Greek 
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. Prove that if two chords of a circle bisect each other, they are diameters. 
. Ifthree chords ofa circle are such that each pair of chords bisects the third; all the 


three chords are at the same distance from the centre of the circle. 


. Dis a point in the base BC of a AABC and through B, D, C lines are drawn per- 


pendicular to AB, AD, AC respectively meeting one another in Е, F, G. Prove that 
A, E, G, F are concyclic. 


. Let A, B be two given points and k # 1 a positive real number. Prove that the locus 


of points P satisfying P4/PB = k is a circle whose centre lies on AB. 
Note: The circle obtained in the above problem is called ‘Circle of Apollonius’ 


. A triangle inscribed in a circle of radius 5 has 2 sides measuring 5 and 6 respec- 


tively. Find the measure of the third side of the triangle. 


. We begin with AABC and construct equilateral triangle ABD and ACE with their 


vertices D and E in the exterior of AABC. Segments DC and EB intersect at point 
P as shown in the figure. Find ZAPD. 


. His the orthocentre of an acute —angled triangle ABC with circumcentre “О”. Let 


P be a point on the arc, not containing A of the circumcircle, different from B and 
C. Let D be a point, such that AD = PC and AD || PC. Let K be the orthocentre of 
AACD. Prove that K lies on the circumcircle of AABC. 


. Point D is the mid-point of arc AC of a circle; point B is on minor arc CD; and E 


is the point on AB such that DE is perpendicular to AB. Prove that AE = BE + BC. 
Note: This problem is known as ‘Archimedes broken-chord theorem’ 


. Two circles C, and C, intersect at two distinct points P and О in a plane. Let a line 


passing through “Р? meet the circles C, and C; in A and B respectively. Let Y be 
the mid-point of AB. Let OY meet the circles C, and С, in X and Z respectively. 
Prove that Y is the mid-point of XZ also. 


. Two circles intersect at points A and B. An arbitrary line through B intersects the 


first circle again at C and the second circle again at D. The tangents to the first 
circle at C and to the second circle at D intersect at M. The line parallel to CM 
which passes through the point of intersection of AM and CD intersects AC at K. 
Prove that BK is tangent to the second circle. 


. Chords AB and CD of a circle intersect at a point Е inside the circle. Let M be an 


interior point of the segment EB. The tangent line at E to the circle through D, E 


AM EG 
and M intersects the lines BC and AC at F and G, respectively. If "AB =t find EF 
in terms of f. [IMO, 1990] 


. Let Г, and I be two circles intersecting at P and О. The common tangent, closer 


to P, of Г, and Г, touches T} at A and Г, at В. The tangent of Г, at P meets Г, at 
C, which is different from P and the extension of AP meets BC at R. Prove that the 
circumcircle of triangle POR is tangent to BP and BR. [APMO, 1999] 


. ABC is an isosceles triangle with AB — AC. Suppose that 


(1) M is the mid-point of BC and O is the point on the line AM such that OB is 
perpendicular to AB; 
(ii) Q is an arbitrary point on the segment BC different from B and C; 
(ii) E lies on the line AB and F lies on the line AC such that E, О and F are all 
distinct and collinear. 
Prove that OQ is perpendicular to EF if and only if QE = OF. [IMO, 1994] 


. ABCDE is a convex pentagon. The sides of the pentagon intersect at P,, P», P3, 


P,, and P; as shown in the Figure. Construct the circumcircles of the triangles 
PAE, Р,ВА, P;CB, Р.С and P;ED. These circumcircles meet at five points A', 


B', C', D', E' which are different from A, B, C, D, E. Prove that the points 4’, B’, 
C', D', E' are concyclic. 


8.11.2 The Power of a Point 


Let æ be a circle with centre О and radius r, and let P be a point. The power of P with 
respect to wis defined to be the difference of squared length PO? - г. 
This is positive, zero, or negative according as P is outside, on, or inside the circle 00. 


Explanation: 
Let line PO meet the circle @ at points A and B, so that AB is a diameter. Here we will 
be using directed lengths which is as follows: 

For three collinear points P, A, B, 

If PA and PB point in the same direction, then we will take P4 and PB of same sign 

= РА · РВ is positive. 

If PA and PB point in the opposite direction, then we will take P4 and PB of oppo- 
site sign 

= РА · РВ is negative. 

Now, 


РА · PB = (PO + OAYPO + OB) = (PO — Р(РО +r) = РО? - т, 
= PA: PB- PO) -r (1) 


Which is the power of the point P. Observe the right hand side of the Eq. (1), 
If P lies inside the circle, then PO < r, which forces РО? -r° to be negative and If 
P lies outside the circle, then PO > r, which forces PO? — т^ to be positive. 


8.11.3 Intersecting Chords Theorem 


If a line L through P intersects a circle @ at two points A and В, the product РА · PB (of 
signed lengths) is equal to the power of P with respect to the circle. 

More over if there are two lines through P one meets circle wat points А and В, and 
let another line meets circle @ at points C and D. Then 


PA: РВ = PC- PD. 


Proof: Let us consider two cases separately 
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Case 1: P lies inside the circle a, 
In APAD and APCB, we have 


ZPAD = ZPCB 
and ZAPD = ZCPB, 
So by AA similarity, APAD and APCB are similar. 
PA PC 
=> — =— = PA: РВ = РС PD. 
PD PB 


Case 2: P lies outside the circle c, 
In APAD and APCB, we have 


ZPAD = ZPCB 
and ZAPD = ZCPB, 
So by AA similarity, APAD and APCB are similar. 
PA PC 
= — = —— — PA: РВ = PC- PD. 
PD PB 


8.11.4 Tangent Secant Theorem 


If through a point outside a circle a tangent and a chord be drawn. The square of the 
length of the tangent is equal to the rectangle contained by the segments of the chord. 


Proof: In APTA and APBT 


ZTPA = ZBPT (Common) 
ZPTA = ZPBT (Alternate segment theorem) 
-. By AA similarly 
APTA ~ APBT 
PT PA 
PB PT 


ses РТ? = РАх РВ. 


Note: Using the power of a point theorem and intersecting chord theorem, we infer 
that ‘for any line passing through point P and meeting the circle œ at X and Y, PX: PY 
is always constant (independent of line passing through point Р!) And it is equal to the 
power of point P with respect to the circle œ. 

By convention, this is positive, zero, or negative according as P is outside, on, or 
inside the circle @. Also when P is outside the circle, the power equals to the square of 
the length of the tangent from P to the circle. 


8.11.5 Theorem (Converse of Intersecting Chords Theorem) 


Let A, B, C, D be four distinct points. Let lines AB and CD intersect at P. Then A, B, 
C, D are concyclic if and only if PA · PB = РС · PD. 


Proof: In AAPD and ACPB. 
PA PC 


— = —— ing PA: РВ = PC: PD 
PD PB (Using C ) 


And ZAPD = ZCPB (Whether P inside the circle or outside the circle) 
= AAPD and ACPB (By SAS similarity) 
Thus, 
ZPAD = ZPCB. 


= A, B, C, D are concyclic. 


Note: The above theorem is very useful for proving that four points are concyclic. It is 
one of the most commonly used criteria for proving concyclic points. 


8.11.6 Radical Axis 


Let œ and & be two nonconcentric circles, then the locus of point with equal power 
with respect to both œ and 0, is a line, called their radical axis. It is perpendicular to 
line joining centres of the circles. 


Proof: Let œ and @, be two circles with different centres О, and O,, and radii r, and 
r, respectively. Leti 2 n . Let P be a point on the locus, then 
РО? = РОЗ -77 (Given) (1) 


Now join PO,, PO, and O,O, and draw perpendicular from P to O,O,. Let L be the 
foot of the perpendicular. Also assume M be the mid-point of O,0,. 
Now, 


PO? — =OP +PP -r? (Using Baudhayna theorem) (2) 
Also 
PO} -r} = 012 + РІ? – 2 (Using Baudhayna theorem) (3) 


From Eqs. (1), (2) and (3), we get, 
OL +Р?— = 0,12 +PP -r2 
=» 012 -0,1 =r? -r? 
= (O,L-O,L)(O,L+0,L) =7? -r? 
= ((O,M + ML)-(O,M - ML))(0,0,) = r? —r2 (As Mis the mid-point of О|О,) 
=> 2ML-0,0, =r? -r? 
=> L is a fixed point 


— For any point P on the locus foot of perpendicular on O,O, is always fix point L. 
=> Locus is a straight line perpendicular to ОО). 


Note: It is always closer to the circumference of the larger circle. 


Corollary: Let œ and о, be two circles intersecting at the points А and B. Then their 
radical axis is precisely the common secant AB. 


Proof: Clearly, points A and B have equal power (both zero) with respect to the circles. 
So A and B must lie on the radical axis. From radical axis theorem, we know that locus 
Is a line, and two points determine that line 


Note: If c and @, be two circles intersecting at one point (i.e., tangent to each other), 
then their radical axis is the common tangent at the point of contact. 
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8.11.7 Radical Centre 


Let @,, @, and @, be three circles such that their centres are not collinear and no two 
concentric. Then their three pairwise radical axes are concurrent and point of concur- 
rency is called radical centre. 


Proof: Denote the three circles by @,, @,, and @,, and denote the radical axes of w, and 
0 by Liz. As centres are non collinear, no two radical axis is parallel. 
Let /,, and /,; meet at P. 
Since P lies on /,,, it has equal powers with respect to @, and @,. 
Similarly since P lies on /;4, it has equal powers with respect to @, and 0. 
Therefore, P has equal powers with respect to all three circles, and hence it must 
lie on /›; as well. 


Note: If centres are collinear then their three pairwise radical axes are parallel. 


Example 89 AABC has incentre I. Let points X, Y be located on the line segments AB, 
AC respectively, so that, BX - AB = IB? and CY - CA = IC". Given that the points X, I, Y 
are collinear, find the possible values of ZA. 


Solution: Let ABC be the triangle with incentre /. Let X, Y be points on AB, AC respec- 
tively such that, BX - ВА = BP and СУ. CA = СР. 

Hence by secant tangent theorem we can conclude that there are circles passing through 
AIX and AIY respectively, so that, BI is a tangent and ВХА is secant in the first circle 
and CI is a tangent and CYA is a secant to the second circle. 


Thus ZBIX = ZBAI and ZCIY = ZCAI (Alternate segment theorem) 
i.e., 

A A 
ZBIX = and ZCIY = 2 (Alternate segment theorem) 
=> ZBIC =180°- А (as X, I, Y are collinear given) 
Thus : +(180° а)+5 =180° (from ABIC) 


= 99°-4_ 4-9 
2 


34 (2x90. 


> B =90° = A 60°. 


Example 90 From a point ‘A’, outside a circle, two straight lines ABC and ADE are 
drawn, intersecting the circle in B, C, D, and E respectively. A circle is described pass- 
ing through A, C, D and cutting BE at Е Prove that AD:AE = AF’, 
Solution: Join CF. 

Now ZBFA = ZAEF + ZEAF (Exterior angle property) 

= ZBCD + ZDCF 

(As BD subtends ZDEF and ZBCD on the same side of the circle and similarly DF 
subtends ZDAF and ZDCF on the same side of the second circle) 

ZBFA = ZBCF 

But these are angles on the alternate segment BF. 

-. AF is tangent and ABC is secant to circle BCF. 

i.e., AF’ = АВ. AC (Tangent secant theorem) 

AF? = АР. AE (as AB - AC 2 AD - AE, Power of the point A). 


Example 91 /f the internal bisector of ZA of a triangle meets the base BC at D, show that 
AD? + BD: DC= АВ. AC. 
Solution: 


We have, as given, 
AB- AC = AD- AE 


= AD? + AD. DE (1) 

= AD(AD+ DE) 
Since AE and BC are two chords of a circle which intersect at D, therefore by applying 
power of the point D, we get, 40 · DE = BD · DC. (2) 


Thus, from Eqs. (1) and (2) we get, 
AB- AC = AD? + BD- DC. 


Example 92 4 circle cuts the sides of AABC internally as follows; BC, at D, D'; CA 
at E, E' and AB at F', E If AD, BE, CF are concurrent, prove that AD', BE', CF' are 
concurrent 


Solution: Let AD, BE, CF are concurrent, then by Ceva's theorem, we have 


BD CE AF. 
DC EA FB 
Also 
BD: BD' = ВЕ. ВЕ (Power of the point B with respect to the circle) 
BD BF' 
ar pn (1) 
BF BD 
Also CD'-CD = CE-CE' (Power of the point C with respect to the circle) 
CE Ср 
i {ерт (2) 
CD CE 
Also AE'- AE = AF'- AF (Power of the point A with respect to the circle) 
AF  AE' 
"im am 3) 
AE AF 
From Eqs. (1), (2) and (3) į BEL CD" AE' EJ (=) (£) i 
om: n f А = : ; = 
rom Eqs. (1), (2) and (3) we get or ca AF (FB) ACD) VEA 


(=) (=) (=) 
a a ed 
F'A) \E'C) Р'В 


г. By converse of Ceva's theorem AD’, BE’, CF’ are concurrent. 


Example 93 Given circles @, and 0 intersecting at points X and Y, let lj be a line 
through the centre of @, intersecting @, at points P and О and let l, be a line through 
the centre of œ, intersecting @, at points R and S. Prove that if P О, R and S lie on a 
circle then the centre of this circle lies on line XY. [USA MO, 2009] 


Solution: Let the circumcircle of PORS be 0. 

Let the centre and the radius of the circle @, be O, and r, respectively, k= 1, 2, 3. 
As О, lies on the line PQ, which is common chord (or radical axis) of 0, 65, 
=> The power of O, with respect to @,, @, are the same, 


0,07 -r = оо; -=r (1) 
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And similarly O, lies on the radical axis of @,, @;. 
— The power of O, with respect to @,, @ are the same, 


0,0? — = 0,03 - №. (2) 


From Eq. (1) – Eq. (2), we get, 0,02 - r? = 0,02 – r2 
=> О; lies on the radical axis of @,, 0. But radical axis of @,, 0, is line XY. 
Hence X, Y, O, are collinear. 


Example 94 Let H be the orthocentre of acute angle triangle ABC. The tangents from 
A to the circle with diameter BC touch the circle at P and Q. Prove that P. Q, H are 
collinear. [China MO, 1996] 


Solution: Let A, and С, be the foot of the altitude from A and C respectively. 
Let æ be the circle with diameter BC. Let D be the mid-point of BC. 
Draw the circle c with diameter AD. 
These two circles meets each other at P, О (As ZAPD = 90? = ZAQD) 
= PQ is the radical axis of the two circles. 
As we need to prove H is collinear with P and Q, we need to prove that H is on the 
radical axis PQ of the two circles which is equivalent to prove that the H has equal 
power with respect to the two circles . 


Power of H w.r.t. 01s СН. HC, (1) 
Since ZAA,D = 90? > А|є @, 

=> Power of H w.rt. @, is АН. HA}. (2) 
Now we can see that АСА С is cyclic, writing power of H for this circle we get 
AH. HA, = CH. HC, (3) 


From Eqs. (1), (2) and (3), we get 

H has equal power with respect to the two circles 00, @,. Hence H must lie on their 
radical axis. 

=> H, P, О are collinear. 


Example 95 Let A, B, C and D be four distinct points on a line, in that order. The circles 
with diameters AC and BD intersect at the points X and Y. The line XY meets BC at the point 
Z. Let P be a point on the line XY different from Z. The line CP intersects the circle with 
diameter AC at the points C and M, and the line BP intersects the circle with diameter BD 
at the points В and N. Prove that the lines AM, DN and XY are concurrent.  |IMO, 1995] 


Solution: 
Draw DE parallel to CM meets XY at E, and draw AE, parallel to BN meets XY at E}. 


Claim: E = E}. 
Proof of claim: As Z is on the radical axis of the two circles, Equating power of the 
points with respect to two circles we get, ZA х ZC = ZB х ZD (1) 
AAZE, ~ АВАР (By construction) 
_, 2, _2А 

ZP ZB 

Similarly ADZE ~ ACZP (By construction) 
ag d (3) 


ZE 7р 


From Eq. (2) X Eq. (3) we get, 
ZE, „ZP ZA ZC 
ZP ZE ZB ZD 
= ES 1 (From Eq. (1)) 
ZE 
=> ZE = ZE. 
Now, for AADE, 
AM, DN and XY are the altitudes. 
Hence they are concurrent. 


Aliter: 
ZAMC = 90° (Angle in semicircle) 
=> ZMCA=90°-A 

Also ZBND = 90°. (Angle in semicircle) 

As P is on XY (The radical axis of the two circles with diameters AC and BD), we 
get, PN: PB = РМ PC 

= Quadrilateral MNBC is cyclic (by the converse of intersecting chord theorem) 

Now in Cyclic Quadrilateral MNBC, 

ZMCB = ZMNB (Angle in same segment) 

=> ZMND= ZMNB + ZBND 

Also ZMND = ZMCB + 90° = 90° — А + 90° = 180° – ZMAD 

= Quadrilateral AMND is cyclic. 

Let the circumcircle of AMND be circle c. 

Then, 

AM is the radical axis of @ and the circle with diameter AC. 

DN is the radical axis of @ and the circle with diameter BD. 

Also we know XY is the radical axis circles with diameters AC and BD. 

So from radical centre theorem, all three radical axis are concurrent. 

Thus, AM, DN, XY are concurrent. 


Example 96 А circle with centre О passes through the vertices A and C of triangle 
ABC and intersects the segments AB and BC again at distinct points K and N, respec- 
tively. The circumscribed circles of the triangles ABC and KBN intersect at exactly two 
distinct points B and M. Prove that angle OMB is a right angle. [IMO, 1985] 


Solution: From the figure we can infer that the lines AC, KN, BM concur at the radical 
centre say P of the three circles involved. 
Now from lemma 8.8.6, we have OM L BP = OB? — ОР? = MB? — MP”. 

The quadrilateral PCNM is cyclic since ZPCN = ZAKN = ZBMN. 


= PM x PB = PC x PA= ОР? – г? (By intersecting chords theorem) (1) 
Where r is the circumradius of triangle AKC. Similarly, 
Similarly BM x BP = BN x BC = ОВ? - г?. (2) 


From Eq. (2) — Eq. (1), we get 
OB! — OP? = BM x BP— PM x PB 
= BP x (BM – PM) 

= (BM + PM) x (BM — PM) 

= BM? - PM 

Hence, OM L BP. 
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Example 97 Let PQ be a chord of a circle and M be the mid-point of PQ. Through 
M two chords AB and CD of the circle are drawn. Chords AD and BC intersect PQ at 
points X and Y respectively. Prove that M is the mid-point of the segment XY. 
Solution: 
Construction: From X we draw perpendicular lines to AB and CD, with feet X, and 
X, respectively. From Y draw perpendicular lines to AB and CD, with feet Y, and Y, 
respectively. let MX =x, MY = y and PM = QM = а. 

Using similar triangles we get 


x ХХ, ХХ, 238 AX XX, DX 
_ ХХ _ лл _ 


= ——_ (By intersecting chords theorem) 
_ (а+х)(а—х) _ a? — x? 
(at+ya-y) a’-y? 


=> x=). 
Note: This problem is known as Butterfly theorem. 


Example 98 Given a triangle ABC, let P and Q be points on segments AB and AC 
respectively, such that AP = AQ. Let S and R be distinct points on segment BC such that 
S lies between B and R, ZBPS = ZPRS, and ZCQR = ZOSR. Prove that P О, R, S are 
concyclic (in other words, these four points lie on a circle). [USA JMO, 2012] 


Solution: Since ZBPS = ZPRS, the circumcircle of triangle PRS is tangent to AB at P. 
Similarly, since ZCOR = ZQSR, the circumcircle of triangle ORS is tangent to AC 
at Q. 

Now 1n order to prove P, Q, R, S concyclic, we will prove that circumcircles of 
triangles PRS and QRS are same. 

If possible, let the circumcircles of triangles PRS and QRS are not the same circle. 

Now AP = AQ = A lies on the radical axis of both circles. 

But radical axis of the circles is SR (As both circles pass through R and S) 

=> A lies on RS 

— A lies on BC, which is a contradiction. 

= The two circumcircles are the same circle 

= Р, О, R, and S are concyclic. 


Example 99 Let BD be the internal angle bisector of angle B in triangle ABC with D 
on side AC. The circumcircle of triangle BDC meets AB at E, while the circumcircle of 
triangle ABD meets BC at E Prove that AE = СЕ 


Solution: 
Let the circumcircle of triangle BDC be c, and the circumcircle of triangle ABD о. 
А AD AB 
By angle bisector theorem, we get —— = — 1 
y ang 8 D CB (I) 


By applying intersecting chords theorem for point A with respect to circle @,, we 
get, 
ADx AC 
AE x АВ = AD x AC => AE = == (2) 
Also by Applying intersecting chords theorem for point C with respect to circle @,, 


we get, 


CFxCB=CDxCA => CF= ЕЕ (3) 
Dividing Eq. (1) by Eq. (2) we get, 
AE _ ADxCB (4) 
CF ABxCD 
From Eqs. (1) and (4), we get, 
AE 


— =1> АЕ = СЕ. 
CF 


Example 100 AB is a chord of a circle, which is not a diameter. Chords A, B, and A, 
B, intersect at the mid-point P of AB. Let the tangents to the circle at A, and B, inter- 
sect at Cj. Similarly, let the tangents to the circle at A, and B, intersect at С. Prove 
that CC; is parallel to AB. 


Solution: Let O be the centre of the circle, let OC, intersects A,B, at M, let OC, inter- 
sects A, B, at N, and let also OC, intersects AB at К. 
Clearly, OM and ON are respectively the perpendicular bisectors of A, B, and A, B}. 
So, ZOMP =ZONP = 90°, saying that O, M, P, N are concyclic. 
= ZONM -ZOPM = 90? -ZMOP =ZOKA. (1) 


Claim: М, C,, C,, N are concyclic. 
Proof of claim: As ЛОА С and AOB,C, are right-angled triangles, 

OM x OC, = OA? = OB,’ = ON x OC. 
Or OM x OC, = ON x ОС,. 
= M, C, C, N are concyclic (by the converse of intersecting chords theorem) 

Now, 
ZOC,C, =ZONM (As M, Ci, С, N are concyclic) 
=> ZOC,C,= ZOKA (from Eq. (1)) 
=> C,C,||AB 

Example 101 Let ABC be a triangle, and draw isosceles triangles BCD, CAE, АВЕ 
externally to ABC, with BC, CA, and AB as their respective bases. Prove the lines 


through A, B, C, perpendicular to the lines EF FD, DE, respectively, are concurrent. 
[USA MO, 1997] 
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Solution: Let 0; be the circle with centre D and radius DB, @, be the circle with centre 
E and radius EC, œ; be the circle with centre F and radius РА. 


Claim: The lines which need to prove concurrent are basically radical axes of the three 
pairs of circles (@,, @,), (0, @,) and (@,, c). 


Proof of claim: As A is a point of the intersections of circles @, and @,, A lies on the 
radical axis. 
Also the radical axis of о, and @; is the line perpendicular to the line joining the cen- 
tres E and F. 

Hence, line through А and perpendicular to EF is radical axis of circles @, and 0. 

Similarly, the radical axis of @, and 0 is the line through C perpendicular to DE, 
and the radical axis of @, and o) is the line through B perpendicular to FD. 

From radical centre theorem, we conclude that these three radical axes 
concurrent. 


Example 102 Let quadrilateral ABCD be inscribed in a circle. Suppose lines AB and 
DC intersect at P and lines AD and BC intersect at Q. From Q, construct the two tan- 
gents QE and QF to the circle where E and F are the points of tangency. Prove that the 
three points P. E, F are collinear. [CMO, 1997] 


Solution: 

Let c be the circumcircle and r, be circumradius of triangle ABC and О, be its centre. 
Suppose the circumcircle 0, of OCD intersects the line PQ at О and R. 
Now ZPRC = ZQDC = ZABC 
=> The points Р, R, C, B are concyclic. 


Let us first prove ОА L PQ. 
OF — nj = РСх PD=PRx PQ (By intersecting chords theorem) (1) 
Similarly, 
OQ -r? = ОС x QB = OR x ОР, (2) 
From Eq. (1) — Eq. (2), we get, 
O,P’ - 0,0’ = PR x PQ - QR x ОР 


= PQ x (PR – QR) 
= (PR + QR) x (PR – QR) 
= PR - ОК? 


= О,К1 РО (By lemma 8.8.6) 

i.e., the points О, F, O,, E, R are also concyclic. 

Let & be the circle passes through these five points. Now, we have three circles 
0, 0, Ws. 

The radical axis of @, and @, is the line CD. 

And the radical axis of @, and 00, is the line OR. 

These two radical axes intersect at P. 

Hence, P lies on the radical axis of 0, and 0}, namely EF. 


Example 103 Two circles Г, апа T, are contained inside the circle Г, and are tangent 
to Г at the distinct points M and N, respectively. V, passes through the centre of T. The 


line passing through the two points of intersection of Y, and T, meets Г at A and B. 
The lines MA and MB meet Г, at C and D, respectively. Prove that CD is tangent to I». 


[IMO, 1999] 


Solution: Let О, and О, be the centres of Г, and Г,, respectively. The line ОО, inter- 
sects Г, at point P (see the adjacent figure). In order to prove CD tangent to Г,, we will 
prove ZCPO, = 90°, by similar arguments ZDPO, = 90°. 


Let us join AN, which meets T, at point О, let R be the intersection of the line CO 


with the common tangent at M to Г and Г,. 


Claim: CQ is a common tangent of Г, and I. 


Proof of claim: As А is on the radical axis of Г and I5, AC x AM = AQ x AN. 


=> СМЛМО is cyclic (By the converse of intersecting chords theorem) 
= ZRCM:-ZMNQ (As CMNQ is cyclic) 
=> ZRCM-ZRMC (Angle in alternate segment) 
= КС (о tangent of Г, from R. (Converse of angle in alternate segment) 
=> CQisatangent of Г, 


Similarly CQ is also a tangent of I». 

Now in ACPO, and ACQO,, we have, 

O;P = 0,0, 

2РО,С= 90° 1/22CO, 0, =90°-Z0CO, (As СО is a tangent of Гу => 1/22CO,0, 
= 40С0)) 

=> ZPO,C=ZQ00,C (As СО is a tangent of T,) 
= АСРО, = АСОО, 

= «СРО, = 90° 

By similar arguments we will get / ОРО, = 90° 

=> CPD are collinear and CD tangents to Г, at P. 
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Let @, and @, be two intersecting circles. Let a common tangent to @, and @, 
touch @, at A and o, at B. Show that the common chord of c and œ, when ex- 
tended, bisects segment AB. 

. Given triangle ABC, let D, E be any points on BC. A circle through A cuts the 
lines AB, AC, AD, AE at the points P, O, R, S, respectively. Prove that 
APxAB-ARx AD BD 

ASxAE-AQxAC CE. 


. Let œ and о, be concentric circles, with œ in the interior of @,. From a point A 
on Q one draws the tangent AB to œ, (Be œ). Let C be the second point of inter- 
section of AB and @,, and let D be the mid-point of AB. A line passing through A 
intersects 0, at E and F in such а way that the perpendicular bisectors of DE and 
CF intersect at a point M on AB. Find, with proof, the ratio AM/MC. 

[USA MO, 1998] 

. Let A, B, C be three points on a circle Г with AB = BC. Let the tangents at A and B 
meet at D. Let DC meet Г again at E. Prove that the line AE bisects segment BD. 

. АВ is a chord of a circle, which is not a diameter. Chords A,B, and A,B, intersect 
at the mid-point P of AB. Let the tangents to the circle at A, and B, intersect at C}. 
Similarly, let the tangents to the circle at A, and B, intersect at С. Prove that СС» 
is parallel to AB. 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


. Let BB’, CC’ be altitudes of triangles ABC, and assume AB # AC. Let me be the 


mid-point of BC, H the orthocentre of ABC, and D the intersection of BC and 
B'C'. Show that DH is perpendicular to AM. 


. Let G be centroid of an AABC and circumcircle of A4GC touches the side AB at 


A. Given BC = 6, AC = 8 find AB. 


. Let C be a point on a semicircle of diameter AB and let D be the mid-point of arc 


AC. Let M be the projection of D onto the line BC and F the intersection of line 
AE with the semicircle. Prove that BF bisects the line segment DE. 


. A circle 0 15 tangent to two parallel lines /, and /,. A second circle @, is tangent 


to /, at A and to о externally at C. A third circle 0, is tangent to /, at B, to @ ex- 
ternally at D and to c, externally at Е. Let О be the intersection of AD and BC. 
Prove that QC = ОР = ОЕ. [IMO Proposal, 1994] 
The circles S, and S, intersect at M and N. Show that if vertices A and C of a 
rectangle ABCD lie on S, while vertices B and D lie on S,, then the intersection 
of the diagonals of the rectangle lies on the line MN. [Russia MO, 1997] 
Let ABC be an acute triangle. Let the line through B perpendicular to AC meet the circle 
with diameter AC at points P and Q, and let the line through C perpendicular to AB meet 
the circle with diameter AB at points R and S. Prove that P, O, R, S are concyclic. 

Let ABC be a triangle, and draw isosceles triangles BCD, CAE, ABF externally to ABC, 
with BC, CA, and AB as their respective bases. Prove that the lines through 4, B, C 
perpendicular to the lines EF, FD, DE respectively, are concurrent. [USA MO, 1997] 
Let D and E be the mid-point of sides AB and AC respectively and G be the cen- 
troid of the triangle. If A, D, G, E are concyclic, then prove that № + с =2a’. 
Two circles P and О with radii 1 and 2, respectively, intersect at X and Y. Circle Р is to 
the left of circle Q. Prove that point A is to the left of XY if and only if AQ? -AP >3. 
Let ABC be a triangle and let D and E be points on the sides AB and AC, respec- 
tively, such that DE is parallel to BC. Let P be any point interior to triangle ADE, 
and let F and G be the intersections of DE with the lines BP and CP, respectively. 
Let Q be the second intersection point of the circumcircles of triangles PDG and 
PFE. Prove that the points A, P, and Q are collinear. 

Two circles Г, and Г, intersect at M and N. Let / be the common tangent to Г, and 
T, so that M is closer to / than N is. Let / touch Г, at A and I, at B. Let the line 
through M parallel to / meet the circle Г, again at C and the circle Г, again at D. 
Lines CA and DB meet at E; lines AN and CD meet at P; lines BN and CD meet 
at О. Show that EP = EQ. [IMO, 2000] 
Let ABC be a triangle. A line parallel to BC meets sides AB and AC at D and E, 
respectively. Let P be a point inside triangle ADE, and let F and G be the intersec- 
tion of DE with BP and CP, respectively. Show that A lies on the radical axis of 
the circumcircles of PDG and PFE. [INMO, 1995] 
In an acute-angled triangle ABC, points D, E, F are located on the sides BC, CA, 
CD CA AE АВ BF ВС, 

CE CB AF AC BD BA’ 

(1) Prove that AD, BE, CF are the altitudes of AABC. 


(ii) Hence or otherwise, prove that, AD, BE, CF are concurrent. 


AB respectively, such that 


O is the centre of a circle; OA is its radius. From a point C, in the exterior of the 
circle, CB is drawn perpendicular to OA. If CA cuts the circle at D, Prove that 


(a) СА · Ар = 20А - AB 
(b) Examine if ће proposition is true when C is in the interior of the circle. 


20. A circle with centre O is internally tangent to two circles inside it at points S and 
T. Suppose the two circles inside intersect at M and N with N closer to ST. Show 
that OM L MN if and only if S, N, T are collinear. 

21. PORS 15 a square. T is the mid-point of PQ. ST is produced to M, such that, ST = 
5TM. Prove that, M lies on the circle circumscribing the square. 

22. PT and PS are tangents from Р to the circle with centre O. The line through P and 
O meets the circle at 4 and B. The chord of contact ST meets AB at C. Prove that 
PC is the Harmonic Mean between PB and РА. 


8.11.8 Common Tangents to Two Circles 


Given two circles С, and C; with centres О, and O, with radii R and r respectively 
with R >r and distance between their centres is ‘d’, then the number of common 
tangents that can be drawn to them varies from zero to four in the same plane of the 
circle depending upon the relative positions of the circles. Five different cases arises: 


Case 1: The circle C, lies wholly within C, and the two circles do not touch each other 
(fig. 1). Here d < R-r 


In this case the circle do not have any common tangent. 


Case 2: The circle C, lies wholly within the circle C, and touches it internally at a 
point P (second figure). Here d = R- ғ. 

In this case the circles have one common tangent at P. The line joining their centres 
also passes through the point of contact, i.e., P of the circles. 


Case 3: The circles C, and С, intersect each other (in two distinct points) as in fig. 3. 
Here R-r<d<R+r. 

In this case the circles have two common tangents. Namely AB and XY. These tan- 
gents are called Direct Common Tangents. 


Case 4: The circle C, and C, touch each other externally as in the following figure. 
Here d= К+. 
In this case there are three common tangents. The two direct common tangents AB 
and XY and one common tangent KL at the point P where the circles touch each other. 
In this case also the line segment joining the centres of the two circles passes 
through the point of contact. 


Case 5: The circles C, and C, do not intersect and are placed as shown in fig. 5. Here 
d>R+r. 

In this case there are four common tangents the two direct common tangents AB and 
XY and two transverse common tangents KL and MN. 
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8.11.8.1 Centres of Similitude of Two Circles 


It can be easily seen that the direct common tangents to two circles intersect each other 
at a point on the line joining the centres. This point is called a centre of similitude of 
the circles. It divides the line joining the centres externally in the ratio of radii. That is 
in the figure of Case 5, we find S, is a centre of similitude of the circles C, and С,. It 
divides O,O, externally in the ratio R : r so that O,S, : S;0,=R:r. 

The transverse common tangents to two circles also intersect each other at a point 
on the line joining the centres. This point is also called a centre of similitude. 

It divides the line joining the centres internally in the ratio of the radii. In the figure 
of Case 5, we find that S, is a centre of similitude of the circles. It divides ОО, inter- 
nally in the ratio R : r so that 


ОЛУ 150, =R:ir 


Thus there are two centres of similitude of two circles (lying outside each other and not 
intersecting at all). They divide the line joining the centres of the circles in the ratio of 
the radii, one internally and the other externally. 


8.11.8.2 Length of the Direct Common Tangents 
Let O,A = R and О,В = г, AB = Ty length of direct common tangent 


Draw O,M L ОА 
So quadrilateral MABO, will be a rectangle 
МО, = AB=Tp 
МА= ОВ = ғ 
ОМ 2OjA- MA- R-r 
ОО, = d (Distance between the centres) 


In AO,MO,, by using Baudhayana (or Pythagoras) theorem 
0,02 = ом? + MO2 
d? -(R-ry «Ty? 


=> Tp? =d? -(R-1r)? = Tp = Jd? -(R-ry 


Note: If two circles touch each other externally then d= R +r and 


Tp = (Rr -(R-ry. = JAn-r = 2A Rr. 


8.11.8.3 Length of Transverse Common 
Draw ОМ L ОК produced then О, MKL is a rectangle 
KM =0,L=r 
МО, = KL =T; (Length of indirect tangent or transverse common tangent) 
In right AO,MO,, 0,0," = М? + МО? 
= d? =(R+ry +T? > ТР =d? -(R+ry 


>T, = Jd? -(R+r) 
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Note: If two circles touch externally then d = R+r 


Т, = J (R+r)?-(R+r)} =0, i.e, Length of transverse common tangent is zero. 


Example 104: Two circles with radii a and b respectively touch each other externally. 
Let c be the radius of a circle that touches these two circles as well as a common tan- 
gent to the two circles prove that 


1 1 1 


=—=+ 
ea МЕ 
Solution: As when two circles touch externally then the length of their direct common 
tangent =2V/R-r 
РЕ = 24ас; RQ-24bc; PQ-2dab 


Now РО = PR ВО 


= 2\/аЬ = 24ас +2Vbe 


T А 1 1 1 
Divide both sides by 2Vabe , we get, quum + Ki 
Example 105 Three circles Су, C5, C4 with radii r,, ry, r3 (гү < r4 < r4) respectively are 
given. They are placed such that C, lies to the right of C, and touches it externally. С, 
lies to the right of C, and touches it externally. Further there exists two straight lines 
each of which is a direct common tangent simultaneously to all the three circle. Find 
r, in terms ofr, and r3. 


Solution: CL =ң; CM = m; CN =h 


Draw CK L CM 


СК = C,M КМ = C,M CL > СК = hy Ңң 
Draw C;P LC;N 


C;P =C3N PN CN CM > CGP =r -n 
Since CK || СУР and Ciz || Coy || Cay 


A А 
АСА = ZCC4K = ZC4C;P = 3 (Corresponding angles) 
=» ACC К ad AC,C3P E ——_ = EE 


у= hr h-hh h-r, 
> 2 L2 2 ог 2 1 _ 3 2 


R= 1th ry +Ңң +h 


Using Componendo and Dividendo, we get, 


H= tn tH = h-hh *n trn 


D-n-nmn-n n-nm-n-n 
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25 2n 
-2n -2n 
h h 
> Sess Bang 
A nh 


=> n -Anh 


Example 106 4 circle passes through the vertex C of a rectangle ABCD and touches 
its sides AB and AD at M and N respectively. If the distance from C to the line segment 
MN is equal to 5 units. Find the area of the rectangle ABCD. 
Solution: Let CP L MN, CP = 5 units 
By alternate segment theorem, ZCMB = ZCNM = 0 also ZCND = ZCMN =a 
Consider quadrilaterals DNPC and PMBC 
ZDNP = а +0 = ZPMB 
ZNPC = 90° = ZMBC 
And ZNDC = 90° = ZMPC 
By AAA similarity quadrilaterals are similar, hence 
DC PC 
PC BC 
=>BC. DC = РС? = 5°? =25 
= [ABCD] =25 square units 


Aliter: 


In ABMC, 5110 = не 
СМ 


In ANPC, 5110 = En 
CN 


BC CP BC CM 
= 5 = 


1 
CM CN CP CN (0 


In ACND, sina = 2 
CN 


In ACPM, sina = ХЕ 
CM 


CD CP ,CD CN 
CN CM CP CM 


Q) 


Multiplying Eqs. (1) and (2 t = = 
ultiplying Eqs. (1) and (2), we ge CP CP CN CM 
BC-CD = СР? =(5)? = BC -CD = 25 sq. units 


г. Area of rectangle = 25 sq. units. 


Example 107 Let ABC be a triangle and a circle C, be drawn lying inside the triangle, 
touching its in-circle C externally and also touching the two sides AB and AC. Show 


that the ratio of the radii of the circles C, and C is equal to tan? (22) 


А 


Solution: Draw /,K L IN, -. 1 КММ isa rectangle. К || MN 


А 
ZIlK = ПАМ = 7 


. A. IK r-n 
In АДК, sin— =—= 
2 Ih r+ñ 
‚А 
1—51 — 
| a 2 _r+ñ-r+ñ 
Applying componendo and dividendo, we get rim 
lysine ee 
2 
1— cos СЕ. 2sin? Be 
2 2 2n 4 n 
(2 = л- А E" 
1+cos| 2-2 "^ og] 22 
2 4 
A 
we (274)-1. 
т 
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Prove that of all straight lines drawn through a point of intersection of two circles 
and terminated by them, the one which is parallel to the line joining the centres is 
the greatest. 

. Two circles of equal radii cut each other at P and Q, so that the centre of one lies 
on the other. A straight line through P cuts the circle again at A and B. Prove that 
AQAB is equilateral. 

. A circle АОВ, passing through the centre “О” of another circle cuts the latter circle 
at A and B. A straight line APQ is drawn meeting the circle AOB in P and the other 
circle in Q. Prove that PB = PQ. 

. The altitude AD of AABC is produced to cut the circumcircle in K. Prove that HD 
= DK where H is the orthocentre. 

. The chords AC, BD of a circle cut at right angles at O. Prove that the median of 
ADCO through O is perpendicular to AB. Also prove that the perpendicular from 
O on AB produced bisects CD. 

. BE, CF are the altitudes from B and on the opposite sides of a AABC. If P be the 
mid-point of BC. Show that PE = PF. 

. A triangle ABC is inscribed in a circle and ZA is bisected by AE meeting the cir- 
cumference in F. Also ZC is bisected by CI meeting AE in Z. Prove that EB, EC, 
FI are all equal. 

. Two circles touch internally at 4 and a chord APQ is drawn cutting them in P and 
О. If the tangent at P meets the other circle in H and К. Prove that НО = КО. 

. ABC is a triangle. Circles with radii as shown are drawn inside the triangle each 

touching two sides and the incircle. Find the radius of the incircle of the A4BC. 
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10. Let D be an arbitrary point on the side AB of a given triangle ABC and let E be 
the intersection point where CD intersects the external common tangent to the 
A incircles of the triangles ACD and BCD. As D assumes all positions between A 
PN and В, prove that, the point Е traces the arc of a circle. 
11. The tangents at A and B on a given circle O,(r) intersect at C. Show that the in- 
> С centre of the triangle lies on the given circle. 
ye 12. Three circles Oj(ri), O2(r2) and O4(r3) touch each other externally. The line / is 
6 tangent to O,(r) and parallel to the exterior common tangent m to O»(r;) and 
O;(r3) which does not intersect O,(7,). Find the distance between the lines / and m. 
I 


o 


© 13. Two circles О (r1) and О„(>) rı > rj, touch each other externally, and the line / is 
P3 a common tangent. The line m is parallel and touches O,(r,) and the circle O,(r3) 
" touches m and the two given circles externally. Show that n = 4nn. 
8.12 QUADRILATERALS (CYCLIC AND TANGENTIAL) 
8.12.1 Cyclic Quadrilateral 
A quadrilateral which has a circle passing through all its four vertices is called a cyclic 
quadrilateral (or Inscribed quadrilateral). This circle is called circumcircle of the quad- 
rilateral, its centre is the circumcentre and its radius is called the circumradius. 
8.12.1.1 Theorem 
If a quadrilateral is cyclic, then the sum of each pair of opposite angles is 180? 
Proof: ZBCA = ZBDA =x (Say) 
And АВАС = ZBDC = у (Say) 
In ABAC, 
ZBAC + ZBCA + ZB = 180° 
Л x+y+ ФВ = 180 
у but x+y=ZD 
А ZD + ZB = 180° (1) 
[| C Also in quadrilateral ABCD, 
Z | 
AN ZA* ZB+ ZC« ZD=360° 
B E (ZA + ZC) + (ZB + ZD) = 360° 


ZA+ZC=180° (From Eq. (1)) 


8.12.1.2 Corollary 


The exterior angle of a cyclic quadrilateral is equal to the interior opposite angle. 
Since 


Z1+2Z2= 180° 


Also 


Z1 + 43 = 180° (Linear pair) 
414+ 22=21+ 23 
=> 22=23 


8.12.1.3 Theorem 
If in a quadrilateral, the sum of a pair of opposite angles is 180°, then it is cyclic. 


Proof: Let in quadrilateral ABCD, ZB + ZD = 180° 
Consider a circle passing through A, B and C if possible let D be not on this circle. 
Then two cases may arise either D lies outside the circle or inside the circle. 


Case 1: If possible let D be outside the circle 
Join AD which cuts the circle at E. Join CE. Since ABCE is a cyclic quadrilateral 
Z1+ 43 = 180° 
Also it is given that 
11+ 22 = 180° 
1+ 03 = 01+ 22 


=> 2=22 (1) 
but Z3 = 22+ Z4 (Exterior angle property) 
A32 (2) 


-. Eqs. (1) and (2) contradict each other. 
Thus D cannot lie outside the circle. 


Case 2: If possible let D be inside the circle. 
Produce AD to cut the circumcircle at Е 


Join CE 

Since ABCE is a cyclic quadrilateral, 

21+ 43 = 180° 

Also /1 + 22 = 180° (given) 
=> 2414+22=21+ 23 

=> 22=23 (3) 
But Z2 = /3 + Z4 (Exterior angle property) 
=> 22>23 (4) 


-. Eqs. (3) and (4) contradict with other 
Thus D cannot lie inside the circle. 
Thus D must lie on the circle 


Example 108 Let ABC be a triangle, with arbitrary points D, E and F on sides BC, AC, 
and AB respectively (or their extensions). Draw three circumcircles to triangles AEF, 


DBE and DEC. Then prove that these circles intersect in a single point M. 


Solution: Let circumcircles of triangles AEF, DBF intersect each other at F and M. 
From cyclic quadrilateral AEMF, 


“СЕМ = ZMFA (Exterior angle property of Cyclic quadrilateral) (1) 


From cyclic quadrilateral FBDM, 


ZMFA = ZMDB (Exterior angle property of Cyclic quadrilateral) (2) 


From Eqs. (1) and (2), we get, 

ZCEM = ZMDB 

= CEMD is a cyclic quadrilateral 

=> Circumcircle of АСЕР passes through M. 
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Auguste Miquel 


1816-1851 
Nationality: French 


Note: The problem statement is known as Miquel's theorem and point M is called the 
Miquel point. Special case of this theorem in which DEF are not collinear called Pivot 
Theorem. In case of DEF are collinear Miquel point lies on circumcircle of A4BC. 


Example 109 Let ABCD be a convex quadrilateral. Consider four circles C}, C5, C3, 
and C, each of which touches 3 sides of this quadrilateral. C, touches AB, BC, CD, C, 
touches BC, CD, DA, С; touches CD, DA, AB and C, touches DA, AB, BC. Prove that 


the centres О}, O5, Оз, O, of the four circles form a cyclic quadrilateral. 


Solution: First we will prove some basic results. 


Let C}, touches, AB, BC, and CD at R, P and M respectively with centre О). 


Now O,P L BC and O,R 1 AB 
In AO,PB and AO,RB 
ZO,PB = ZORB = 90° 
ОР= ОК 

ОВ= ОВ 

-. Ву RHS, congruency 

AO, PB = ЛО ВВ 

ZO,BP = ZO,BR 

i.e., ОВ bisects ZB 
Similarly O,C bisects ZC 
Solet ZO,BP = ZO,BR-x 
And ZO,CP = ZO,CM =y 
Now in quadrilateral ABCD 
ZA + ZB ZC+ ZD= 360° 
ZA * 2x + 2y + ZD = 360? 
2x + 2у = 360° (ZA + ZD) 


1 
x+y = 180° – 0) 
In ABO,C, 
х+у+ ZBO, C= 180° 


1 
= 180°— g ED SEHE 180° 


= ZBO,C- 5 (LA +ZD) 


Similarly In AAO,D, 
1 
ZAO3D = 2 (ZC + ZB) 


Now in quadrilateral 010,0304, 


1 
Z04,0,0, + 20,00, = 5 (4A *ZD)* =(4В+ ZC) 


1 


= 5 (44+ 28+ ZC + 4р) 


1 
= —x360 = 180° 
2 


Hence quadrilateral O,O,030O, is a cyclic quadrilateral. 


(Radius) 
(Common) 
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Example 110 The diagonals AC and BD of a cyclic quadrilateral ABCD meet at right 
angle in E. Prove that ЕА? + ЕВ? + EC? + ЕГ? = AR, where R is the radius of the 
circumscribing circles. 


Solution: Let О be the centre of the circle and P, О be the feet’s of the perpendicular D 
from O to AC and BD. 
Clearly ОРЕО is a rectangle 
Now EA? + EC’ = (EP + PA)’ + (PC — РЕ) 
= EP? + PA? + 2PA- PE+ PC + РЕ -2PCPE — (As PA=PC) 
= 2(РА? + РЕ?) 


Similarly 
ЕВ? + ЕГ? (QD? + ОЕ?) 
- ЕА? + ЕВ? + ЕС? +ЕГ? 
= 2[P4 + РЕ? + QD? + QE?] 
= 2[РА? + ОО+ ОГ? + ОР] (Аѕ РЕ = ОО, ОЕ = ОР) 
= 2[РА? + ОР? + ОГ? + OO") 
-2[04 + OD?] = 2[R? + R] 
ЕА? + ЕВ? + ЕС? + ED? = AR? 
Aliter: Let ZBDC = х 
then ZBOC = 2x 
Also let ZACD = y 
Then ZAOD = 2y 
Also in AEDC x + y= 90? 
^ 2х + 2y = 180° 
2. 2y = 180° — 2x 
Since, EA? + ED? = AD? and ЕВ? + EC? = BC? 
7 ЕА? + ЕВ? + EC + ЕГ? = AD) + ВС? 
= OA’ + ОР?— 20A · OD cos2y + ОВ? + OC? — 20B - OC cos2x 
= К? + R2 — 2R’cos 2y + R? + R°— 2R?cos 2x 
= 482 2R? [cos 2y + cos2x] 
= 482 2R? [cos(180° — 2x) + cos2x] 
= 4R?— 2R? [—соз 2x + cos 2x] 
=4R° 


Robert Simson 


8.12.2 Simson-Wallace Line 


The feet’s L, M, N of the perpendiculars on the sides BC, CA, AB of any A4BC from 
any point X on the circumcircle of the triangles are collinear. The line LMN is called 


the Simson—Wallace line. 14 Oct 1687-1 Oct 1768 
Proof: Join AX, XC. Join NM and ML. Nationality: French 
Now to prove L, M, N collinear, we will prove ZLMX + ZNMX = 180°. 

Since ZXMC = ZXLC = 90° This concept was first 

-. XMLC is a cyclic quadrilateral. published by William Wallace. 


2 ZXML + ZXCL = 180° 
90° + Z1 + ZC= 180° 14 Oct 1687-1 Oct 1768 
n Z1+ZC=90° (1) Nationality: Scottish 
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Claudius Ptolemy 


c.AD 100-c. 170 
Nationality: Greek 


Since ZANX + ZAMX = 90? + 90? = 180° 

A, M, X, N are concyclic 

ZXAN = ZXMN 

ie, Z3 = 22 

Also AXCB is a cyclic quadrilateral 

Б РА 

ЕРА СУА Ө (2) 
From Eqs. (1) and (2) 

Z1 + 22 = 90° (3) 
Now, ZLMX + ZXMN = 21 + 90° + Z2 = 180° (From Eq. (3)) 

= L, M,N are collinear. 


Note: Converse is also true. That is, L, M, N are collinear then X lies on the circum- 
circle of the triangle. 


Example 111 Zf the perpendicular XL on side BC of AABC meets the circumcircle 
again at L' then prove that AL' is parallel to the Simson line of X. 


Proof: Since XL produced meets the circumcircle at L’ 
<. ZXCA = ZXL'A (1) 


Also ZXMC = ZXLC = 90° 

So XMLC is a Cyclic quadrilateral 

ZXCA = ZXLM (2) 
From Eqs. (1) and (2) 

ZXL'A = ZXLM 

-. By converse of corresponding angle postulate AL'|| LN. 


8.12.3 Ptolemy’s Theorem 


In a cyclic quadrilateral the product of the diagonals is equal to the sum of the products 
of the pairs of opposite sides. 


Proof: Given ABCD is a cyclic quadrilateral 
To prove 
AB- Ср + AD- ВС= AC: BD 
Construction: 
Draw ZDAT = ZCAB 
which cuts CD produced at T 


Proof: In ACAT and ABAD 


ZACT = АВР (Angles in a same segment) 
ZCAT= 22+ Z32 Zl * 23 =ZBAD (As Z1 = Z2) 
-. By AA similarity 
АСАТ ~ ABAD 
AC ТС 
AB DB 
TC= 22 BD (1) 


In ADAT and ABAC 
ZDAT = ZBAC (Construction) 
ZTDA = ZCBA (Exterior angle of a cyclic quadrilateral) 
-. By AA similarity 
ADAT ~ АВАС 
AD TD 
` AB BC 
=> Тр = 2B ве (2) 
АВ 
- TC- Тр + DC 
AC AD 
— B ВР = AB BC+DC_ (From Eqs. (1) and (2)) 
=> AC-BD=AD-BC+AB-CD. Hence proved. 
Aliter: Choose a point E in BD, so that ZBAE = ZDAC. 
In As ABE and ACD, we have 


ZBAE = ZCAD (Construction) 
ZABE = ZACD (Angles in the same segment of a circle). 
-. As are equiangular and hence similar. 
ы ш AB-CD = AC: BE (1) 
DC AC 
Let us now consider triangles BAC and EAD, 
ZBAC = ZEDA (Add ZEAC to both Z1 and Z2) 
ZBCA = ZEDA (Angles in the same segment of a circle) 
-. The triangles are equiangular and hence similar. 
ыш or ВС-АР=АС.ЕР (2) 
ED AD 


Adding corresponding sides of Eqs. (1) and (2), 
АВ · Ср + АР. ВС= АС: ВЕ + АС: ED (3) 
i.e., AB: CD + АР. ВС = AC(BE + ED), i.e., АС · BD. 


8.12.4 Generalization of Ptolemy’s Theorem 
(for All Convex Quadrilateral) 


In any quadrilateral, product of the diagonals is less than or equal to the sum of the 
products of the pairs of opposite sides. Equality holds for cyclic quadrilateral only. 


Proof: 


Claim: ABCD is a quadrilateral with AB = a, BC = b, CD = c, DA = d, AC = m and 
BD=n 

Then mn = а2с? + d? — 2abcd cos(A + C) 
Proof of claim: Construct a AABE ~ ACAD on the side AB so that ZABE = ZCAD 
= Z3 and ZBAE = “АСР = Z1 

Since AABE ~ ACAD 

AB AE ВЕ 
“СА CD AD 
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a AE ВЕ 

d m с d 

&Айй= ag Ge (1) 
т т 


Construct а ЛАРЕ ~ ACAB so that 
ZADF = ZCAB = Z4 and 
ZDAF = ZACB = 22. 


As AADF ~ ACAB, 
AD. AP DF 
` СА CB АВ 
d AF DF 
m b a 
ape! and prs” (2) 
m m 


-. From Eqs. (1) and (2), we get, 


ad 
BE-DF- — 
m 
Also, 
«ЕВР + ZBDF = 23+ ZABD + ZBDA + ZA 
= ZABD + ZBDA + ZBAD (As 23 + 24 = ZBAD) 
-. ZEBD + ZBDF = 180? (by ASP of AABD) 


-. BE || DF and BE = DF 

Since in a quadrilateral if one pair of opposite side is equal and parallel then it is a ||gm. 
-. EBDF is a parallelogram. 

So, EF=BD=n 

Further LEAF = Zl + 224+ 23+ Z4 

=> ZEAF-ZA-ZC 

So applying cosine rule in AEAF 

EF? = AE? + AF? – 2АЕ - AF cosZEAF 


> ac pg? з= 


п = + 
т т 


(a cos(ZA + ZC) (From Eqs. (1), (2), and (3)) 
m 


m 


mn = ас? + bd — 2abcd cos(ZA + ZC) 
Now cos(ZA* ZC)2 -1 

> (mny < (ас) + (Фа) —2abcd(-1) 

=> (тп)? < (ас -bdy 

=> mn <ac+bd 


Also equality holds when соѕ( 44+ ZC)- -1— 24+ ZC =180°. 


And we get result of Ptolemy's theorem. 
Hence, the product of the diagonals is less than or equal to the sum of the products 


of the pairs of opposite sides in any quadrilateral. 


Aliter: ABCD is a quadrilateral with AB = a, BC = b, CD = c, DA = d, AC = m and 
BD=n. 
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On side BC of the quadrilateral outwardly construct a APBC directly similar to AADC. 
Join PA. 
As APBC ~ AADC, 
PB BC CP 
AD DC CA 
= =. (1) 
C 
We can easily prove that ACDB ~ ACAP, as follows: 
Since APBC ~ AADC 
BC PC BC DC 
DC AC РС AC 
Also ZBCD = ZPCA 
By SAS, ACDB ~ ACAP 
о CD. DB 
CA АР 


Or ss p.t Q) 
m AP с 
Consider triangle inequality in ЛАВР, 


AB + BP > РА 


b-d 
Or a+ > ™ (from Eqs. (1) and (2)) 
ё c 
—a:ccrb:d2m.n 
Equality occurs if and only if points A, B, P are collinear, 
i.e., ZCBA = 180° — ZPBC = 180? — ZADC 
= Quadrilateral ABCD is cyclic. 


Example 112 А line drawn from the vertex A of an equilateral triangle ABC meets BC 
at D and the circumcircle at P. Prove that 
(1) PA = PB + PC 
ои! 1 1 
(n)-——2——34—— 
PD PB PC 


Solution: 
(1) Since ABPC is a cyclic quadrilateral, by Ptolemy's Theorem, 


- AB- PC+ АС · РВ = ВС · AP 
Since АВ = ВС = АС =a, 
- a: PCct a: РВ =а · РА 


= РА= РВ+РС (1) 
(ii) Now divide Eq. (1) by РВ. PC we get 
PA 1 1 
(2) 


=—+ 
PB.PC PC PB 
P 1 РА PC 
PB.PC PD © PB PD 


Now it is enough to prove 


In A4PB and ACPD 
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ZAPB = ZACB = 60° = ZCBA = ZCPD 
i.e., LAPB = ZCPD = 60° 
Also ZPAB = ZPCD (Angles in a same segment) 
-. By AA similarity 
AAPB ~ ACPD 
PA PB 
PC PD 
PA _ 1 
PB.PC PD 
-. From Eqs. (2) and (3), we get 
1 1 1 
——=—+——. 
PD PB PC 


(3) 


Example 113 Given that a, b, c, d are the measures of the sides of a quadrilateral in 
clockwise direction, prove the inequalities, 


(i) [4BCD]s (ab * cd). 
(п) [ABCD] < Zd tbc) 
(iii) [ABCD] < (а 4 b)(c4 d). 
Solution: Area of the quadrilateral ABCD, i.e., 
[ABCD]- а sina + sed sin 8 (in The frist figure (1)) 


[ABCD]< S (abs ed) (As sina, sin f <1) (1) 


1 Я 1 . 
From the second figure, [ABCD] = 2 ad sind + 5 bcsiny 


—[ABCD]x sad + bc) (Assiny, sind <1) (2) 


In the third figure, let AC = fi +, =fand BD=e, +e, =e 
Now, 


[ABCD] = seul sin(180? — 0) + T 510 + ;he sin(180? —0) + seh sinO 


ie.,[ABCD]« HC tef,-tfe-ejfj) (а5 5110 <1) 
i.e., [ABCD] < BC +е)(л+ 5) = ie 
i.e., [4BCD]< 2d (3) 


1 1 
But 3 ef € ^ (ac * bd) (by Extended Ptolemy's theorem) 


-. [ABCD] < 5 (ac + bd) (4) 
Adding Eqs. (2) and (4), we get 


2[ ABCD] « Zad +bc+ac+ bd) 
=> 2[4BCD] < x(a +b)(c+d) 
=> [ABCD] < (а +Ь)(с+а) 


Equality happens when the quadrilateral is a square. (i.e., ѕ1п0= 1 = 0= 90°). 


Example 114 /fisosceles ЛАВС (AB = AC) is inscribe in a circle and a point P is on 
PA AC 


arc BC prove that — — — = —. 
PB+PC BC 


Solution: By Ptolemy’s theorem 
P4-BC=PB-AC+PC- AB 
=PB-AC+PC-AC (As AB = AC) 
=> PA-BC=(PB+PC) AC 
PA АС 
PB+PC BC 


Example 115 А square ABCD is inscribed in a circle and a point P is on arc BC then 
PA+PC РР 
PB+PD PA’ 
Solution: Since in a square ABCD, AB = ВС= CD = DA = а (Say) and AC = BD = a2 
In cyclic quadrilateral APCD, by Ptolemy's theorem 
PA - CD + AD: РС= РР · АС 
= (РА + РС)а= Р”. аҹ2 
= РА + PC=PDV2 (1) 
In cyclic quadrilateral ABPD, by using Ptolemy’s theorem 
PD-AB* PB. AD = PA- BD 
= (PD + РВ)а = РА - ad2 
= PB + PD = PA: A2 (2) 
PA+PC PD 
PB+PD PA 


prove that 


From Eq. (1)/ Eq. (2) we get, 
Example 116 4 regular pentagon ABCDE is inscribed in a circle and point P is cho- 
sen on arc BC. Prove that PA + PD = РВ + PC + PE. 


Solution: In cyclic quadrilateral ABPC, ABPD and ABPE by using Ptolemy’s theorem 
we get 


AB- PC & AC: PB - AP - BC (1) 
AB: PD * AD: PB - AP: BD Q) 
AB: PE+ AE: PB- AP: BE (3) 


From Eq. (1) + Eq. (3) – Eq. (2) 


B 
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AB(PC + PE — PD) + (АС + AE ~ AD)PB = (BC + ВЕ — BD)AP 
AB[PC + PE - PD] + AE- PB = ВС · AP (As AC = AD; BE = BD) 
= PC+PE-PD+PB=PA (As AB = АЕ = BC) 
=> PC+PE+PB=PA+PD. 


Example 117 A point P is chosen inside a parallelogram ABCD such that ZAPB is 
supplementary іо ZCPD. Prove that АВ · AD = ВР. DP + AP: СР 


Solution: 


Given: ZAPB + ZCPD = 180° 
Construction: Draw DQ || AP, CQ || BP 
Proof: Since AB || DC, AP || DO 


“ Z1= 22 

AB = DC 

Also Z3 = ZA ['- AB || DC, PB || СО] 

-. By ASA congruency, AAPB = ADOC 

^ ZAPB = ZDQC 

And AP = DQ and BP = CQ 

Since ZAPB + ZDPC = 180? (Given) 
-. ZDQC + ZDPC = 180? 

-. P, D, Q, C are concyclic 

By Ptolemy's theorem in quadrilateral PDOC 
PD: СО+РС:РроО= РО: CD 

Since AP = DQ and AP || ОО 

-. APQD is a parallelogram 

2 PD: PB+PC:.PA=AD:CD 

= Рр.РВ+РС.РА = Ар · АВ. 


Example 118 Prove that sin(a+ В) = sin о cos В + cos asin В using Ptolemy’s theo- 
rem or otherwise. 


Solution: Let PR be a diameter of the circle and ZSPR = о and ZRPQ = f. 
In APOR ZQ = 90° 


PQ 
cos B= TR 


=> PQ=PRcosß 
R 
sin B= ЭЕ S OR=PR sin B 


Similarly In APSR, we get, SR = PR sin сапа SP = PR cos & 
In ASPQ, by Sine rule, we get, 

S 
MS. ches ЕК. 
sin(a + f) 
By Ptolemy’s theorem in quadrilateral PORS, 
PR-SQ=PS-RO+PQ-SR 
=> PR-PRsin(a+ D) = PR: cos à: PR sin 8+ PR cos В: PR sin о 
=  sin(a+ D) = sin acos B+ cos asin f. 
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Example 119 Prove that cos(a@+ В) = cos & cos D — sin asin D using Ptolemy's theo- 
rem or otherwise. 
Solution: Let PQ is a diameter 

ZOPR = a and ZPOS = В 

Let PR and QS intersect at E 

г. ZPES= a+ В 

In APOR, 


QR 
sin @= — > ОК = РО ѕп а 
РО 


РК 

cos @= — = РК = РО cos & 
РО 

In APSQ, 


PS 
sin B= po eee 


cos B= LARR QS = РО cos В 


PQ 
also In ARES and AQEP 
ZRES = ZQEP (VOA) 
ZERS = ZEQP = В (Angle іп а same segment) 
-. By AA similarity 
ARES ~ AQEP 
RS SE 
"d eae (1) 
PO PE 
In ASEP, 
SE 
cos(a@+ D) = — 2 
(a+ p) TE (2) 
RS 
PO = соѕ(0 + D) (from Eqs. (1) and (2)) 


=> Ё$= РО соѕ (a+ В) 

Now by using Ptolemy’s theorem 

PO- RS+ PS- OR=PR- QS 

=> РО: РО соѕ(о+ D) + РО sin В: PO sin а= РО cosa: РО cosB 
=  cos(«- D) + sina sinB=cosa cos 

= cos(a+ D) = cosa cosp — sina sinB 


Aliter: (Without using Ptolemy's theorem) 
Let ABCD 15 a rectangle and AAFE is a right angle triangle with AE = 1 
In AAEF, B F 


= rc 
90 - B 
: EF . 0-8 
sing= — => EF=sin a As АЕ = 1) 
AE E 
AF B «+В 
cosg = AE = AF = соз 0 (As AE = 1) A р 
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a R Z 
D 
a 
S+ 
X 
A 


In AABF, 


cos B= 48 = AB = AF cos B=cos acos B (1) 
AF 


BF 
sin B= = — BF - AF sin B= cos asin B (2) 
In ACEF 


CF 
cos B= = — СЕ = ЕЕ cos B=sin о соз 8 (3) 


sin B= = => СЕ = ЕЕ sin p= sin asin B (4) 


Since AB || CD 
ZEAB = ZAED= a+ B 
-. In ЛАРЕ 


ED 
cos(@+ В) = ae > ED=cos(a@+ p) (5) 


AD 
sin(a 4- В) = p = AD=sin(a+ f) (6) 


Since ABCD is a rectangle 

-. АР = CB 

AD = CF + FB 

sin(&œ + D) = sin œ cos 8 + cos asin B (From Eqs. (2), (3) and (6)) 
Also АВ = DC = DE + EC 

=> DE-AB-EC 

= cos(a@+ B) = cosa cosf — sina sinß (From Eqs. (1), (4) and (5)). 


8.12.5 Tangential Quadrilateral 


A convex quadrilateral whose sides are all tangent to a single circle within the quad- 
rilateral is called tangential quadrilateral (or circumscribed quadrilateral or inscrip- 
tible quadrilateral). This circle is called the incircle of the quadrilateral or its inscribed 
circle, its centre 1s the incentre and its radius is called the inradius. 


8.12.5.1 Pitot Theorem 


Let ABCD be a tangential quadrilateral. Then the sum of the opposite sides are equal. 
That is, AB + CD = AD + BC. 


Proof: Let the incircle C touches the sides AB, BC, CD, DA at P, О, R and S respectively. 
Since the lengths of the tangents drawn from an external point to a circle are equal 


7 AP=AS=x (Say) 
ВР=ВО=у (5ау) 
CQ-CR-z (Say) 
DR-DS-a (Say) 
Also AB + CD=AP+PB+CR+RD=x+y+z+t+a (1) 
AD + BC=AS+SD+CQ+ QB=x+t+at+z+y (2) 


Then from Eqs. (1) and (2), we get, AB + CD = AD + BC 
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8.12.5.2 Converse of Pitot Theorem 


Any convex quadrilateral that satisfies AB + CD = AD + BC is tangential. D 
<i 
Proof: Let us consider two cases as given quadrilateral is a kite or not a kite. 
Case 1: Consider ABCD is a kite with AB = AD and BC = CD. 
Observe AC is angle bisector of 7A and ZC. 
By symmetry angle bisectors of ZB and ZD will meet each other at / on AC. 
So Z is equidistant from all four sides of the quadrilateral. 
Hence quadrilateral must be tangential. 


Case 2: Consider ABCD is not a kite. Thus either AD > DC or AD < DC. WLOG let 
AD > DC. 
Now AD>DC = AB>BC. 
So we can locate a point P on AD апа О on AB such that DP = CD and ВО = ВС. 
From AB + CD = AD + BC we get, АО + OB + CD = AP + PD + BC. 


= AQ=AP (As Ср = Рр and ВС = ВО) 


=  ACBO, ACDP, and ЛАРО are isosceles. 

Now draw angle bisectors of 7A, ZB and ZD, and these angle bisector will be 
perpendicular bisector of РО, OC and CP respectively as ACBQ, ACDP, and ЛАРО 
are isosceles. 

In APQC, perpendicular bisectors of sides are concurrent. Let their point of concur- 
rency be I. 

I is equidistant from all sides of the quadrilateral. Hence quadrilateral is 
tangential. 


LY? 
B 


Note: A quadrilateral which has both a circumcircle and an incircle is called a bicen- 
tric quadrilateral. 


Example 120 Let ABCD be a circumscribed (or tangential) quadrilateral. Prove that 
the circles in the two triangles ABC and ADC are tangent to each other. 


Solution: Let the incircle of AABC be C, and that of AADC be C). 

Since C, and C, lie on either side of AC, the diagonal, if they touch each other, then, 
they must touch at a point only on AC. 

If possible let C, touch AC at P and C; touch AC at a point Q. (We assume to the 


contrary). 

Then, PO = AQ — AP (1) 
Now AQ = AC – CQ = AC - CR = AC - CD + DR (Equal tangent property) 
= AC — CD + DS = AC - CD + DA — SA (Equal tangent property) 
= AC — CD + DA — AQ (Equal tangent property) 
<. 240 = AC - CD + AD (2) 
Similarly, 24P = AC — BC + AB (3) 
л ЭРО = (АС- CD + AD) - (AC- BC + AB) (From Eqs. (1), (2) and (3)) 

i.e., 2PQ = (AD + BC) - (АВ + CD) =0 (by Pitot's theorem) 


Therefore the points P and Q must coincide with each other, i.e., the two circles 
touch AC at the same point. 
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Example 121 Triangle ABC is equilateral. D is on AB and E is on AC, such that, DE 
is tangent to the incircle. Prove the result: 


AD AE 
—+— =l. 
DB CE 
Solution: Let AB = AC = BC =a. 
Let BD = x and CE = у, so that, AD = a — x and AE = а-у 
By Pitot’s theorem for circumscribed quadrilateral BDEC. 


BC+ DE=BD+CE = DE=x+y-a (1) 
- DE’ =(x+y—ay 
=x +y +a’ + 2xy - 2ax - 2ay (2) 


Also, by cosine rule applied to AADE, we have 


DE? = (a- х)? + (a— у)? -2(a - x)(a — y)cos 60? 


1. DE? = a? +x? -2ax +a? + y? -2ay — (a? - ay -ax* xy) (As cos60? = D 


ie., DE? = x? + y? +а? - ax - ay xy (3) 
-. Equating Eqs. (2) and (3), we have 
x? + y? +a” —2ax - 2ay + 2xy = x? + y? +a? - ax - ay - xy (4) 
=> 3xy = ax + ay 


3 
а 39 
x+y 


Substituting this value of ‘a’ for AD and AE, we have 


—х2— = 
FOR 3xy К 3xy-x^-xy x(2y-x) 
x+y x+y x+y 
АР 2y-x 
= —— = — (As x = DB) (5) 
DB x+y 
—ху— y2 - 
iig 3ày-xy-y" _ yQx-y») 
x+y x+y x+y 
ЕС Mueve) (6) 
EC x+y = 


From Eq. (5) + Eq. (6), we get, 


AD AE 2y-x 2x-y x*y. 
DB EC x+y x+y x+y 


l. 


Example 122 Let the incircles of AABC touch AB at D and let E be a point on the side 
AC. Prove that the incircles of triangles ADE, BCE and BDE have common tangents. 


Solution: Let the incircle C' of A4BC touch AB at D, BC at F and AC at G respectively. 
Let the incircle C,, of AADE touch the sides EA, AD and DE at P, Q and R respectively. 
Let the incircle C,, of ABCE touch the sides BC, CE, EB at M, N and L respectively. 


Let ‘7? be the common tangent of circles C, and C, respectively meeting the lines 


DE, BE at S and T respectively and touching С, at U and C, at V respectively. 


We are required to prove that t is a tangent to the incircle of ABDE, i.e., to prove 


that quadrilateral В, D, S, Т 15 a tangential quadrilateral, i.e., prove BD + ST= DS + BT 


(As incircle of BDST is the incircle of ABDE) 
- ВО + ST 
= BF+UV-SU-TV (as BD = BF and ST = UV — SU — TV) 
=BF+PN-—SU-TV (As UV and PN are direct common tangent to C, and С,) 
= BF+PG+GN-SR-TL (As PN= PG + GN, SU = SR, TV = TL) 
=BF+DQ+FM-SR-TL (As PG and РО are direct common tangent to C and 

Су, PG = РО and similarly GN = FM) 

=BF+DR+FM-—SR-TL 
= (BF + FM) + (DR —SR) - TL 
=BM-TL+DS=BL—TL+ DS (As BM = BL) 
= BD+ST=BT+DS. 
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1. 


2. 


In the AABC, AB = AC. The altitude AD of the triangle meets the circumcircle at 

P. Prove that АР · BC=2AB · ВР. 

In a parallelogram ABCD, If a circle passing through point A cuts two sides AB 

and AD at P and R respectively and diagonal AC at Q, then prove that 

AP x AB+ AR x AD= AQ x AC. 

. Let P and Q be points on the circumcircle of AABC such that PQ is parallel to BC. 
Prove that QA is perpendicular to the Simson- Wallace line of P. 

. Suppose four lines intersect with each other and therefore any three lines among 

them determine a triangle. There are four such triangles. Prove that the circum- 

circles of these triangles have a common point. 


. Let A, B, C, D be adjacent vertices of a regular 7-sided polygon, in that order. 
1 1 1 
Prove that —~ = —~+—— 
AB AC AD 


. Let ABCD be a square. If P is a point on the circumcircle of ABCD which lies on the 


arc AD, prove that the value (P4 + PC)/PB does not depend on the position of P. 

. Let ABCDEF be a convex hexagon with AB = BC = CD, DE = EF = FA and ZBCD 
= ZEFA = 60°. Let G and H be two points in the interior of the hexagon such that 
ZAGB = ZDHE = 120°. Show that AG + GB + GH + DH + HE > СЕ.  [IMO, 1995] 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


. Diagonals AC and BD of a cyclic quadrilateral ABCD meets at P. Let the circum- 


centres of ABCD, ABP, BCP, CDP and DAP be О, О), О», О; and O,, respec- 
tively. Prove that OP, ОО}, O,O, are concurrent. 


. ABC is a triangle with BC > CA > AB. D is a point on side BC, and E is a point on 


BA produced beyond A so that BD = BE = CA. Let P be a point on side AC such 

that E, B, D, P are concyclic, and let O be the second intersection point of BP with 

the circumcircle of AABC. Prove that АО + СО = BP. [Iranian MO, 1998-99] 

Let D, E, F be respectively the feet of perpendicular from A to BC, B to CA, and 

C to AB. Draw perpendicular lines from D to AB, AC, BE, CF and let P, O, M, 

N be the feet of perpendiculars respectively. Prove that P, O, M, N are collinear. 

Let ABC be a triangle, H its orthocentre, O its circumcentre, and R its circum- 

radius. Let D be the reflection of A across BC, E be that of B across CA, and F 

that of C across AB. Prove that D, E and F are collinear if and only if OH = 2R. 
[IMO Shortlisted Problem, 1998] 

The incircle of triangle ABC touches BC, CA and AB at D, E and F respectively. 

X is a point inside triangle ABC such that the incircle of triangle XBC touches BC 

at D also, and touches CX and XB at Y and Z respectively. Prove that EFZY is a 

cyclic quadrilateral. [IMO Shortlisted Problem, 1995] 

ABCDE is a cyclic pentagon. It is symmetric about the diameter through А. The 

chord CD is twice as far from А as the chord BE. Prove BC + BD = BE. 

A circle has centre on the side AB of the cyclic quadrilateral ABCD. The other 

three sides are tangent to the circle. Prove that AD + BC = AB. [IMO, 1985] 

ABCD 1s a cyclic quadrilateral. AB produced meets DC produced at F. AD pro- 

duced meets BC produced at E. Prove that 

(i) the angle bisectors of ZAEB and ZAFD are at right angles 

(ii) Also show that the circumcircles of ABCF and ACDE meet on the straight 

line joining £ and F. 

Let P be a point inside an acute triangle ABC. Then prove that 

PA- PB- AB PB- PC- BC * PC: PA. CA2 AB- BC: CA 

With equality iff P is the orthocentre of AABC. 

Let, ABCD be a cyclic quadrilateral which has, its incentre as Z. A line through 7, 

parallel to AB, meets the sides AD and BC at P and R. Prove that length of PR is 


1 
4 the perimeter of quadirlateral ABCD. 


ABCD is a fixed cyclic quadrilateral. Two circles PAB, PCD are drawn to touch at 
P. Prove that the locus of P is a circle. 

ABCD is a quadrilateral whose sides touch a circle. If the of AABD, touches AB, 
AD in P, Q, and the incircle of ABCD touches CB, CD in R, S, then prove that P, 
О, R, S are concyclic. 

The tangents at B and C to the circumcircle of an acute angled A4BC meet in K. 
If the line through К parallel to AC meets the circumcircle in P and Q and AB in 
M, then prove that PM = МО. 

If the Simson-Wallace line of P, a point on the circumcircle of AABC, is parallel 
to AO, where O is the circumcentre of AABC, then prove that PA || BC. 

Prove that the Simson- Wallace line of the point at which the altitude through А of 
AABC meets the circumcircle is parallel to the tangent at A. 

From vertex A of AABC, perpendiculars are dropped to the internal and external 
bisectors of ZB and ZC, prove that the feet of those four perpendiculars lie on a 
straight line. 


8.13 APPLICATION OF TRIGONOMETRY IN GEOMETRY 


8.13.1 Some Standard Notations 


In a AABC, the angles are denoted by capital letters A, B and C; and the lengths of the 


sides opposite to these angle are denoted by small letters a, b and c respectively. Semi- 
a+b+ 


perimeter of AABC is given by s = 2777. Tts area and circumradius is denoted by 
A and R respectively. h,, h,, and h, represent the lengths of the altitudes from A, B, and 
C, respectively. m,, т, and m, represent the lengths of the medians through A, B, and 
C respectively. t,, t; , and t, represent the lengths of the internal angle bisectors of ZA, 
Z B, and ZC respectively. 


8.13.2 Sine Rule 


b 
Ina A4BC, —— = —— - —— -2R 
sin4 sing sinC 


Proof: In acute angle triangle ABC, circumcentre lies inside the triangle. 
Let O be the circumcentre of AABC. Join CO and produce it to cut the circumcircle 
at D. 

So CD is a diameter of a circle, CD = 2R 

By angle in a same segment property ZBDC = ZBAC= ZA 


and ZDBC = 90° (Angle in a semi-circle) 
In ADBC, 
sin ZBDC = Ber 
CD 
=> sin4- —— (As ZBDC = ZA) 
2R 
=> ——=2Ё 
sin A 
"T b с 
Similarly, —— = 2R, —— = 2R 
sin B sinC 
b c 
Hence 


sin4 sing sinC 

When ZA > 90°, then circumcentre O lies outside the AABC. Again join CO and 
produce it to cut the circumcircle at D. Join DB 

Now ABDC is a cyclic quadrilateral 

2 ZBDC = 180? — ZA 
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In ZBDC, 
drames i saa A=: 
CD 2R 
—sin4--. > f =2R 
2R sin A 
b 
Similarly —— = 2R; —— = 2R 
sin b sinc 
А b с 
Again —— =— == = 
sin4 sinB sinC 
C When ZA = 90°, then 28 = BC=a 
sin B= zs dns == 
BC 2R BC 2R 
" Е sin А = 510 90° = 1 си 
ВС 2R 


b с 


Again 


sind sing sinC 


Example 123 /n a non-degenerate triangle ABC, ZC 2 3ZA; BC - 27; AB = 48; prove 
that the side AC has an integer measure. 


Solution: 


LetZ420 => ZCz30andZB-(180?- 40). 
Applying sine rule in AABC, 


48 27 

sin30  sinO 

agg 30 osse даар) 
sin 


=> sin? 0 = x (on simplification) 


Al 27 ^ x 
Ses sinô  sin40 
сеза ашай) 
ѕіп Ө 
= Е. sin 20 cos 20) 
sin 


S1 


11 11 
= зө (1-а) 


= 35 


zi [2-2sin0 cos0 - (1— 2sin? 0)] 
пө 


Thus the measure of AC is 35 units, an integer. 


(1) 


(from Eq. (1)) 


(on simplification) 


Example 124 77e sides of a triangle are in AP and the greatest angle of the triangle 
is double the least. Prove that, this triangle is acute angled triangle. 


Solution: 
Let the sides be a — d, a, a + d (a > 0, d > 0). 

Let abe the smallest angle of the triangle opposite to (a — d); then the greatest angle 
20r is opposite to (а + d). 

Applying sine rule for AABC, 


a-d | a | at+d (1) 
sina  sin(r—3oa) sin2a 
N a-d sina sina 1 
OW, =— = = 
a+d ѕіп20а 2sin& cosa 2cosa 
+ 
“.2cosa == а 
= 
2 
And so, sesta - [£7 (2) 
a-d 
a-d sina sina 1 
Also, m ышы Trim 
a  sinJa Зѕіпо -45іп а 3-4sin?a 
“.3-4sin? a = 
a-d 
2 a 
=> 3-4+4cos* а = —— 
a—d 
2a—d 
=> 4cos? a = — —41- 3 
a-d a-d (9) 
a+d А 2а-а 
Thus, = 
i (e) t) 
= (а+4)? = (a- d2a- d) 
= а= 54 (on simplification) 
-. Ratio of the sides is (a—d):a:(a+d)=4d: 5d: 6d, i.e.,4: 5:6. 
Here 6? < 42+ 52 = the triangle is acute. (By acute angle theorem) 


Example 125 AABC is an arbitrary triangle. The bisector of ZB and ZC meet AC and 
AB at D and E respectively. BD and CE intersect at ‘O’. If OD = OE, prove that, either 
ZBAC = 60° or the triangle is isosceles. 


Solution: 


Join AO. 


A 
In AAOD, ZOAD = 7 
B 
2. LODA = ZBDA=C+ z 


C 
2 


= ZAOD =180° [e 244 -»r- 
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B 
Similarly in AAOE, ZAOE = 90° — Ds 
Use the sine rule for triangles AOD and AOE, 


. A 
OAsin — 
D А 
т жиги 2 (1) 
. А sin ZADO | 2) 
sin — sin] C +— 
2 2 
Similarly, 
OAsin— 
E А 
ы ж 2 2) 
. А sin ZOEA ; | S] 
sin sin] B+— 
2 2 
f А С . B 
As, OD = OE (given), sin B+} =sin{ C42) (3) 
C 
i a or B+—+C+—=180° 
2x180 


=>ZB=ZC or В+С= =120° 


= ЛАВС 15 ап isosceles triangle ог ZA = 60°. 


Example 126 /n any triangle ABC, prove the inequality: 


Asin A 


23 
А,В,С Vsin В + JsinC — sin А 


When does the equality hold? 


Solution: By application of sine rule to AABC in the usual notation, the problem 
reduces to 


C A 
2o x 


Let, x=Vb+Ve-Va; y = Ne + Ja — УЬ; z = Na + УЬ —Nec. 


Thus, (Jb tale )? > b+c>0; x isa positive number and similarly y and z. 


Now, 


LHS- 2724 24%, *+y 
2x 2y 2z 


(Pie peleaesni СОЕ 59 
2 Ё 


X X у yz 


Equality holds when a = b = c, i.e., when the triangle is equilateral. 


Example 127 ABC is an isosceles triangle in which AB = AC. The bisector of ZB 
meets AC at D. Also BC = BD + AD. Find the size of ZA. 


Solution: 
Let ZDBC = 0, so that ZACB = 20 and ZBDC = л- 30, also ZBAC= z — 40. 
Now by sine rule, in ZBDC and AABD respectively, we get, 
BC BD AD BD 
Au ЕГ and — =- 
sin30 sin20 5100  sin40 
It is given that BC = BD + AD. 
BC AD 5130 sin 
б >- =1+— 
BD BD 5120 sin 40 


sin30 5140 +5110 
sin20 25іп26 соѕ20 


=> 251п 30 соѕ20 = sin 40 + sinO 


i.e., sin 50 + sinÓ = sin 40 + si 
> sin 50 = sin 40 
= 50-40 or 50-40 =180°; But 50 + 40 
2.90 2180? = 0 = 20°, which gives АВАС = л —40 =100°. 


i.e., (As sin 40 = 2sin 20 cos 26 ) 
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a? sin(B—C) * b? sin(C — A) à b? sin(C — A) 
sin +sinC sinC+sinA sinC+sinA 


1. In any triangle ABC, prove that 
c? sin(A- B) 
sin Á+ sin B Е 
sind  sin(4— B) 
sinC  sin(B-C) 
3. ABCD is a trapezium such that AB and CD are parallel and CB is perpendicular 
to them. If ZADB = 60°, BC = 4 and CD = 3, then find the length of side AB. 


4. If the sides of a triangle are in arithmetic progression, and if its greatest angle 
exceeds the least angle by a, show that the sides are in the ration 1 — x : 1: 1 +x, 


1—- cosa 
where х=, |. 
7—cosa 


5. If a, b, c be the sides of a triangle, Aa, Ab, Ac the sides of a similar triangle in- 
scribed in the former and 0 the angle between the sides a and Aa, prove that 24 
cos @= 1. 

6. Let ABC be an arbitrary acute-angled triangle. Let D, E, F denote the feet of the 
perpendiculars from P onto the sides AB, BC, CA respectively. Determine the set 
of all possible positions of P, for which, the triangle DEF is isosceles. For what 
position of P, will triangle DEF be equilateral? Why? 

7. The sides a, b, c of AABC satisfy the equality ср = (a+b) (a — b}. Prove that ZA 
= 3/В. 

8. A triangle has circumradius R and sides а, b, c with the relation: R(b + c) = а. 
Prove that, such a triangle is right angled. 


2. Ifina AABC, » prove that à, b. c? are in AP. 
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9. 


10. 


Given a circle of radius unity and AB is a chord of the circle, with length unity. If 
C is any point in the major segment, prove that, AC + ВС <2 (2+ V3). When 
does the equality hold? 

Let ABC be a triangle inscribed in a circle and let /, = m,/M,, lp = m,/M,, 1. = 
m/M,, where m, ть, m, are the lengths of the angle bisectors (internal to the 
triangle) and M,, M,, M, are the lengths of the angle bisectors extended until they 


la 1, + l 
sin? А sin? B sin? C 


meet the circle. Prove that 


iff ABC is equilateral. [APMO, 1997] 


8.13.3 Cosine Formula 


In AABC, we have following cosine rules: 


b? +c? — a? a? +c? – b? а? +b? – c? 
cos A= ;cosB ; cos C = ———— — 
2bc 2ac 2ab 


Proof: 

Case 1: If ZB « 90°, then by acute angle triangle theorem 
AC? = АВ? + BC? –2Вр. BC 
>b = с? +a? -2x.a 


BD x 
In AABD, cos B= =— => x=ccosB 
AB c 


b? = с2 +a? —2accosB = 2ассоѕ В =a? +c? —b? 


а? +e —b? 
> cos В = 


2ac 
Case 2: If ZB > 90°, then by obtuse angle triangle theorem 
АС? = AB? + BC? «x2BD. BC. => b? =c?+a*+2x-a 


In AABD, 


BD 
cos ZABD = — => cos(180°-B) =~ 
AC [s 


X 
=>-cosB=— => x=-ccosB 
с 


b? = с^ + а? – 2ассоѕ В 
=> 2ассоѕ В = а? +c? —b? 
a? +c? —b? 


2ac 


=> <cosB= 


о AN A cp. Bh 
Similarly cos A = Drea ndeso E Жал 
2bc 2ab 


23 and that equality holds 
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8.13.4 Projection Formula 


In AABC, we have following projection formulas: 


a=bcosC+ccosB, b=ccosA+acosC and c=acosB+bcos A 


Proof: For both base angles being acute, i.e., ZB < 90°, ZC < 90° 


In AABD, 
BD BD 
cos B = — = — 
AB с 
=> BD=ccosB 
In AADC 
cosc - £P. -2P 
AC b 
=> CD-bcosC 
Now а= ВС = Вр + С 
=> a=ccosB+bcosC 
or a=bcosC+ccosB 


For one base angle obtuse, WLOG let ZB > 90? and ZC < 90°. 


DC = bcosC 

DB = c cos (180° — B) = —c cos B 
ВС = DC - DB = bcos C - (—c cos B) 
=> a = bcosC +ccos В 


Similarly b = ссоѕ A+acosC and c = acos B + bcos A 


Example 128 Two sides ofa triangle are 8 cm and 18 cm and the bisector of the angle 
60 
formed by them is of length 13 cm. Find the perimeter of the triangle. 


Solution: 60 
Let ABC be the triangle with AC = 8 cm. Let AD be the bisector of ZA; AD = "i cm. 


2b A 
AD= Е - Joos 4 (From the note 4 on page number 8.47) 
Cc 


Using the measures of AB, AC and AD in above formula, we get, 
A 60 " 26 , A 5 


os— = , Le., COS— = — 
2 13 218.8 2 12 


2 
1.008 A= 200s? $-1=2{ 5) 1 ы 


12 72 
Thus, BC? = AB? + AC? -2- AB- AC -cos A (Using cosine rule) 


i.e., BC? =182 +8? (248187576 


=> ВС =24: 
=> Perimeter = 18 + 84 24 = 40 cm. 
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Example 129 ABCD is a convex quadrilateral in which 


AD = 245 ; ZA = 60°; ZD = 120? and AB + CD =2АР. 
Mis the mid-point of BC. Find DM. 


Solution: 
Since ZA + ZD = 180°, AB || CD. Draw ME || BA to meet AD at E. As M is the mid- 


1 . 
point of BC, E is the mid-point of AD. Also EM = Pd + CD) = AD (given). 


-. EM = AD. 
From AEDM, using cosine rule, 
DM? = DE? + EM? —2- DE- EM - cos 60° 


2 
i.e., DM? = 5 DA +(4D} -2{ 2 арз) 
2 2 2 


1 1 
ie., DM? =— DA? + AD? -— 
4 2 


- DM? = ND -9— DM =3. 


Example 130 4 quadrilateral inscribed in the circle has side lengths 420, 1/99, 429, 


апа 4/97 in that order. Taking л = = show that the area of the circle is rational. 


Solution: 
Let ZD = Ө; then ZB = 180 — Ө (cyclic quadrilateral). 


AC? = 204.99 -2(420)(4/99) cos (cosine rule in AADC) 
Also, AC? = 22 + 97-2(422)(/97)cos(180?—0) (cosine rule in AACB) 


Equating for AC’, we get 


2cos0(422 · 4/97 + 4/20 - V99) 2 0 
> cosl = 0 0 = 90°. 


Thus, 


AC? 220499 2119 


A(22y =119 > R? = — 


-dorp 2,109 11x17 _ 187 
T 4 2 2 


Example 131 Squares are drawn on the sides of an arbitrary triangle and the vertices 
of the squares are connected to form a six sided figure. If the sides of the triangle are 
a, b, c and outside lengths are x, y, z, prove that, x! +y +2? = ECA tb + с?). 


Solution: 
Applying cosine rule in AAGH, we get, 


x? = D? + с? —2becos(180° —a) 


=> х2 =b? +c? + 2ссоѕа (1) 
Also from AABC, 

2be cosa = b? +c? – а? (2) 
From Eqs. (1) and (2) we get, 

x? = 2b? + 2c? —a? (3) 
Similarly, 

y? = 2c? +28? –Ь? (4) 
And 22 = 2a? + 2b? - с? (5) 


Thus, by adding Eqs. (3), (4) and (5), we get, 


x? + у2 +22 =3(a? +b? + с?). 


Example 132 /n AABC, АВ = 52; ВС = 64; СА = 70 and assume Р О as points chosen 
in AB, AC respectively such that the triangle APQ and quadrilateral PBCQ have the 
same area and same perimeter. Prove that РО? = 3255. 


Solution: 
Let AP = x; AQ = y and РО = 2 
г. (52-x)+z+(70-y)+64=x+y+z 


ie., 2(x+y)=186 > x+y=93 (1) 
Also, 

[APQ]=[PBCO]=> [APO]  [ABC]- [APO] => 2[ APO] [ABC] (2) 
` Zx pax yx sir = 525705 sin 

s 2xy = 52х70 (3) 
Using cosine rule for AAPQ, РО? = 2? = х? + y? - 2xycos A (4) 


2 2 &42 
cos A = | 


2x52x70 
writing (x+ y)? = 932 and x? + у? = (x+ y? - 2xy = 93? — (52x 70) and cos A 


522 +702 –642 
2х52х70 


in Eq. (4), we get, 22 = РО? = 3255 (on simplification). 
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cos A | cos B А coC _ a? +02 +c? 
b с 2abc 


1 | - DG 3 
2. Let ABC be a triangle such that 2b = (m + 1)a and cos A = 2 ен ), 
т 


where т є (1, 3). Prove that there are two values of the third side one of which is 
m times the other. 


1. In any AABC, prove that 


1 1 3 
3. Ina triangle ABC, ZC = 60°, then prove that = ; 
а+е b+e а+Ь+е 
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10. 


. If in a triangle ABC, 


cosA+2cosC  sinB 


соѕ 4+2с058 sinC 
isosceles or right angled. 


, prove that the triangle is either 


. A ring, 10 cm, in diameter, is suspended from a point 12 cm, above its centre by 


6 equal strings attached to its circumference at equal intervals. Find the cosine of 
the angle between consecutive strings. 


. Let AC be a line segment in a plane and B, a point between A and C. Construct 


isosceles triangles PAB and OBC on one side of the segment AC, such that APB = 
BAQ = 120°; Construct an isosceles triangles RAC on the other side of AC, such 
that ARC =120°. Prove that APOR is equilateral. 


. If a, В, y are the altitudes of AABC from the vertices A, B, C respectively, prove 


1 1 1 1 
the following equality: + + = cotd + cotB cotC). 
кааш: - т [e | JE C) 


. Determine all triples (a, b, c) of positive integers which are the lengths of the 


sides of a triangle inscribed in a circle of diameter 6.25 units. 


. The sides of a triangle are of lengths a, b, and c where a, b, c, are integers and 


a > b. Also Z C is 60°. Show that the measure of side BC is not prime. 
Let the angle bisectors of ZA, ZB, ZC of triangle ABC intersect its circumcircle 
at P, О, R, respectively. Prove that AP + BO + CR > BC + CA + AB. 


8.13.5 Napier's Analogy (Tangent's Rule) 
In a AABC, 


John Napier 


| Feb 1550—4 Apr 1617 
Nationality: Scottish 


1 tan( 4-4) = 28 T 
2 J} \a+b 2 
B-C b-c A 

2. t = t 
an{ | b+c m 2 
3. tan <4) - Ze cat 
2 c+a 2 


Proof: For (1) 


ago S el ав 
a—b  2R(snA-sinB) _ 2 2 
+ 


a+b 2R(sinA+sinB) | 2sin{ 4 8 eos (478) 
2 2 


2 2 2 2 
(22) a—b C 
=> tan = cot 
2 а+Ь 2 


Similarly for others. 


8.13.6 Mollweide’s Formula 


In a AABC, we have following: 


cos СА cos 8 cos = 
| 4+5_ 2 J. ote 2 cta 2 
© sinc 8 sin b sin7 
sin( 8) sin( ^ €) sin( 4) 
2 b b-c 2 c—a 
€ боа —— A Co b 
cos 5 0082 cos 2 


Proof: For (1) 


. (42) (5>) 
2sin cos 


a+b 2R(sinA+sinB) _ 2 2 
C 2RsinC sinC 
.(zm-C A-B C A-B 
2sin cos 2cos— cos 
_ 2 2 _ 2 2 
Jun ees 2h ses 
2 2 2 2 
A- B 
a+b 999 2 
с С 
sin 
Similarly for others. 
For (2) 
2cos EH sin EH 
a-b 2R(snA-siB) _ 2 2 
C 2RsinC sin С 
20| 2-С sin( 477] 
" 2 2 
2si C C 
sin — cos“ 
2 2 
2sin  sin( 47) 
E 2 2 
Gan oe” 
2 2 
sin ae 
a-b _ P, 
с С 
cos ? 


Similarly for others. 
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8.13.7 Half Angle Formulae’s 


A  |s(s—a), B  [s(s-b). C  [s(s—c) 
1, SOS = m olco EU › 908, = ab 
. A f[(s—b)(s—c) . В |(з—с)(з—а)_ . С |(s-aXs-b) 
2. sin = be ; 511 — = | a ; sin = zb 
_ [(5-oX5—a), "Um (s—a)(s—b) 
s(s-b) ' 2 s(s—c) 


2 
A_ [G-bXs-o), 
2 


= ; tan 


\ s(s—-a) 


оо wl 


For (1) 


A 
Since 2cos? 2 = 1 + соѕ 4 


2 А b2«c?-a2  2be+b* +с2 а? 
2cos =1+ = 
2 2bc 2bc 
Е (bac)? -a? _(b+c+a)(b+c-a) 
2bc 2bc 
E А _ 2s(2s—-2a) 
2Ьс 
— cos? 4 = 24 
2 bc 
= сов = м А сз > 


Similarly for others. 


For (2) 
2р9 ee ey 
2s? —1 бозА=1 b^-c*'—-a^ 2bc-b^-c^ca 
2 2bc 2bc 
_ а2—(Ь?+с?-2Ьс) а? -(b-cy 
2bc 2bc 
_ (ac b-c)K(a-b-c) 
2bc 
agin? 4 (2+2+с-2с)(а+6+с- 2b) 
2bc 
ind A _ (2s —2c)(2s—2b) 
2 2bc 
РИЕТИ 


be 


== \ ш ш [As LED) 
2 bc 2 


Similarly for others. 


For (3) 
sin e 
tan A E — 2 = (5 —0)(5—с) 
2 wi A s(s—a) 
2 
Similarly for others. 


8.13.8 Area of Triangle 


1 
Since in AABC, area of AABC = 2 x BCx AD 
1 : 
=> А = –асѕіп В 
2 
е 1 А 1 : 
Similarly, A = 5 sinC; A= rs sin A 


Hence, A= l abut БЕ аа 
2 2 2 


Thus area of any triangle 


1 
= 5 X Product of the two sides of a triangle x Sine of the included angle. 


8.12.8.1 Heron's Formula 
1 1 A A 
i f AABC = —bcsin A = —bcx2sin— cos — 
Since area o С 2 c 2 с A 5 


> aste 009 [e-o 
bc bc 


=> А = ds(s a)(s —b)(s—c) 


Aliter (without trigonometry): In AADB and AADC 


№ = -x? =b? -(a-x} > 2ax=a?+c?-b? 


а? +e? —b? 
—x- 
2a 
C M a 2,2. 422 
Also IP =с2 -х2 -a- (esee объ “BY 
2a 4a? 


4a?c? — (a? + с2 - p? ? E (2ac - (à? +c? - b? y? 
4a? 4a? 


>k = 


£ (2ac + a? +c? - b?)2ac —a* —c? +b?) Е [(a+c)? - 2? || b? - (a? +c? - 2ac) | 


4a? 4a? 


_ [(а+с)? -b? || b? -(a- cy. | 


4a? 
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| (а+с+ b(acc-b)(bra-c)(b-a-c) 
4a? 
_ (а+Ь+с)(а+Ь+с—2Ь)у(а+Ь+с—2с)(а+Ь+с-2а) 
4а? 
_ 2s(2s - 2b)(2s — 2c)(2s - 2a) 
4a? 


_ 4s(s—a)(s—b)(s—c) 


a? 


—h AT a)(s—b)(s—c) 
a 


>k? 


=> sah = Jsts a)(s—b)(s—c) =A. 


8.13.9 m-n Theorem 


Let D be a point on the side BC of a AABC such that BD: DC=m:nand ZADC= Ө, 
ZBAD = а апі ZDAC = В. Prove that 


(i) (m+n)cot@ = mcota —ncot 3 


(п) (m+n)cot@ = ncot B —mcot C 


Proof: 


BD 
Given —— =" and SADC SO = ЛАВБВ+@ 
DC n 


ZABD =0-a 
Also ZACD -180? - (0 * B) 
In AABD by using sine rule 
BD AD 
A = (1) 
sina  sin(0 —a) 
"AN In AADC 
DC | AD _ Ар D 
sin B sin(180* — (0 t p) sin(0 + p) 
180°— 0 di. From Eq. (1) + Eq. (2) we get, 
B m D n C 
m-sinB — sin(0+ 8) (^s zez) 
nsina  sin(0—a) DC n 


= m(sin@ cosa —cos@sina) _ n(sin@ cos В + cos@ sin B) 
sinĝ sina sinO sin В | 


=> mcota —mcot0 = псо B + ncotO 
=> (т+ п)соёӨ =mcota—ncot D. 


(ii) In ЛАВР, a= 0— B. Also In AADC, B =180°—(Ө +С) 


BD AD 


In AABD, — zm 
sin(O—B) sinB 


(3) 


DC AD DC AD 


In AADC, —————————— = — > —— = —— 
sin(180?-(0--C)) sinC sin(O@+C) sinC 


(4) 


msin(0--C) sinC 


From Eq. (3) + Eq. (4) we get 
Ea NEE nsin(0—B) sinB 


m(sin@ соз С +cos@sinC) _ n(sin@ cos B—cos@ sin B) 


sin C sin@ sin BsinO 


=> mcotC + тсої0 =ncot B – ncotO 
= (m-4n)cotO0 =ncot B —mcotC. 
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1. 


If the medians of a AABC make angles o, 8, y with each other, prove that 
cot æ+ cot B + cot y+ cotA + cot B + cot C = 0. 


. In an isosceles right angled triangle a straight line is drawn from the mid-point 


of one of the equal sides to the opposite angle. Show that it divides the angle into 
parts whose cotangents are 2 and 3. 


. Prove that the median through A divides it into angles whose cotangents are 2 cot A 


+ cot C and 2 cot A + cot B, and makes with the base an angle whose cotangent is 


1 
2 (cotC ~ cot B). 


. Prove that the distance between the mid-point of BC and the foot of the 


2 2 


~ 


perpendicular from A is 2 


а 


. Through the angular points of a triangle are drawn straight lines which make the 


same angle œ with the opposite sides of the triangle; prove that area of the triangle 
formed by them is to the area of the original triangle as 4 cos 20: 1. 


. The measures of the sides ofa triangle are integers and the area of the triangle is also 


an integer. One side is 21 and perimeter 48. Find the shortest side as well as the area of 
the triangle. 


. Find a point P, in the interior of A4BC, such that, the product of its distances from 


the sides is maximum. 


. Consider the following statements about a triangle. 


(i) The sides a, b, c and area S are rational. 
(ii) a, tan tan are rational 


(iii) a, sin A, sin В, sin C are rational. 
Prove the following chain of results: 
Statement (1) = Statement (11) = Statement (11) = Statement (1). 


. Given a triangle ABC, define the quantities x, y, z as follows: 


B-C, A C-A, B A=B С 


x = tan ишып ee tan—. 


Prove that, x + y +z + xyz = 0). 
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10. Prove that if the Euler line passes through a vertex, then the A is either right- 
angled or isosceles. 

11. Ifthe Euler line is parallel to BC prove that tan B -tan C= 3. 

12. If ZBAC = 60°, prove that the Euler line forms with AB, AC an equilateral tri- 
angle. 

13. Six different points are given on a circle. The orthocentre of the triangle formed 
by three of these points are joined to the centroid of the triangle formed by the 
other three points by a line segment. Prove that the 20 line segments, so formed, 
are concurrent. 


14. If D is the foot of the altitude from А in AABC and С is its centroid and DG is 
produced to meet the circumcircle at O, then prove that ZOAD = 90°. 


15. If P is the mid-point of AH and if PG extended meets the circumcircle at Q prove 
that PA’ || to AQ where A' is the mid-point of BC. 


8.13.10 Circles, Centres and the Triangle 
8.13.10.1 Circumcircle and Circumcentre 


The circle which passes through the vertices of a triangle is called circumcircle. 

The centre of this circle is the point of intersection of perpendicular bisectors of 
the sides and called the circumcentre. Its radius is always denoted by R and is called 
circumradius. 


Circumradius (R): 


Circumradius R of the AABC is equal to iN 


Proof: From sine rule, 2R = 


sin C 
abc сг. : А 

=> К= ———— (Multiplying ‘ab’ in numerator and denominator) 
2absinC 

agp dE Аай due 
4^ 2 

Notes: 

1. Circumcentre is a point which is always equidistant from the vertices of the 
triangle. 


2. Circumcentre of an obtuse angled triangle lies outside the triangle. 
3. Circumcentre of an acute angled triangle lies inside the triangle. 
4. Circumcentre of a right angled triangle is the mid-point of the hypotenuse. 


Example 133 /f the internal bisector of ZA of a triangle ABC meets the base BC at D 
and the circumcircle at E, show that AB - AC 2 AD - AE. Hence find an expression for 
the circumradius of AABC in terms of sides. 


Solution: 
In A4BD and AAEC, 
ZBAE = ZEAC (since AE bisects ZBAC) 
Also ZABD = ZAEC (Angles in the same segment of a circle) 


-. ЛАВР ~ AAEC (AA criterion) 


Авер AB- AC = АР. AE. 
AE AC 
Hees ы. 

22 2 


By sine rule in AAEC, we get 


AE =2Rsin Type-R = 2Rcos pes 
2 2 2 
2Rcos Sous sin СВ | . 
2 2 . R(sin B * sinC) 
+ 


oe) ot 


_ b+c 


2eos{ 2) 
2 


. A . A 
ibam SPEM REESE 


AD- AE = 
= A. А 
2cos— 2cos—sin — 
2 2 
sin A a 


Hence from Eqs. (1) and (2), we get 


sir те иа 
а 4Л 
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Q) 


Example 134 /f x, y, z are perpendicular from the circumcentre of the sides of the 


: a b c abc 
AABC respectively. Prove that —+—+—= А 
х z Axyz 
ївАОйМ; ада 
ОМ 2х 


b С 
Similarly, (ап В = — апа tan C= — 
2y 2z 


Also, 4+ B2 л- C 
tan(A + B) = tan(z - C) 
tan A+tan B 
=-—tan C 
1— tan Atan В 


=> {ап А + tan В = —tan C + tan A tan B tan С 
=> {ап А + tan В + tan C = tan A · tan B - tan C 


a b c abc 
2x 2y 2z 8xyz 
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Bramhagupta 


598 AD-670 AD 
Nationality: Indian 


8.13.10.2 Bramhagupta's Theorem 


In any triangle product of any two sides is equal to the product of the perpendicular 
drawn to the third side with circum-diameter 
In AABC, AD L BC. Let O be the circumcentre. Join АО and produced it to cut circum- 
circle at E, then AE is the diameter and ZABE = 90° 

In AABE and AADC 

ZABE = ZADC = 90? 


ZAEB = ZACD (Angles in the same segment) 
-. By AA similarly, AABE ~ AADC 


AB AE 

AD AC 
= AB-AC=AE-AD 
=> AB-AC=2R- AD. 


Example 135 ABCD is a cyclic quadrilateral. Prove the result: 
AC[AB-: BC + CD: DA]= BD[AB: Ар + CB-CD] 
Solution: Let R be the circumradius to AABC. 


Draw BM L AC and DN L AC 
From ЛАВС, ВА - BC=2R- BM (Bramhagupta’s theorem) 
From AADC, DA : DC 2R- DN (Bramhagupta's theorem) 


BA: BC + DA- DC 26 (BM + DN) 
-. AC[BA - BC + "РА · DC]  2R[AC - BM + AC · DN] 
i.e., АС[ВА - BC+ DA - DC]  2R[2A, + 2A,] 
Where A, and A, are the areas of AABC and AADC respectively. 
Thus, AC[BA - BC + DA : DC]  AR[A, + A] = 4R [ABCD] 
In the same way, we can show, by drawing the other diagonal BD and the perpen- 
diculars from A and C to BD, that, 
BD[AB - AD + СВ. CD] = AR[ABCD] 
Thus, AC[BA - BC+ DA: DC] = BD|AB - AD + СВ. CD]. 
Example 136 ABCD is a cyclic quadrilateral, x, y, z are the distances of A from the 
BD BC CD 
lines BD, BC, CD respectively. Prove that a = ЕЭ + = 
Solution: 
In AABD by using Bramhagupta’s theorem 
AB-AD=2R-x (1) 
In AABC 
AB-AC=2R-y (2) 
In AACD 
AC-AD=2R-z (3) 
By applying Ptolemy’s theorem in ABCD 
AC: BD- AD: BC+ АВ · CD 
Divide by AC 


AD AB 
BD- ac( 42 | + oo( 2) (4) 


AD 

From Eq. (1)/ Eq. (2), we get, — =~ © 
АС у 
АВ 

From Eq. (1)/ Eq. (3), we get = 2 Р 
AC z 


^. From Eqs. (4), (5) and (6), we get BD- ВС. ~ +CD. =. 
y y 


BD BC CD 
э —=— +. 


x y 2 


8.13.10.3 Incircle and Incentre 


The circle that can be inscribed within triangle so as to touch each of its sides is called 
its inscribed circle or incircle. The centre of this circle is the point of intersection of 
angle bisectors of the triangle and hence it is equidistant from the sides of a triangle. 
The radius of the circle is always denoted by ‘7’ and is equal to the length of perpen- 
dicular from its centre to any one of the sides of the triangle. 


Some standard results: 
A 


Т #= = 
S 


A B С 
2. r=(s BUNC =(s b) tan; = (5 an 


. A.B, 
3. r=4R sin —.sin—.sin 
2 2 2 


Proof: Let the internal bisectors of the angles of the AABC meet at /. Suppose the 
circle touches the sides BC, CA, AB at D, E and F respectively. 
Then JD, IE, IF are perpendiculars to these sides and ZD = IE = IF =r 


1. Now 
[ZBC] + [ICA] + HAB] = [ABC] 
1 1 


E uu pant А 
2 2 2 


1 
Ei (at btc):r-A^ 


>r=-. (Asa+b+c=2s) 
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2. Since the lengths of the tangents drawn from an external point to the circle are 


equal 

- BD=BF=x (Say) 
CD=CE=y (Say) 
AE=AF=z (Say) 
“x+ty=a (1) 
ytz-b (2) 
Z+x=C (3) 
Adding 2(x+y+z)=a+b+c=2s 

Xtytz-s (4) 


From Eq. (4) - Eq. (1), z = s — a = AE = AF 
From Eq. (4) - Eq. (2), x= s — b = BD = BF 
From Eq. (4) - Eq. (3), y =s — c = CD = CE 


A IE r 
In AME tan — = — = 
2 AE s-a 


A 
= peream. 


2. В С 
Similarly, r = (s — b) tan 2 and r=(s—c) ir] 


3. In AJBD and AICD 


B BD C- CD 
cot — = —— and cot — = — 
2 r 2 r 
um m 
P 2 = 
а= Вр + Ср -r| cot md =r 2 + 2 
2 2 B C 
sin—  sin— 
2 2 
B.C .B C .(B4C ‚(л A 
r| cos—sin— + sin —.cos sin rsin| ——— 
2 2 2 2 ^ 2 2 2 
Е Во Е ‚Вс у B C 
sin —.sin — sin — sin — sin —.sin — 
2 2 2 2 2 2 
A ‚В „С 
Шш: С 
ENT c75 A 
sin — - sin — cos — 
2 2 2 


2Rsin Де. sin С 4Rsin 2 cos A sin B sin 
2 2 _ 2 
А 


cos — cos — 
2 2 


„= 


2. (Asa=2R sind) 


> pain sin ый 
2 2 


Example 137 /f the incircle of a right angled triangle ABC, touches the hypotenuse 
AC at K. Then prove that the area of right angle triangle is the product of CK and AK. 
AB + BC - AC 
— —! 


Solution: Since the length of the tangents drawn from an external point to the circle 
are equal 


Also prove that inradius is 


7 ВІ = ВМ = х (Say) 
CL=CK=y (Say) 
AM=AK=z (Say) 


In AABC, by using Baudhayana theorem 

AC’ = АВ? + BC 

=> (y zy = (х +2) + (х + у)” 

+? +2ул=х? ++ 2xz - x? y? + 2xy 

= 2yz= 2x! + 2xz + 2xy 

=> ул=х xz xy (1) 


1 
Area of AABC= — ВС · AB 


(x+y) (x * z) 


= (х2 + xz + xy + ух) 


1 1 
Б (yz + yz) = rhe 2yz (From Eq. (1)) 
[ABC] = СК. AK 
Also Inradius = x 
And AC- AK * KC- АМ +1С= АВ -х+ BC-x 
zs AB + BC- AC 
3 ; 


Example 138 The incircle of AABC touch BC at D. Show that the circles inscribed in 
triangles ABD and CAD touch each other. 


Solution: 


To proof: AD' = AD, 


We know that, BD = 5— Б (where ‘s’ is semi perimeter) 
-b+ AD -s+ AD 
EP ТЕ b+ @ pa s+ 
2 2 
And Ap! = $55-6* AD T Mi аг, 
p 2 
= AD, = AD' 


Hence we can say Dy and D' are same points. 


8.13.10.4 Orthocentre 


Let ABC be any triangle and let AX, BY, CZ be the perpendiculars from A, B and C 
upon the opposite sides of the triangle. These are concurrent at H, which is called the 
orthocentre of the triangle 


Some Standard Results: 

1. In an acute angled triangle orthocentre lies inside the triangle. In a right angled 
triangle, the orthocentre is at the right angled vertex. In an obtuse angled triangle 
orthocentre lies in the exterior of the triangle and behind the obtuse angle. 
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. Out of four points A, B, C and H each point is the orthocentre of the triangle 


formed by other three. 

For AABC orthocentre is H 
For AABH orthocentre is C 
For ABCH orthocentre is 4 
For AACH orthocentre is B 


. There are 6 Cyclic Quadrilaterals in above diagram namely, BXHZ, CYHX, AZHY, 


BZYC, CXZA, AYXB. 


. ZBHC= 180° - ZA ZB+ ZC 


ДАНС = 180° - ZB= ZA + ZC 
ZAHB = 180° – ZC = ZA + ZB 
Proof: In cyclic quadrilateral AZHY 
2 ZZHY + ZA = 180° 

2 ZZHY = 180? — ZA 

2 ZBHC = ZZHY = 180? — ZA 
Similarly others. 


. Since HXCY is cyclic quadrilateral 


- BX: BC- ВН. BY (Power of the point B) 
Also AZXC is cyclic 
-. BX- BC = BZ · ВА (Power of the point B) 


Combing the above result we get 
BX- BC- BH. BY - BZ. BA 
Similarly, CX - CB = CH. CZ = СҮ. CA and AZ: AB = АН. AX 2 AY - АС. 


. The triangle XYZ formed by joining the feet's of these perpendiculars is called the 


orthic triangle of the AABC. 


. The orthocentre H of AABC is the incentre of Orthic triangle XYZ provided ABC 


is an acute angle triangle. 


Proof: Since BZYC is cyclic quadrilateral 

2 ZBCZ= ZBYZ-x 

Also HXCY is cyclic quadrilateral 

- ZHCX= ZHYX =x 

= ZHYX = ZHYZ=x 

— HY bisects the ZZYX. 

Similarly HX and HZ bisects the ZZXY and ZYZX respectively. 

Hence the orthocentre H of AABC is the incentre of AXYZ. Also A, B, C will be 
Ex-centres of AXYZ. In case of AABC obtuse angle triangle say ŻA be obtuse, 
then A will be incentre of orthic triangle and H, B, C will be Ex-centres of orthic 
triangle XYZ. 


. InAABC, if AX, BY, CZ are the altitudes and AXYZ is the Orthic triangle then 


ZZXB = ZYXC= ZA 

ZXYC= ZZYA = ZB 
ZXZB = ZYZA= ZA 

i.e., AABC ~ AAYZ ~ AXRZ ~ АХҮС 


Example 139 /n AABC, if H is the orthocentre then find AH, BH, CH respectively. 


Solution: In ABAY, AY = c cosA 
In AAHY, AH = AY cosec C 


1 
—-ccos4 —— 
sinC 
— 2R cosA 


Similarly BH = 2R cosB 
CH =2R cos С 


Example 140 /n AABC a, b and c represents the sides, find the sides and angles of the 
orthic triangle. 


Solution: From point 8 we have 
ZYXZ = 180? — 2A 
Similarly ZXYZ = 180? — 2B and ZXZY = 180° — 2C 
For side of AXYZ, 
Consider AAZY, as AH is diameter of circumcircle of AAZY, by sine rule 
ZY 
sin A 
=> ZY = 2Rcos Asin A = Rsin2A 
Similarly, XY = R sin 2C, ZX = R sin2B 
Thus sides of pedal triangle are 
а cos А, bcos B, ccosC or Rsin2A, Rsin2B, Rsin2C 


Note: If given triangle is obtuse, say ZC is obtuse then angles of pedal triangle are 
represented by 24, 2B, 2C — 180? and the sides are acos A, b cos B, — c cos С. 


= АН = 2Rcos A 


Example 141 AX, BY, CZ are the perpendiculars from the angular points of a AABC 
upon the opposite sides, prove that the diameters of the circumcircles of triangles AYZ, 
BXZ, and CXY are respectively a cotA, b cot B and c cot C and that the perimeters of 
the A XYZ and AABC are in the ratio ғ : К. 


Solution: AXYZ is the orthic triangle of AABC 
AH is diameter of circumcircle of AAYZ, 


a 


AH = 2К cosA = cos A — acotA 


Similarly the diameters of circumcircle of ABXZ and ACXY are b cot B and c cot C. 
Perimeter of AXYZ = YZ + ZX + XY 
= R(sin 2A + sin2B + sin2C) 
= R(2sin(A + B) cos(A — B) + 2 sin C cos С) 
= R(2sin(180? — C) cos(A — B) + 2 sin C cos (180° — A — B)) 
= 2R sin C(cos(A — B) — cos(A + B)) 
= 4R sinA sinB sin C 


a b с abc | 2abc 
=4R = = 
2RA2RA2R 2R? AR.R 


Бане е uc 
rimeter = = 
erimeter о R R 
Я . r(2s) 
Perimeter of AXYZ : Perimeter of AABC = :2s =r: R 


Example 142 Find the area, circumradius and inradius of the orthic triangle of AABC. 


Solution: 
Since area of A 


1 
7 (Product of the sides) х Sine of the included angle 
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A 1 
> [XYZ] = 2 XY- XZ- sin ZYXZ 
I... А . 
Z Y = a sin 2C - R sin 2B sin(180° — 24) 
l 2. . . 
= g^ sin 2A sin 2B sin 2C 
. . YZ Rsin2A R 
B X C Circumradius = — =— 5 = 

2sinZYXZ 2sin(180°-2A) 2 


That is, circumradius of orthic triangle is half the circumradius of AABC. 
[XYZ] 


Semi perimeter 


The inradius of the orthic AXYZ = 


1 R? sin2Asin2B sin 2C 
~ 2 2Rsin Asin BsinC 
= 2R cos Á cos B cos C 
Thus for orthic triangle 


1 
Area = 2E sin 2A sin 2B sin2C 


. А К 
Circumradius = 2 
In radius = 2R cos A cos B cos С. 


Example 143 /f x, у, z be the sides of the orthic triangle, prove that 


x y Zz а2+Ь?+с? 
+4 = 
a b е? 2abc 
Solution From example 140 on page 8.149, we have x = a cos А, y = b cos B and z = 
c cos C 
Hence, 
X y Z cosA cosB cosC 
+2 + = + + 
eb e a b c 
b +c? -а? " с2 +а2 -b at+h-c? 
2abc 2abc 2abc 
а? +02 + с? 
i 2abc 


Example 144 JfH is the orthocentre of AABC and AH produced meets BC at X and the 
circumcircle of AABC at K then prove that HX = XK. 


Solution: In ABXH and ABYC 
ZBXH = ZBYC = 90? 
ZXBH = ZYBC 
-. By AA similarly 
ABXH ~ ABYC 
- ZBHX = ZBCY= ZC 
Also ZACB = ZAKB = ZC 
In ABXH and ABXK 


Geometry 8.151 


ZBHX = ZBKX = ZC 
BXH = ZBXK = 90° 
BX= BX (Common) 
-. By AAS Congruence ABXH = ABXK 
-. HX = KX. 
Example 145 /f Н is the orthocentre of AABC and S is the circumcentre and D is a 
mid-point of BC then prove that AH = 2SD. 
Solution: Join CS and produce it to cut the circumcircle at F. Join FB and FA. 
Since CF is a diameter 
2. ZFBC = ZFAC = 90° 
Since FB L BC and AX L BC 
7 FB|| AX || AH 
also FA L AC, BY L AC 
- FA || BY || BH 
-. In quadrilateral AFBH 
AF || HB and FB || AH 
-. AFBH is a parallelogram 
7. AH = FB 
also in A CFB, S and D are the mid-points of CF and CB respectively 
-. By mid-point theorem 


1 
SD || FB and SD = 5 FB 


1 
= SD= AH [-. AH= FB] 


= AH=2SD 
Example 146 J/fx, y, z are the distances of the vertices of the AABC respectively from 
b b 
the orthocentre then prove that Scc шесе, 
X y z xz 
Solution: 
[ABC] = [BHC] + [CHA] + [AHB] А 
1 1 1 
А = 5 sin(æ- A) + a sin(z — B) + 3 sin (т- C) 8 y 
b 1 1. 1 : 
з —yz sind + —zxsin B + —xysinC 7 
4R 2 2 2 B x C 


1 sin sing sinC 1 a b с 
= ху + + =—xyz + + 
2 x y 2 2 2Rx 2Ry 2Rz 


Aliter: Since A -- В + С= л 
З А+В=л- С 
=> tan(A + В) = tan(z — C) 
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tan A tan В 
————————— - —tanC 
1— tan Atan В 
=> {ап А + tan В = —tan C + tan A tan B tan C 
=> {ап A + tan В + tan C = tan A tan B + tan C 


sind sinB | sinC _ sind sinB sinC 


cosA cosB cosC  cosA cosB cosC 


с а " b T с _ а Ь [s 
2RcosA 2RcosB 2RcosC 2Rcos A A 2Rcos В )\ 2RcosC 


a b c abc е 
=> —+—+—=——. (As x = 2R соз А similarly others) 
X y Z xyz 
Example 147 /f H is the orthocentre of AABC. Prove that the radii of the circles cir- 
cumscribing the triangles BHC, CHA, AHB, ABC are all equal. 


Solution: Since ZBHC = 180? — ZA 

ZAHC = 180° — ZB 

ZAHB = 180° — ZC 

Let А is the radius of the circumcircle of ABHC 


BC BC 
R== = — =R 
2sinZBHC 2sin (180? — A) 
Similarl 

i -AC 

2 2sinB 

AB 

R, = С = 

2sinC 

oR, =R,=R,=R 


where А, Rj, R, and R are the circumradii of As ВНС, АНС, AHB and AABC 


8.13.10.5 Euler Line 


The circumcentre S, the centroid G and the orthocentre H of a non-equilateral triangle 
are collinear and HG = 265. The line passing through Н, G, S is called the Euler line. 
Since AX L BC 


SD LBC 
г. AX || SD 
2 AG 2 
Since =— and e 
SD 1 GD 1 
AH AG 
=> — =— 
SD GD 


also ZHAG = ZSDG 

-. By SAS similarity 

AHAG ~ ASDG 

=> ZHGA = ZSGD 

Since AD is a straight line, H, G, S are collinear 


also or HG = 2GS 


Geometry 


8.13.10.6 Nine Point Circle 


The circle through the mid-points of the sides of a triangle also passes through the feet 
of the altitudes and the mid-points of the lines joining the orthocentre to the vertices. 
This circle is called the nine point circle of the triangle as there are nine fixed points 
on it, namely three mid-points of sides, three feet of altitudes, three mid-points of line 
segment joining the orthocentre and vertex. 


Proof: 


Given: In AABC, 

AX L BC, BY L AC and CZ L AB 

H is the orthocentre. 

D, E, F are the mid-points of BC, CA, AB respectively 

P, Q and R, are the mid-points of AH, BH and CH respectively, 


B 


To prove: There is one circle passes through D, E, F, X, Y, Z, P, Q, R 
In AABH, P, F are the mid-points of AH and AB respectively 
7. By mid-point theorem PF || BH, i.e., PF || BY. 
In AABC, F, D are the mid-points of AB, BC respectively 
-. By mid-point theorem FD || AC 


v Zl)2ZCYB-90* (Interior angles) 
Also Z2 = Z1 = 90? (Corresponding angles) 
i.e., ZPFD = 90° (1) 
also ZPXD = 90° (2) 


Now In AARC, P, E are the mid-points of AH, AC respectively 
-. By mid-point theorem 

PE || HC i.e., PE || ZC 

In AABC, E, D are the mid-points of AC, CB respectively 

-. By mid-point theorem DE || AB 


ZBZC = /3 = 90° (Interior angles) 
Also Z4 = Z3 = 90° (Corresponding angles) 
2 ZPED = 90° (3) 


From Eqs. (1), (2) and (3) 

Taking PD as a diameter if we draw a circle then it must passes through F, X and E 

ZPFD = ZPXD = ZPED = 90°. 

i.e., P, F, D, X, E are concyclic. 

Similarly Q, D, E, Y, F are concyclic and R, E, Z, F, D are concyclic. 

Since out of these, three point D, E, F are common and since from any three non- 
collinear points, there passes one and only one circle. 

<. P, Q, R, D, E, F, X, Y, Z are concyclic it is a nine point circle. 
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Theorem: The nine point centre of a triangle is collinear with the circumcentre and the 
orthocentre and bisects the segment joining them. Also radius of the nine point circle 
of a triangle is half the radius of the circumcircle of the triangle. 


Proof: Let S be the circumcentre of AABC 

'* D and X lie on nine point circle. 

-. Its centre lie on the perpendicular bisector of DX. Let U be the mid-point DX. Let 
the perpendicular from U on BC meets SH at N. Since SD || NU || HX and DU= UX 

-. SN = NH, i.e., N is the mid-point of SH. 

Now, to show that N is the centre of the nine point circle. Draw NV L EY 

Since, SE LAC and HY L AC 

7 ЅЕ || HY 

<. SEYH is a trapezium апа № is a mid-pont of SH 

Also NV || SE || HY 

-. Vis the mid-point of EY, i.e., NV is a L bisector of EY. 

That is, N is the point of intersection of perpendicular bisectors of DX and EY. 

-. Nis the centre of nine point circle. 

If follows that circumcentre, nine point centre and orthocentre are collinear 

The nine point centre is the mid-point of the segment joining the circumcentre and 
orthocentre. 

Now to show that the radius of the nine point circle is half the circumradius. 

Since PD is a diameter of the nine point circle so N is the mid-point of PD 

`7 SH and PD bisect each other at N 

-. S, D, H P are the vertices of a parallelogram 

—SD-PH-AP 

Now, SD || AP, SD = AP 

<. S, D, P, A are the vertices of a parallelogram 


7 DP=SA=R 
—2PN-R 
—2ry-R 
—ry-R2 
where ry is the radius of nine point circle. 
Note: APOR = ADEF (by SSS congruence) 


Where P, Q, R are the mid-point of AH, BH and CH and D, E, F are the mid-points of 
BC, CA, AB. 


As PQ- DE - (1/2)4B 
QR = EF = (1/2)BC 
and RP = DE = (1/2) CA. 


Theorem: In any triangle the circumcentre, the centroid, the nine point centre and the 
orthocentre are all collinear. 


Proof: Through P draw PG’ || HS 
So as to meet AD in G' 
Let AD meets SH in G 
We will show that 
AG'=G'G=GD 
So as to conclude that 
G divides AD in2: 1 


So consequently it is the centroid of AABC. 
In A4GH, P is the mid-point of AH and PG' || HG 
-. G' is the mid-point of AG 
^ AG! = G'G. (1) 
In APDG', N is the mid-point of PD and NG || PG’ 
.. by converse of mid-point theorem 
G is the mid-point of DG’ 
ie,G'G-GD (2) 
-. From Eqs. (1) and (2) 
AG'=G'G=GD 
So AG/GD = 2/1 
-. AG = (2/3)AD 
Thus G is the centroid of AABC which lies on the Euler line. 
Aliter: Follow the proof given in Euler line. 
Note: S, G, N, H are collinear with SG/GH = 1/2, SN/NH = 1/1, also SG/GN = 2/1. 
р 2 EE : 3 А 
S G N H 
Circumcentre Centriod Nine Orthocentre 
point centre 


8.13.10.7 Escribed Circles of a Triangle 


The circle which touches the sides BC and two sides AB and AC produced of a triangle 
ABC and remains out of the triangle is called the escribed circle opposite to the angle 
A. Its radius is denoted by r, (or г). Similarly r, (or г) and r, (or r3) denote the radii 
of the escribed circles opposite to the angles B and C respectively. The centres of the 
escribed circles are called the ex-centres. The centre of escribed circle opposite to the 
angle A is the point of intersection of external bisector of angle B and C. The internal 
bisector also passes through the same point. This centre is generally denoted by 7, (or 
L) similarly others. 


Standard results: In any AABC, we have 


^ ^ ^ 
І. n= у= = 
s-a s—b S-C 
A B C 
2. к, =stan—,n, =stan—,r, = stan 
2 2 2 
3: y edit ой бон с: 
2 2 2 
А.В 
m = ARcos—sin— cos > 
2 2 2 
c 


r, = 4К dni cos ein 
2 2 2 


Proof: 
1. Since each point on the angle bisector is equidistant from the arms of the angle. 


—LD-LE-ILF-r, 
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Now 
[ABC] = [АВГ] + [ACI] — [BCL] 


1 1 
A= SAB IF + SAC: LE- BC 4D 


1 "n 1 
Eid + M C 


a 


E E (c b-a)- _ (a+b+c—2a)= Z (2s— 2a) 


A 


s-a 


>h= 


A 


$— С 


А 
Similarly r, = b and r,— 
s- 


. Since the lengths of tangents to a circle from an external points are equal. 


- AE = AF; BD = BF; CD = CE 
Now 
AE + AF = (AC + CE) + (AB + BF) 
= (AC + CD) + (AB + BD) 
AF + AF = AC + AB + (BD + CD) 
=AC+AB+BC 
=a+b+c=2s 
2AF = 25 
AF=s=AE 
LE. £5 


A 
In ALAF, tan— = = 
oA 2 AF s 


A 
Ed cr 


B 
Similarly, r, = s tan а and r,— 5 tan C 


. In AZ,BD, we have 


л- В I,D г, 
tan = = 
2 BD BD 


Ta 


BD 


B 

or cot— — 
2 

B 

=> BD=r, ш 


Similarly, CD - r, un 
Now 


a=BC=BD+DC=r, tan + tan £ 


B G 
= ү, | tan—+ tan 
2 2 


r, COS — 
= С B с в Сс 
COS —.COS cos —- cos cos —- cos 
2 2 2 2 2 
acos—.cos— 
>= 
cos— 
2 
icin аве Ain o eae con” 
2 VR 2 2 2 2 


t= d 
cos — cos — 
2 2 


mA B 
r, = АК sin — cos — cos 
2 2 2 


13 A.B C A B. 
Similarly, 7, = 4Rcos—-sin—-cos—; r, =4Rcos—-cos—-sin 
2 2 2 2 2 2 


8.13.10.8 Ex-central Triangle 


Let ABC be a triangle and / be the centre of incircle. Let /,,, /,, Z, be the centres of the 
escribed circles which are opposite to A, B, C respectively then АГ, is called the 
ex-central triangle of A4BC. 
Since JB bisects ZABC : ZABI = ZIBC =x (Say) 
And Г.В bisects ZCBM : ZCBI, = ZMBI,=y (Say) 
also 2x + 2y = 180? 
>x+y=90° 
ZI,BI = 90° 
IB LIB 
Thus 4,1, L IB 
Similarly, 77, LIC 
I. 11А 
Hence AABC is the orthic triangle of its ex-central triangle ГЫ. 


Sides and angles of the ex-central triangle: 
In above figure ZBI,C = ZBI I + ZCI I 
= ZBCI+ ZCBI (As IBI,C is cyclic quadrilateral) 
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ZC ZB 
= — + — 
2 3 

180° – A А 

ZBI,C = SU ede 


A 
^ ZI, = 90? — > 
Similarly 


АЛЫ, = 90° – 


ос |ы 


АЈ, = 90° — 


We already proved BE = s > СЕ = s — a. 
Also DC-s—- b 

=> DE=s-—at+s—b=c 

=> PI,=DE=c 

In АГАР, 


C 
LJ, = с cosec — 
2 

: C 

= 2R sin C соѕес 5 


111, = ane © 


A B 
Similarly, /,/. = 4R cos "E II, = АК cos 2 


Area and circumradius of the ex-central triangle: 


1 
Area of A= 3 (Product of the sides) x (Sine of the included angle) 


= 5 Ul Mads) зї le) 


Тасов B -4Rcos E sin 99-4 
2 2 2 2 


A= 8R? ce en: 
2 2 


A 
LI 4R cos — 


2sin ZI. 2sin(90°— 4) 


Circumradius = =2R. 


Notes: 


1. The excentres /,, /,, 1, of AABC form a triangle, whose sides pass through the ver- 
tices A, B, C. Since angle bisectors of an angle are at right angles. So the incentre 
I of AABC 15 the orthocentre of АГЫ. 

2. A, В, C are the feets of the altitudes of А/ Г, if follows that the circumcircle of 
AABC is the nine point circle of A 7,7... Hence the circumcircle of AABC is bisec- 
tor of lines /,/., 11,, 1.1, and also the lines I7, I, and II. 


1 1 1] 1] 
Example 148 Jn AABC, prove that — + — + — = — 
ha h h Т 


А 1 1 1 s-a s-b s-c 
Solution: +—+—= + + 
nn A A A 
3s—(at+tbt+c) 3s-2s 


A A 


Example 149 /fr,— 7 +, + 5 then prove that angle A is a right angle. 


Solution. Since r, =r, +r, +r 
=>r,-r=ryjtr, 
А A А А 


+ 
s-a s s-b s-c 


s-(s-ca) s—ct+s—b 


s(sca)  (s—b)(s—c) 


a _ 2s-(bc*c) 
s(s-a) (s—b)(s—c) 
a a 


s(s—a) H (s—b)(s—c) 
2 (s—b)(s—c) = 


s(s—a) 
о equas ж. 
2 2 4 
btt. 
2 


Example 150 /fA, B, C are the angles of a triangle, prove that 
cosA + cosB + cosC- 1 + T 


Solution: For апу a, 8,у € К, соѕа + cos В + cos y + cos(a D +y) 


a c er Da 
2 2 2 


A+B Bt +A 
= созй + cose cos C+ cosd +B + C)= Зеу 5 Jeos{ CoS ) 


= 4 cos 


A B 
=> cos A + cos B + cos C + cos(180°) = scos об - 3 с 90 - 3 cos{ 90° — z) 


= cosÁ + cos B + cos C — 1 = ӨӨӨ 


2 2 


: _ (A). (В 
=> cosÁ + cos В + cos C =1 + Asin E sin sin = 1+ = 
2 2 2 R 
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Example 151 Zangents are parallel to the three sides are drawn to the incircle. If 
x, y, z are the lengths of the parts of the tangents with in the triangle then prove that 
xX Ju _ 


A Solution: Let РО = х, PQ || BC 

SR = y, SR || CA 

TU=z, TU || AB 

We know that AF = AE =s – a 

Also AF = AP + PF- AP + PL 
And AE = AQ + QE = AQ + OL 

=> Perimeter of AAPQ = 2AE = 2(s — a) 
We can see that AAPO ~ AABC 

РО _ Perimeter of AAPQ  2(s—a) 
BC Perimeter of AABC 2s 


-b 
Similarly, т =< and = = 
5 с 8 


On adding, we get, 


X yz. 3s—(at+b+c) 3s-2s 21 

a-b g 5 s 
Example 152 Let points Pj, P, P, ..., P, , divides the side BC of a AABC into n 
parts. Let ry, r4, r4, ...., Р, be the radii of inscribed circles and let qj, 4» ..., q, be the 


radii of escribed circles corresponding to vertex A for triangle ABP, AP,P,, ..., AP, 
C and let r and q be the corresponding radii for the AABC. Show that 


f. 5m n 
d d2 hn 4 
Solution: 
A In AABC, we have 
4Rsin Ban dne 
2 2 2 


4 Айий саа баш 
2 2 2 


r B C 
=> —=tan—-tan 
q 2 2 


А 
i.e., — is product of tangents of half of base angles. 
q 


n B 01 
So, — = tan —.tan — 
qi 2 2 


And Р dan 180 — О taù [2] 
42 2 2 
= cot a, tan œ% 


And so оп =! = (180 On- Jan Zn cot 21-2 tan 2-1 
@п-1 2 2 2 2 
Р, (= =j ) C Qn- C 
= tan tan — = cot tan 
Qn 2 2 2 2 


Multiplying all, we get, 
о с [m = tan Č! | cot a tan} so On tan =з 
d Ф dua An 2 2 2 2 2 2 


cot ®=1 tan © К 
2 2 


_¥ 
q 
Example 153 Find the distance between the incentre and ex-centres of AABC. 


B 
= tan—.tan 
2 


Solution: 


=> IF=a 
In АЛЕ, 
A П, П, 
sec — = = 
2 IF a 
dudes 
2 


Example 154 /fTis the incentre of a А АВС and if AI meets the circumcircle in K prove 
that KI = KB. 


Solution: 
Iis the incentre of AABC 
ZIAB = (1/2)ZA 
ZIBA = (1/2) ZB 
ZKBC= ZKAC = (1/2) ZA (1) 


1 
- ZIBK= ZIBC + ZCBK = 2 (ZA + ZB) 


Also In AABI by exterior Z property 

ZBIK = ZIAB + ZIBA = A/2 + B/2 (2) 
In AJBK, ZIBK = ZBIK = 1/2(ZA + ZB) (From Eqs. (1) and (2)) 

- KI- KB 
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Note: Angle bisector ZA and L bisector of BC meet at the circumcircle. So K lies on 
the perpendicular bisector of BC .. KB = KC 

Also IL, is the diameter of circumcircle of triangle /BI,,, where /, is the excentre as 
ZIBI, = 90°. Since mid-point of the hypotenuse is equidistant from the vertices, KI = 
KB=1,K=KC. 
Example 155 Find the distance between the circumcentre and incentre of a triangle 
Solution: In AABC, let AP be the angle bisector, where P is a point on its circumcircle. 
I 15 the incentre and О is the circumcentre of AABC. Let LIOM is a straight line, LM 


is a diameter. 
OL=R=OM 


Let JO = d, 

- LI-R-dand IM-R« d, 
Let JE L AB г. IE-r 

In AAET 


sin 4/2 


We know BP = IP (From previous problem) 
Also in a A, angle bisector of ZA and perpendicular bisector of BC meet at the 
circumcircle so OP is the perpendicular bisector of BC. 


-. BK = a/2 
In АВКР, cos -25-4 
2 BP 2-BP 
E a _ 2Rsin A ET 
2cos 4/2  2cos 4/2 2 


7. РГ= ВР = 2к5іп2 


-. Considering power of ће point / with respect to circumcircle, we get, 
AI - IP=LI-IM=(R-d)(R+d) 


as 2з =к?—4? 
A 2 


sin — 
2 


=> а= ү -2Rr. 


Example 156 Find the distance between the circumcentre and excentre. 


Solution: Let О be the circumcentre and / be the incentre then А7 produced passes 
through the excentre J... 
Let AI meets the circumcircle in D 


Join CI, BI, CD, BD, СІ, BI,, 

We know that DB = DC = DI = DI, (From previous problem) 
Also D is the centre of the circle JBI,C 

In ABCI, 


BC : 
Circumdiameter //, = Эш ВГС (From sine rule) 
He 
sin 90° - | 
2 
2Rsin A 
2DI,- 7 (As II, = 2DI,) 
cos— 
2 
a 2Rsin A 
=> Dl,- = 


2cos— деда 
2 2 


. A 
— Disc 


By writing power of the point J, with respect to circumcircle of AABC, we get, 
LQ:LP-LD.LA 

‚А А 
=> (LO-R)(,O-R)-2R Pu “Ty COSEC 3 


=> ОІ2- 82 = 28р, 
=> ОІ2= 8 + Вк, 


=> О, = JR? «2Rr, 
Similarly, OI, = JR? + 2Rr, and OI, = 4R? +2Rr,. 


Example 157 Find the distance between the circumcentre and the orthocentre of 
AABC. 


Solution: Let S and H be the circumcentre and orthocentre of AABC, and ZB < ZC. 
SE 1 AB 
ZESA = ZC 
- ZEAS = 90° — ZC 
Also ZHAB = 90° — ZB 
ZSAH = ZHAB — ZBAS = 90° /В – (90°—ZC) = ZC — ZB 
Also AH = 25Р = 2Rcos A and SA = R 
For ASAH by using cosine formula 
SH? = SA’ + AH? — 28A AH cos ZSAH 
= R? + 4R’cos’A — 2R - 2R cosA - cos (C — B) 
= К? + 4R’cos A(cos A — cos(C — B)) 
= К^ — AR cos A (cos(C + B) + cos(C — B)) 
=R (1 — 4 cosA (2 соз С. cos B)) 
SH? = R? (1 — 8 cosA cosB cosC) 
SH = RV1-8cos Acos BsinC. 
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Build-up Your Understanding 17 


1. 


14. 


Prove the following: 
1 +n + = 1 A-B 
е. pee у=” а tae ве, os. 
4rs 4 4cosC 4 2 2 
2 


| 4d -b —(n-r(n-r(r-r. rs?(1 1Y)(1 1)1 1 
2csin(A— B) 4r? 4 ir £AF ahr £ 


A 
_ У`асоѕ4 _ 2 (bv c)tan^ _ г} зїп A 


4] | sin A 4)" cos A 2|] sin A 


. Prove the following: 


A= ATTI. = rr, cot К = 5(5 дапа = cos i Abe(s — b)(s — с) 
sin Asin B 
2sin(A- В) 


1 : , 
= Rr(sin A+ sin B + sin C) = 2 (b? sin2C +c? sin2B) = (a? —b*) 
а? +b? +c? _ (арс)? 


= (sin2.A+sin2B+sin2C)!3 
A(cot A+ cot B+cotC) 23 


. Show that the radii of the three escribed circles of a triangle are the roots of the 


2 


equation, yx (AR * r) + xs^ — rs? = 0. 


. If R}, R, and R, be the diameter of the excircles of a AABC (opposite to the verti- 


В b В+ В +R 
ces А, В апа С respectively), then prove that f pocta ce Баса 
R Ry Rs a+ b TC 


. Prove that r? +r, +72 +r -16R? —(a? +b? + c?). 


. Ina triangle ABC, the incircle touches the sides BC, CA and AB at D, Е, F respec- 


tively. If radius of incircle is 4 units and BD, CE and AF be consecutive natural 
numbers, find the sides of the triangle ABC. 


. D, E and F are the middle points of the sides of the triangle ABC; prove that the 


centroid of the triangle DEF is the same as that of ABC, and that its orthocentre 
is the circumcentre of ABC. 


. Ina AABC, if 8R? = d? + P? + с^, show that the triangle is right angled. 
. InAABC, AD is the altitude through A; х, y, z are the inradii of AADC, AADB and 


AABC. Prove that x? + y =. 


. Let PO be а diameter of the circumcircle of AABC whose centroid is G. Prove that 


PG bisects OH where H is the orthocentre of AABC. 


. РО is a chord of a circle. Through the mid-point M of PQ chords AB and CD are 


drawn. AD and BC meet PQ at K and L. Then prove that M is the mid-point of KL. 


. Letthe incircle touch the side BC of AABC at X. If A' 1s the mid-point of BC then 


prove that A'I bisects AX. 


. If A, m, t are the altitude, the median and the internal bisector respectively from 


the same vertex of a triangle then prove that 4? (Т = h’) =f (т? —h’) where R, 
is the circumradius of the triangle. 

Prove that in any triangle ABC, b? — с? = 2а A'D where D is the foot of the altitude 
from A and A’ is the mid-point of AB. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


If a circle be drawn touching the inscribed circle and circumscribed circles of a 


І ; AXE A 
triangle and the side BC externally, prove that its radius is — tan? 2 
a 


If each side of the triangle DEF is tangent to two of the three escribed circles of 
the triangle ABC such that all three escribed circles are circumscribed by ADEF, 
FD DF 


acos A Б рсоѕ В Е ссоѕС 


then prove that 


Let / and O be the incentre and circumcentre of AABC, respectively. Assume 
AABC 15 not equilateral (so /# О). Prove that ZAIO < 90° if and only if 2BC < AB 
+ CA. 

In triangle ABC, the circle touches the sides BC, CA, AB respectively at D, E, F. if 
the radius of the incircle is 4 units and if BD, CE, AF are consecutive integers, find 
(i) The perimeter of AABC (ii) The circumradius of AABC. 
AD, BE, CF are the altitudes of A4BC. Lines EF, FD, DE meet lines BC, CA, 
AB in points L, M, N, respectively. Show that L, M, N are collinear and the line 
through them is perpendicular to the line joining the orthocentre H and circum- 
centre O of AABC. 

A triangle has sides of lengths 18, 24, and 30. Show that the area of this triangle, 
whose vertices are the incentre, the circumcentre and the centroid of the original 
triangle, has an integer measure. 

Suppose the lengths of the three sides of AABC are integers and the in radius of 
the triangle is 1. Prove that the triangle is a right triangle. 

If a, b, c are the lengths of the sides of AABC, prove that there exist positive real 
members x, у, z, such that a = y +z; Б=2+х; с=х+у; 

(i) Express the inradius ‘r’ and circumradius ‘R’ in terms of x, y, z; hence deduce 

the following: 


watis Rer 
r c b 


In AABC, AB = AC, ZA = 100°, the bisector of ZB meets AC in D. Prove that BC 
= BD + AD. 

The centre of the circumcircle of AABC with ZC = 60? is O. Its radius is 2. Find 
the radius of the circle that touches АО, BO and the minor arc AB. 

On the sides AB, AC of AABC, squares AYXB arid AOPC are constructed outside 
the A. Prove that CX, BP meets on the perpendicular from H to BC. 

Prove that the straight line dividing the perimeter and area of a triangle in the 
same ratio passes through the incentre. 


8.13.11 Area of a Quadrilaterals 
8.13.11.1 Theorem | 


Area of a quadrilateral is equal to half of the product of diagonals and sine of angle 
included between them. 


Proof: ABCD is any quadrilateral where AB = a, BC = b, CD = c and AD = d and 
ZDPA= а 


Then 
Area of ADAC = area ADP4 + area ADPC 
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1 1 
5 DP. PA sina 2 РР. PC sin(zr- o) 


1 
p PPPA + PC) sina 
1 В 
Area ADAC = 2 "РР · AC sina 
eui 1 : 
Similarly area of AABC = 5 AC: PB. sina 


1 1 
г. Area ABCD = Area of AADC + Area of AABC = aed - AC sin + 5 AC - PB 
sin 0 


1 
E (DP + PB) AC sina 


1 
Area ABCD = 2 ВР. АС sina 


1 
25 (Product of the diagonals) x (Sine of included angle). 


8.13.11.2 Theorem 2 


Let length of sides AB, BC, CD, DA of a quadrilateral ABCD be a, b, c, d respectively 
and “20? be the sum of a pair of opposite angles of it and ‘s’ be the semi perimeter. 
Then area of the quadrilateral ‘A’ is given by 


А = Ks а)(ѕ —b)(s—c)(s—d)— abcd cos? a 


Proof: Consider AABD and ABCD 
By cosine formula in both triangles, we get 
BD? = a? + d? —2adcos A 
And BD? = Б? + с? — 2bc сов С 
>b + с —2be cosC =a’ + Ф – 2ad cosA 


>b +e а? -d = 2(Ьс cos C — ad cos A) (1) 
Also [ABCD] = A = [ABD] + [BCD] = : ad sinA + : bc sinC 
=> 4A = 2 (ad sin A + bc sin С) (2) 
Squaring and adding Eqs. (1) and (2), we get, 
(62+ c — a? — Ё) + 16 А? = 4(be cosC — ad cos A)’ + 4(ad зїп А + bc sin С)” 
= A[D? C? + a? d? — 2abcd cos A cos C + 2abcd sin A sin C] 
= A[ + à? — 2abcd (cosA cos C — sin A sin C)] 
= 4[b + à? — 2abcd cos (A + C)] 
=4[b + а - 2abed cos20] (where A + C= 20) 
=4[b'c? + à? — 2abed (2cos? a -1)] 
= A[P^c? + а? + 2аЬса — 4abcd cos? o] 


Geometry 


16A? = 4(bc + аа)” — (2 +c? — à? — Ф) — 16abcd соѕа 
=[2(be + ad) + P «c - à? - d] [2(bc + ad) -b -e° + à? + Ф] - 16abed соѕ?а 
= [(b + cy - (a – Ка + d. — (b —cy'] — 16abcd cos? 
=(b+c+a-d\(b+c-a+d)(a+d+b-c)(a+d-b + с) – l6abcd cosa 


= (2s — 2d)(2s – 2a)(2s — 2c)(2s — 2b) — 16 abcd соѕа 
(where 2s=a+b+c+d) 


= 16А? = 16(s — a)(s — b) (s—c)(s — d) — 16 abcd cos? 
= A? =(s а)(ѕ — b)(s —c)(s — d) abcd cos? at 


>A=(s a)(s —b)(s —c)(s — d) — abcd cos? а 


Notes: 


1. For cyclic quadrilateral A+ C= 7, i.e., 20= л a= 2 => cosa=0 


=> Area of the cyclic quadrilateral = JG а)(ѕ — Ь)(5— с)(5— а), 
a+b+c+d 
2 


This formula is known as Bramhagupta’s formula. 

2. For tangential quadrilateral a + c = b + d 
_a+b+c+d 
UU» — 
“S-a=c;s—c=a;s—b=d;s—d=b 


^. Area = 4/(s—a)(s—b)(s —c)(s—d) — abcd cos? a 


where 5 = 


=а+с=Ь+а 


= Jabcd — abcd cos? a = Маса — cos? a) 
=Vabcd sin? а 
=<vabcd sina where 2a@= ZA + ZC 
3. For Cyclic as well as tangential quadrilateral area = Vabed (As sin @=1) 


8.13.12 Regular Polygon 
A regular polygon is a polygon which has all its sides as well as all its angles are equal. 
If the polygon has n sides them sum of the internal angles is (n —2)7 and each angles 
. (n-2)x 
is —— ——. 
n 


Let AB, BC and CD be three consecutive side of the regular polygon and let л be the 
number of its sides. Let O be the point of intersection of the bisectors of the angles 
ZABC and ZBCD. The point O is both the incentre and circumcentre of polygon and 
so BL = LC = a/2 where a is the side of the polygon. 
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Thus we have OB = OC = R and OL =r, the circumradius and inradius respectively 
of n side regular polygon. 


. m BL a/2 
In AOLB sin—= = 
n OB R 


a л 
= В= 2 cosec 


л BL a/2 a л 
and tan— = = >r=—cot 
n OL r 2 


Р | . л 
So circumference of circumcircle = 27R = ла созес — 
n 


А Тае л 
Circumference of incircle = 2л> = ла cot =. 
n 


Also area of polygon (in terms of a) =n x [OBC] =n x (1/2) x BC x OL 


na? 


n a л л 
= —xax—cot—= cot 
2 2 n 4 n 


: 1 
Area of polygon (in terms of ‘7’) = nx 25 BCxOL=n s xr = nr? tan 
n 


Area of polygon (in terms of R) = пх X BCX OL= „а г=пхЁзїп—.Ёсоз— 
п п 


ai р? due. 
2 n 


Example 158 Prove that difference of area of circumcircle and incircle of a regular 
polygon is area of a circle taking any one side of the polygon as diameter. 


247 
n 


2 
E , : ла 
Solution: Area of circumcircle = m R? = Л cosec 


2 
AE ла л 
Area of incircle zr? = EN — 
n 


2 
| PER та? „л jd a 
So area of circumcircle-area of incircle = 17 соѕес сої = л 5 
n n 


= area of a circle taking any one side of the regular polygon as a diameter. 


Build-up Your Understanding 18 
1. If 2a be the side of a regular polygon of n sides, R and r be the circumradius and 


, а л 
inradius, prove that R +r 2 acot 27 
п 


2. With reference to a given circle, A, and В, are the areas of ће inscribed and cir- 
cumscribed regular polygons of n sides, A, and B, are corresponding quantities 
for regular polygons of 2n sides. Prove that A, is a geometric mean between A, 
and В|. Also prove that B, is a harmonic mean between A, and В|. 

3. Obtain a relation between the shortest diagonal, longest diagonal and a side of a 
regular nonagon. 


4. Two regular polygons of л and 2л sides have the same perimeter, show that their 


: | T T 
areas are in the ratio 2cos—:1+cos—. 
n n 


5. Ifa, b, c, d are the sides of a quadrilateral described about a circle then prove that 
ad sin? 2 = bcsin? A 
2 2 


6. Show that if a convex quadrilateral with side lengths a, b, c, d and area JVabcd 
has an inscribed circle, then it is a cyclic quadrilateral [Putnam, 1970] 
7. The circumference of the unit circle is divided into eight equal arcs by points A, 
B, C, D, E, F, G, H. Chords connecting point A, to each of the other points, are 
joined. Find the product of the lengths of all these chords. Generalize your result. 
8. Consider 4,454,, ... 4,, a regular polygon inscribed in a unit circle. Evaluate the 
following: 
G [Abl + |4143 +--+ 1414, 
Gi) [4145] |4145] --- [4)4,] 
di) II Л 


1<{< j€n 


п? 


9. If Ai, А», Az, ..., A, be the vertices of a n-sided regular polygon, such that 


1 | 1]. 1 
AA AA АА 
10. Among all quadrilaterals with given lengths side of AB = a, BC = b, CD = с, DA 
= d, find the one with the greatest area. 
11. A regular octagon with 1 unit-long sides is inscribed in a circle. Find the radius of 
the circle. Also find the radius of its in-circle. 


, find the value of n. [INMO, 1992] 


8.14 CONSTRUCTION OF TRIANGLES 


It is well-known that a triangle can be constructed in each of the following cases: 
1. When all the three sides are given. 
2. When one side and two angles are given. 
3. When two sides and the included angle are given. 


Beside the above three cases, there are many other cases when it is possible to con- 
struct the triangle. We are going to describe some of them. But before we do so we 
shall discuss one case, which is of the special interest. 

What can we do if two sides and one angle (other than the included angle) are given? 
To construct a AABC when a, b, A are given: 

There may exist no triangles, one triangle, or two triangles depending on the rela- 
tion between the given parts as we shall see below. Because of the possibility of having 
two triangles, this case is called the Ambiguous case. 

To discuss the existence and uniqueness of the solution we shall procced geometri- 
cally first. 

We construct angle А and cut of AC = b. This fixes the vertex C. with C as centre 
and ‘a’ as radius we draw an arc in order to locate (if possible). 

For the sake of convenience let us consider the cases A < 90°, A > 90? separately. 
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Case 1: А < 90? 
Several possibilities arise: 


l. 


2. 


1. 


2. 


1. 


In a <р (where р = b sin A is the length of the perpendiculars from С on AX), then 
the arc does not cut AX and no triangle is possible. 
If a = p, then arc touches AX. Therefore, one triangle is possible and it is right 
angled. 

C 


A X 


. Ifa > p, then the arc cut AX at two points; both these point lie to the right of A ifa 


< b; one of them lies to the right of A and the other coincides with А if a = b; and 
one of them lies to the right of A and the other to the left of A if a > b. Thus two 
triangles are possible if a < b and only one triangle is possible if a = b, because 
of the possibility of two triangles, the case b sin A < a < b, A acute is called the 
ambiguous case. 

C C 


A X 


Case 2: A 7 90*: 
The following possibilities arise: 


If a € b, the arc does not cut AX at any point to the right of A and no triangle is 


possible. 
C a c 
b 
b 
X 
B; Bi A i Ws 


If a > b, then the arc cuts AX at two points, only one of which lies to the right of 
A and therefore, only one triangle is possible. This completes the discussion. 


Let us discuss above construction algebraically also 

To discuss the case, when a, b, A are given Algebraically, we shall use the sine formula. 
For the sake of convenience we shall discuss the case A < 90°, and A > 90? separately. 
Case 1: A « 90*: 

The following possibilities arise: 


If a < b зїп А, then form the formula 
a b 
sin4 sing 


(1) 


sin B » 1 and consequently no solution is possible. 


2. Ifa=b sinA, then form (1), sinB = 1, so that В = 90°. Therefore, there is one 
solution and the triangle is right angled. 

3. Ifa» bsinA, then (1) gives two values of B, one of which is acute and the other obtuse. 
If a 2 b, then A 2 B, so that only the acute value of B is permissible and conse- 
quently there is only one solution. 

If a « b then A « B, so that both the values of B are possible and consequently 
there may be two solutions. 


Case 2: A 7 90*: 
The following possibilities arise: 


1. Ifa € b, then A < B, so that B must also been obtuse angle which is not possible. 
Hence no solution is possible. 

2. If a > b, then only the acute value of B is permissible and therefore, only one 
triangle 1s possible. 
Having determined B (wherever there exists a permissible value of B), we deter- 
mine C by the formula C = 180? — (А + B). The remaining side c is then found as 
in the SAS case. In the ambiguous case the values of C and c corresponding to the 
values of B have to be found separately. 


Remark: We can discuss the ambiguous case by using the cosine formula also. 
If a, b, A are given, then the cosine formula for a gives 
а= c – 2 bc соѕА 
с2 2 Бс соѕА + b а? = 0 (1) 
Solving Eq. (1) as a quadratic in с, we have 
_ 2bcos A+ Jab? cos? A—4(b? - а?) 
И 2 
=b соѕ4 + ya? — b? sin? А (2) 
Since с is the length of a side of a triangle, therefore, it must be positive. We have 
therefore to determine as to how many of the values of c given by Eq. (2) are positive 
for any given set of values of a, b and A. 
Two different possibilities arise: 
1. 4< 90°; If A < 90°, cos A is positive. 

Three sub-cases arise: 

(i) If a « b sinA, then à? < P? sin^A, so that à? — P?^sin?A < 0. The two values of 
c are imaginary and no triangle is possible. 

(ii) Ifa = b sinA, then a? = D? sin^A, so that à? — P? sin’ = 0. There is only one 
value of c (= b cos A) from Eq. (2) which is positive. Therefore, only one 
triangle 1s possible. 

(iii) If a> b sinA, then à? > P? sin?A, so that à? — Б2 sin? А > 0. In this case Eq. 
(2) gives two real and distinct values of c. One of these values, namely 


bcos А+ J (a? — b? sin? A) 


is surely positive; the other value 


bcos A— (a? — b? sin? A) 
is positive if b сов. А > (a? — b? sin? A) 


— b? cos? A» a? — b? sin? A 

>b >g 

>b>a. 

Therefore two triangles are possible if b > a and only one triangle is possible if b < a. 
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A 


Se 


2. A>90°: If A > 90°, cos A is negative so that b cos А is negative 


The value of bcos А— J(a? — b? sin? A) is surely negative 
The value of bcos А+ J(a? — b? sin? A) is positive if 
(а? — b? sin? А) > —bcos A 


а? — P si? A > P? cos? A, 

Le, ifa > № 

i.e., ifa >b 

Thus we find that when A > 90°, no triangle is possible a < b and only one triangle 
is possible when a > b. 


8.14.1 Summary of the Various Possibilities 


1. A< 90° 
(ij)a<bsinA No triangle 
(ü)a-bsinA One triangle 
(ii1)a > b sind Two triangles if a < b; one triangle if a 2 b 
2. A» 90? 
(О а= . Notriangle 
(ii) a >b One triangle. 


Example 159 Construct a triangle whose median lengths are given as m,, my, m, 


Solution: Construct a ЛАРЕ whose side are of length m,, mp, m,. Draw median AF 
and EH of this triangle, meeting each other at С. Produce AF to B so that GF = FB. 

Join BD and produce it to C, so that DC = BD, Join AC. 

AABC is the desired triangle. 

We shall show that medians of AABC are of lengths equal to the sides of AADE. 

Join GC to meet AD in O, Join BO and produce it to meet AC in L 

Since BD = DC, by construction, therefore AD is a median of AABC. 

Since G is the centroid of triangle AED. 

Therefore, AG = 2GF = GF + FB = GB 

So that G is the mid-point of АВ. Consequently CG is the median of AABC. Also 
since O is the point of intersection of the medians AD and CG, therefore it is the cen- 
troid of A4BC, and consequently BL is also a median of AABC. 

Since GB and ED bisect each other at F, therefore, E, B, D, G are the vertices of a 
parallelogram. Since G and D are mid-points of AB, BC respectively, therefore GD || 
AC and GD = (1/2)4C = AL. Now EB || GD, and EB = GD, and GD || AC, GD = AL, 
therefore, EB || AL and EB — AL. Therefore E, B, L, A are the vertices of a parallelo- 
gram. Consequently BL = EA. 

Since EG || DC and EG = DC, therefore E, D, C, G are the vertices of a parallelo- 
gram. Consequently CG = DE. Since the medians AD, BL, CG of AABC are respec- 
tively equal to the sides AD, AE, ED of AADE, the proof is complete. 


Example 160 Given the lengths m,, m, of two medians and the length h, of a altitude, 
show how to construct the triangle. 


Solution: Construct a right angled AALD such that AL = h,, AD = m,, and ZALD = 90° 

Produce AD to Н so that DH = 1/3 AD. With Н as centre draw an arc equal to 2/3 m, 
cutting DL produced in C. With D as centre and DC as radius draw an arc cutting CD 
produced in B. Join AB, AC. Then ABC is the desired triangle. 


Proof: It is obvious that altitude AL = Л. Also since D is the mid-point of BC, there- 
fore AD is a median. If G be the centroid, then GD = DH, and BD = DC. Therefore B, 
H, C, G are the vertices of parallelogram. 


2 2 
Therefore CH = BG. But CH = 3 m,. Therefore BG = 3 m,, Showing that the 


length of the median from B is т. 


Example 161 Given the altitude h,, hy, h, of a triangle. Show how to construct the 
triangle. 


Solution: If a, b, c be the lengths of the sides of the triangle, A be the area of the tri- 
angle then 
ah, = bh, = ch. = 2А 


: : 1 1 1 А 
showing that, а, b, с are proportional to е respectively. 
a b e 
. . | 1 1 1 
By the construction for third proportional, we can construct AUROR 
a "b f 
The AA'B'C' having these lengths as sides will be equiangular to the desired 
triangle(ABC, say) 


В'С' = : ‚С'А' = : А'В' = : 
h, hy he 
Draw two parallel lines XY and PQ distant h, from each other 
Take a point A in XY and draw 
ZXAB = ZA'B'C'. ZYAC = ZA'C'B'. 
AABC is the desired triangle. 
Example 162 Explain the construction of the AABC, with necessary proof, when its 
altitudes AD and BE and the median AM are given [RMO, 1993] 


Solution: 

Step 1: Construct a right angled triangle ADM, having its hypotenuse equal to the 
median AM and one of the sides equal to the altitude AD, a convenient way of doing 
this is to draw a line 4M equal to the given median and then draw a semicircle having 
AM as a diameter, with A as centre and radius AD, draw an arc cutting the semicircle 
at D. Join AD. 


Step 2: With M as centre and radius 1/2 BE draw an arc cutting the semicircle at H. 
Step 3: Join AH and produce it to meet MD produced at C. 


Step 4: With M as centre and radius equal to MC draw an arc meeting CM produced 
at B. 
AABC is the desired triangle. 


Justification: Since MB = MC(by construction), therefore M is the mid-point of BC. 
Therefore AM is a median. Also AD is an altitude by construction) 

It only remains to be seen that the perpendicular from В to AC is equal to 2MH. This 
is an immediate consequence of the fact that in right angled ABEC, M is the mid-point 
of BC and MH || BE(ZBEC and MHC both are right angles). Therefore 


МН = : BE 
BE = 2MH. 
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Build-up Your Understanding 19 


26. 


27. 


28. 


29. 


30. 


. Copy a segment. In other words, mark off a segment that exactly matches the 


length of a given segment on a different straight line. 


. Copy an angle. Given an angle, make another angle of exactly the same size 


somewhere else. 


. Bisect a segment. 

. Bisect an angle. Given an angle, find a line through the vertex that divides it in half. 
. Construct a line perpendicular to a given line through a point on the given line. 

. Construct a line perpendicular to a given line and passing through a point not on 


the given line. 


. Given a line L and a point P not on L, construct a new line that passes through P 


and is parallel to L. 


. Construct an angle whose size is the sum or difference of two given angles. 
. Given three segments, construct a triangle whose sides have the same lengths as 


the segments. 


. Construct the perpendicular bisector of a line segment. 

. Given three points, construct the circle that passes through all of them. 

. Given a circle, find its centre. 

. Given a triangle 7, construct the inscribed and circumscribed circles. The in- 


scribed circle is a circle that fits inside the triangle and touches all three edges; 
the circumscribed circle is outside the triangle except that 1t touches all three of 
the vertices of the triangle. 


. Construct angles of 90°, 45°, 30°, 60°, 72°. 
. Construct a regular pentagon. (A regular pentagon is a five sided figure all of 


whose sides and angles are equal.) 


. Given a point P on a circle C, construct a line through P and tangent to C. 

. Givena circle C and a point P not on C, construct a line through P and tangent to C. 
. Given two circles C, and С, find lines internally and externally tangent to both. 
. Given segments of lengths A and В, construct a segment of length А + B or A — B. 
. Given segments of lengths A, B, and 1, construct a segment of length AB. 

. Given segments of lengths А and 1, construct a segment of length 1/4. Also con- 


struct B/A length where segment of length B is provided. 


. Given segments of lengths A and B, construct a segment whose length is VAB. 


Also draw VA where segments of length / is given. 


. Given a rectangle, construct a square with exactly the same area. 
. Given a semicircle centreed at a point C with diameter AB, find points / and J on AB, 


and points H and G on the semicircle such that the quadrilateral GHI is a square. 
Given a quadrant of a circle (two radii that make an angle of 90° and the included 
arc), construct a new circle that is inscribed in the quadrant (in other words, the 
new circle is tangent to both rays and to the quarter arc of the quadrant). 

Given a point A, a line L that does not pass through A, and a point B on L, con- 
struct a circle passing through A that is tangent to L at the point В. 

Given two points A and B that both lie on the same side of a line L, find a point C 
on L such that AC and BC make the same angle with L. 

Given two non-parallel lines L, and L, and a radius r, construct a circle of radius 
r that is tangent to both L; and L,. 


o 


А 1 А 
(i) Construct an angle of 22 5 using a ruler and compass only. 


(11) Use this construction to solve the following problem: 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


1 1 . В . 
If v= and u = then, v satisfies a quartic equation and u 
tan 22 —° sin 22 —° 
2 2 


satisfies a quadratic equation with rational coefficients. 
(a) Construct a regular hexagon, inscribed in a circle. 
(b) Use this construction to draw two other circles to cut each other orthogonally. 
(c) Justify your construction. 
Construct a right angled triangle, with hypotenuse ‘c’ such that, the median drawn 
to the hypotenuse, is the GM of the two legs of the triangle. Justify. 
Given an angle ZQBP and a point L, outside the angle ZOBP. Draw a straight 
line through L, meeting BQ in A and BP in C, such that, AABC has a given perim- 
eter. Justify your construction. 
Given the vertex A, the orthocentre H and the centroid G, construct the triangle. 
Justify your construction. 
Using a ruler and compass only, show how to bisect a triangle, by a straight line, 
perpendicular to the base, Justify your construction. 
Given a triangle ABC, explain how you will find 

(i) Points P, O, R on the sides AB, BC, CA, such that APOR is a rhombus 

(п) Show that the area of this rhombus cannot exceed one half of the area of A4BC. 
(11) When does the equality hold? 
Given are three parallel lines. You need to construct an equilateral triangle with 
each parallel line containing one of the vertices of the triangle. 
Given any two rectangles anywhere in a plane, how can you draw a single line 
which will separate each rectangular region into two regions of equal area? 
Describe the method (with proof) of constructing the triangle when two of its 
sides are given along with the median to the third side. 
Describe the method (with proof) of constructing the triangle ABC, given the side 
BC and the medians BE and CF. 
Using only compasses construct segment 2, 3, 4, ... and in general n times as 
great as a given segment AA, (n is any natural number). 


| Solved Problems: Problems 


Problem | Jn a AABC, ZA = 2ZB, if and only if, a’ =. b(b+ с). [INMO, 1992] 


Solution: It is given that 


ZA=22B 


Let, ZB = х. 

Then, ZA = 2x 

Produce CA to D, such that 
AD = AB 


ZABD- АРВ and ZABD+ ZADB= ZBAC = 2x 
ZABD = ZADB=x. 


AABC ~ ABDC (AAA similarity) 
BC 4C 
DC BC 


i.e., 


a 
b+c 


=” => ЮЬ+с)=а? 
а 
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Converse: Given à? = b (b+c) 
To prove that: Z4 = 22 B 
Proof: We have the same construction as before and hence, use the same figure. 


Now, ZABD = ZADB = 5 ВАС 


Note: Here, we need to prove ZBAC = 2ZABC. We cannot take it for granted 
In AACB and ABCD, 


since а= ЫЬ + с) 
We have к е. 
b+c a 
CB 4C 
CD BC 


and ZC is common 

So, ABCD ~ AACB 

ZCBA = ZCDB = ZB (1) 
And also, ZADB= АВО 

(since, AB = AD) 

But, ZBAC = sum of the exterior angles 

= ZADB + ZABD (2) 
=22ZADB=22ZCDB 

-2ZCBA-2ZB 

which was to be proved. 


Aliter 1: Draw AD, the bisector of ZA, so that ZBAD = ZDAC = ZB, as ZA = 2/В. 


Now ZADC 2 2ZB (Exterior angle) 
Also, 
AABC ~ ADAC (AAA) 
.AC AB BC 
“CD AD AC 


BC AB+ AC b+ 
Thus, — = {=e ne (as AD = BD, isosceles triangle) 
AC b AD+CD BD+CD 


. a b+c 
ie, = = 


b a 


Thus, a= b(b+c). 


Converse: If à? = b(b +c), then ZA = 2/В. 


а? =b?+be> a? -Ь? =be 
“.(2Rsin A)? - (2Rsin B)? =(2Rsin B)(2RsinC) 
> sin? A- sin? B = sin BsinC 
(ii) Now, ie. sin(A+ B)-sin(A— В) = sin BsinC 
Le. sin(4— B) -sinB [assin(A+ B) = sinC] 
Thus, A- В = B (as A, B, C are acute) 
л ZA=22B. 


Aliter 2: 
Given ZA = 2ZB, prove a? = b(b+c). 
А=2В = A-B=B>sin(A-B)=sinB 
> sin(A- B)-sin( A+ B) = sin B-sin(A+ B) 
> sin? A- sin? В = sin BsinC 
=> (2Rsin A)? - (2Rsin В)? =(2Rsin B)(2RsinC) 
>a’ -b* = Бс а? =b(bt+c). 
Aliter 3: 
Given: Ina AABC, ZA=22B = 2а 


To prove: а? = b(b4 c) 


b 
Proof: Using sine rule in AABC, we get — T = — > a=2bcosa (1) 
sin2a sina 
| : | а? +с?—Ь? 
And by using cosine rule in А АВС, we get cos B = cosa = ^ 
ac 


a a? +e – 2 
2b 2ac 
=> а2с = а2Ь+с?Ь—Ь3 = а?(с-Ь) = b(c- b)(c b) 


= a? =b(b+c) (for c b) 


(from Eq. (1)) 


In case of b=c, we will have а=л-За ac^ ZA=2a =F 


= а? =b? +e =b? +bc=b(b+c) 


= a? =b(b+c) 
Hence proved. 


Problem 2 Suppose, ABCD is a cyclic quadrilateral. The diagonals AC and BD inter- 
sect at P. Let, O be the circumcentre of А. АРВ and Н, the orthocentre of ACPD. Show 
that O, P. H are collinear. 


Solution: Given, ABCD is a cyclic quadrilateral. 


“О? is the circumcentre of А АРВ. 

To explain, if M is the mid-point of PB, then OM is perpendicular to PB in the in 
Fig. 3.12, H is the orthocentre of ACPD. 

Let, OP produced meet DC in L. 


To prove: O, P and H, are collinear. 
To prove that H lies on OP or OP produced. 
Or, in other words, OP produced is perpendicular to DC. 


Proof: Since quadrilateral ABCD 15 cyclic, 
ZCDB = ZCAB = ZPAB = aa (Since, О is the circumcentre of A PAB) = 


ZPOM (= ZBOM) as OM is the perpendicular bisector of PB. 
In ALDP and MOP, 
ZLDP = ZPOM 
ZDPL- ZOPM (Vertically opp. 27°) 
ZPLD= ZPMO = 90° and hence the result. 
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Aliter: 

Join OP and produce it to meet CD at Q. If О, P, H are collinear, we need to prove 
that H lies on the line OP (produced). 

= РО is an altitude in APCD as H is the orthocentre of APCD. 

Let, ZPDC = 90°; this shows that ZBAC = x, so that ZBOP = 2x (angle at the 
centre). 


180-2x . 


2. СОВР = ZOPB = 90-х 


Thus, ZOPD = 90-х (Vertical opposite angle) 
Now, ZPQD = 180-(ZOPD + ZPDQ) 2180 - (90 — x + x) = 90° 
-. РО is the altitude = О, P, Н are collinear. 


Problem 3 Jn a AABC, АВ = АС. A circle is internally drawn touching the circum- 
circle of AABC, and also touching the sides AB and AC at P and Q, respectively. Prove 
that the mid-point of PQ is the incentre of A ABC. 


Solution: 
Let, ZABC = Z ACB = ff. 
AT is the angle bisector of ZA. I is the mid-point of РО. Now, AP = AQ as the smaller 
circle touches AB and AC at P and Q, respectively. The centre of the circle POT lies 
on the angle bisector of 7A, namely, AT, since PQ is the chord of contact of the circle 
PQT. PQ LAT and the mid-point / of PQ lies on AT. 

Now, to prove that / is the incentre of А АВС, it is enough to prove that BJ is the 
angle bisector of ZB and CI 15 the angle bisector of ZC, respectively. By symmetry, 
ZPTI= ZOTI= a 


Now, Z ABT — 90° (- AT is diameter of OABC) 
ZPBT = 90° 

Also, ZPIT- 90? 
PBTI 1s cyclic. 

-ZPBI- ZPTI=4 (Angle in the same segment) 


ZIBD = ZABD - ZABI=B- а 
ZTBC = ZTAC= 90° - p 
-. ZIBT= ZIBD + ZDBT 
=B-a+90°- = 90° – а 
Since, РВТІ is cyclic, 
ZIPT = ZIBT = 90° – a (1) 
ZBPT = 180? — ZTPA = 180° — ZAPI — ZIPT 
= 180°- B-90°+ a 
=90°+ a-B (2) 
But, APT is a tangent to circle POT. 
ZBPT = ZPQT — ZIQT 
From Eqs. (1) and (2), we get 
90° + œ — B=90°-a 
2a- В 
ZIBD = B- 2РВІ= 20- а= а 
ZIBD = ZPBI 
ВІ 15 the angle bisector of ZB. 
Hence, the result. 


Aliter: 
Two circles touches internally then the line joining their centres passes through the 
point of contact. 

AE is a diameter of a circle and since AB = AC 


-. AE bisects ZA 

-. AE is a perpendicular bisector of BC 

i.e., BC LAD 

Also AP = AQ [as length of the tangents drawn from an external point to the circle 


are equal] 
Also AB = AC 


5 AP _ 40 .. pou pc 
AB АС 

Since AE 1 BC 

= AE LPQatH 
H is a mid-point of РО as AE lies along the diameter of smaller circle as well. 
In APHE and AOHE 
PH=QH 

ZPHE = ZQHE = 90° 
НЕ = НЕ 

-. Ву SAS congruence, APHE = AQHE 
= “РЕН = ZQEH = Ө 

Since ZAPQ = ZPEQ = ZAQP = 20 
Since РО || BC 

2 ZABC = ZACB = ZAPQ = 20 

Since AE is a diameters, ZABC = 90? 
Also ZPHE = 90° 

-. PBEH is a cyclic quadrilateral 

- ZPEH = ZPBH= Ө 

- HBC =20-0=0 

HB bisects ZPBC and HA bisects ZBAC 
-. His the incentre of AABC and H is the mid-point of PQ. 


Problem 4 Prove that if the two angle bisectors of a triangle are equal, then the tri- 
angle is isosceles. (This theorem is known as Steiner Lehmus Problem) 


Solution: ABC is a triangle with AD and BE the bisectors of 7A and ZB, respectively. 
They intersect at K. Given, AD = BE. 
Draw ZBEF and ZEBF equal to ZBAD and ZADB, respectively. Draw AH and FG 
perpendicular to AC and FB (produced if necessary). 
(i) AADB = AEBF (ASA) 
AB-EF(- AD=BE, ZDAB= ZFEB, 
DB = ВЕ ZADB= ZEBF) 
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(ii) ZAEF = ZAEK+ ZKEF = ZAEK + ZEAK 
= ZAKB 
= ZKDB + ZKBD 
= ZEBF + ZEBA 
= ZABF = ZFEG = ZABH 
(ш) AABH = A FEG (By steps (1), (ii) and construction and AAS) 
AH-FG 
BH=EG 
(iv) AAFG=AFAH (Hypotenuse and length) 
AG=FH 
(у) ДЕ = АС – GE 
= ЕН – НВ 
= ЕВ 
= Ер (by step (1)) 
(vi) ДАВЕ = ABAD (SSS) 
ZEAB = ZDBA 
=> ZA-ZB => СВ= СА. 


Aliter: 
Let ABC be a triangle, in which, angle bisectors of B and C are equal, i.e., BE = CF. 


CF BC _ a 
sing sin BFC | | 
sin| B+— 
2 

BE BC _ a 
sinC sin BEC | z) 
sin о 


As CF = BE, 


26 + = sin C+ z) 
-S Xl а 4 


sin B sinC 


. sin в+© 
sinB | 2 


шс [с + z) 


T asin sin( B+C 
РИИ 2 2 


Then from ABFC 


and from ABEC 


or (Expand sin B and sinC) 


C 
cos — Sin anh eee 
2 2 2 


B 
ae _ cosB—cos(B+C) _ cos В + cos А 


C cosC-cos(B+C) cosC+cosA 
2 


i.e., 
cos 
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ee Dos ee aur 
ie. 2 _ cosB—cosC _ 7 2 
| C cos C + cos A cos C + cos A 
cos — 
2 
B B 
E е С 2{co cos os +0085 
"T р) 2 _ 2 2 2 2 
Ки cos C + cos A 
Eu 


i.e., cos > - cos = 0 or ZB=ZC 


nja 


B 
2 „ 


NIA 


3 


B "n А 
or, cos D t соз = 0, which is impossible as 


are all acute and hence positive. 


This proves the claim. 


Problem 5 Let, r be the radius of the inscribed circle of a right-angled AABC. Show 
that r is less than half of either leg and less than one fourth of the hypotense. 


Solution: Draw the diameters through the points of contact of circle with the sides of 


the triangle. 
GG' « CD « AC 
where CD is the altitude of the right AABC, with ZC = 90°. 
=> 2r«AC 
AC 
=> r«—— 
2 
Again, GG' « CD « CB 
=> 2r«CB 
CB 
=> < 
2 


Now, CD is less than half of a chord of the circumcircle of the right AACB (ZC = 90°). 


Кс 
2 


= GG' «CD s 2? 


AB AB A DG B 
or 2r« — Le,r«-——. 
2 4 


Problem 6 Let C}, be any point on side AB of a AABC. Draw C,C meeting AB at C. 
The lines through A and B parallel to CC, meet BC produced and AC produced at A, 
and B,, respectively. Prove that 


1 1 1 


АА BB, CC 
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Solution: 44, BB, and CC, are parallel line segments and hence, 


са GB (1) 
AA AB 
Also саас (2) 
BB AB 
Adding Eqs. (1) and (2), we have 
СС, CC, QGB-4C _ AB | m 


+ 
AA BB AB AB 
Dividing Eq. (3) by CC}, we get 


Pod И 
AA BB CQ 


Note: That ABB,A, is a trapezium and СС, is the harmonic mean of the parallel sides 
AA,BB,, and CC, is parallel to the parallel sides. 


Problem 7 Prove that the diagonals of a (convex) quadrilateral are perpendicular, if 
and only if the sum of the squares of one pair of opposite sides equals that of the other. 


Solution: Let a, b, c and d be the measures of the sides AB, BC, CD, and DA of the 
quadrilateral. The diagonals intersect at O. Let ОА = p, OB = r, OC = q and ОР = s. 
If AC is not perpendicular to BD, let ZAOB be obtuse. 
Then, by the extension of the Pythagoras theorem, 
a>p +r; p «rg 
e» 52+ 4; а <р +s? 
а + о> р+к 5 + д> + а? 
Thus, а? + с > Б? + d? 
which is а contradiction as it is given that а += 2 + Ф and ZAOB % 90° 
If AC is perpendicular to BD, then 
а?=р? +? 
с^=з°+а" 
аё +оо =р+ф+ 2 + 5 = (р + 57) + (д +P) 
=4?+Ь. 


Problem 8 Let А апа В be the points оп a circle К. Suppose that an arc k' of another 
circle 1 connects A with B and divides the area inside the circle k into two equal parts. 
Prove that arc k' is longer than the diameter of k. 


Solution: As arc K' bisects the area of the circle k, so K' cannot entirely lie on one side 
of any diameter of circle k. 

Hence, every diameter of k intersects k’. Let, AC be one such diameter and K' inter- 
sects AC at D, Now the centre O of the circle k lies inside the circle /, hence the radius 
AO of circle k lies inside / and now, D lies on the radius OC. 

Length or arc ADB > AD + DB. 

As we have to prove that arc ADB > AC = AD + DC, we should show that DB > DC. 


Now the circle А” with centre D and radius DC is a circle touching k, internally, and В 
lies outside this circle А”, so the radius of k” is less than DB, i.e., DC < DB or DB > DC. 


> arc ADB > AD + DB > AD + DC = AC 
> arc ADB > the diameter of k. 


Note: О lies inside circle k’ as every diameter of k meets the circle k’ (i.e., arc AB) as 
К' bisects area in k. 


Problem 9 ABC is a triangle, the bisector of ZA, meets BC in D. Show that AD is less 
than the geometric mean of AB and AC. 


Solution: Draw the circumcircle of AABC and let the bisector AD of ZA meet the 
circumcircle again at Е. 


AABD is similar to AAEC (AA similarity) 
AD AB 
“ АС AE 


=> ABxAC-AD-AE» AD? (~ AE» AD) 
= AD <. АВх AC which was to be proved. 


Problem 10 Two given circles intersect in two points P and Q. Show that how to con- 
struct a segment AB passing through P and terminating on the two circles such that 
AP- PB is a maximum. 


Solution: Let, Cj, C; be two circles. We first show that if APB is a straight line such 
that there is a circle C touching С, at апа С, at B, then AB is the segment giving the 
required maximum. 

Let, A'P and PB' be any other chords so that A'PB' may be collinear and the extension 
of these chords meet the circle C at C and D. 


CP. PD = AP. PB > A'P x PB' 


АР. PB is maximum. 

Now, we need to construct a chord APB. For this, we need to construct a circle C 
touching C, and С, at points A and B so that APB are collinear. Let us find the proper- 
ties of the points A and B. 

Let, О be the centre of circle C and O}, and О, be the centre of circles Cj, and C}. 
Now, C and C, touches at A. 

4040 are collinear. Similarly, BO,O are collinear. Let, AT, BS be the common 
tangents to circles C and C}, and C and C, respectively. 

Let, ZPAT =x and ZPBS = y since AT is tangent to circle C. 


ZPAT = х = > £408 (Angle in the alternate segment theorem) 
Since, BS is tangent to circle C. 
ZPBS = y= 54408 

X = y. Since, AT is tangent to circle Cj, we get 


ZPAT = х = 5240р 


Ф 
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Similarly, since BS is tangent to circle С», we get 
ZPBS = y= 5 4BO;P 
ZAO,P = ZAOB = ZBO;P 


AAO,P ~ АРО,В 
p A LINE LN 
"PB PO, n 


Therefore, the line segment AB must be such that P divides AB internally in the 
ratio r;: r. Further, РО, || OO, and PO, || ОО). 

So, join PO, and PO,. Through О, draw a line parallel to PO, to meet circle C, in 
A. Through O, draw a line parallel to PO, to meet the circle C, in B. Now, these two 
parallel lines drawn meet at O. If we draw a circle with O as centre and radius OA = 
OB, then the circle touches C, at A and С, at B. By retracing the arguments, we can 
prove that APB is collinear and AB is the required chord. 


Note: In the previous problem, the line АВ and ОО, meets in a point S, Point S, 
divides ОО, externally in the ratio r;:7;. The point S, is called the external centre of 
similitude of circles C, and C,. If we draw a line / through S, meeting C, in P,, Q,, and 
C, in P5, О», then O,P, || O;P; and OQ, || 0203. 

Moreover, the direct common tangents to the two circles C, and C, meet at S,. 


Problem 11 Jn а trapezium ABCD, AB || CD, mZD = 2mZB. If AD = a, CD = b, and 
the distance between AB and CD is h, give an expression for the area of the trapezium. 


Solution: Let the bisector of ZD meet AB at E. Since, 


CD || AB, ZEDC = ZDEA (Alternate interior angles) (1) 
As ZD = 2ZB 

=> ZDEA= 5 ZADC = ZB (2) 
= DE||BC (Corresponding angles are equal) 


Hence, EBCD is a parallelogram and hence, EB = b units. 

By Eq. (1), in AADE, ZD = ZE = 0 and hence, 
AE=AD=a 

So, AB=AE+EB=(a+5) units 


So, the area of the trapezium is = „Ма + 2Ь) sq. units 


= Sha + 2b) sq.units. 


Problem 12 Let, M be the mid-point of the side AB of AABC. Let, P be a point on AB 
between A and M and let MD be drawn parallel to PC, intersecting BC at D. If the 
ratio of the area of ABPD to that of AABC is denoted by r, then examine which of the 
following is true? 


(1) ; «r«]l depending upon the position of P. 
GD r=} 
2 
js zi 2 . - 
(ш) —«r«- depending upon the position of P 
3 3 


Solution: Join PD and MC and let them intersect at Е. 

Area of ABPD = Area of ABMD + Area of AMDP 

= Area of ABMD + Area of AMDC 

(AMDP = AMDC as both the triangles lie on the same base MD and between the 
same parallels PC and MD) 

— Area of ACMB 


= 2 Area of AABC(as М is the mid-point of AB) 


Д 
Areaof ABPD g 0f ABC | 


Thus, 
Areaof AABC | Areaof AABC 2 


Thus, r= : (independent of P) 


Problem 13 Let O be an arbitrary point situated in the segment AB. Construct equi- 
lateral AAOC and ^ BOD. Let, E be the point of intersection of AC and BD. Show that 
CODE is a parallelogram. When will it be a rhombus? 


Solution: In the figure A4OC and ABOD being equilateral ZCOD = 180? — (ZCOA 
+ ZBOD) = 180? — (60° + 60°) = 60°. 

The exterior ZODE of AOBD = 60° + 60° = 120°. Again, the exterior ZOCE of 
AOCA = 60° + 60° = 120°. 

Therefore, the remaining 

ZCED = 360° — (120° + 120° + 60°) = 60° 

In quadrilateral OCED, opposite angles are equal, implying that the opposite sides are 
parallel. Thus, it is a parallelogram. In this parallelogram, if the adjacent sides OC = 
OD (i.e., all sides are equal), then it becomes a rhombus. For this, we should have AO 
= OC = OD = OB, i.e., AO = OB or О should be the mid-point of the segment AB (Also 
note that AAEB is also equilateral). 
Problem 14 ABC is a triangle, ZA = 30°, ZB = 60° and AB = 10 cm. Find the length 
of the shorter trisector of ZC. 
Solution: In Fig. 3.33, CE and CD are the trisectors of ZC. ZCED = 90° and hence, 
CE < CD. (In АСЕР, CD is the hypotenuse.) Thus, it is required to find the length of 
CE. 

AB = 10 cm, ZB = 60°, ZA = 30° 

= ВС=5 ст (and AC 2543 СМ) 


Geometry 


8.185 


8.186 Chapter 8 


Again, in ABCE, 
“СЕВ = 90°, BC = 5 cm, СЕ = 5 cos 30? 


= CE - 245 em [se =3) 


[CD can also be calculated from the right-angled AECD: ZCED=90°, ZECD= 30°, 
= 245, CD = 5 cm = DA. Thus, BE = ED = oem, DA = 5 cm,CE = > Bom, 


CD = 5 cm and clearly, 245 « 5 and the shorter trisector has a length of 245 cm. | 


Problem 15 /n AABC, in the кш notation, the area is ‚сз. units. AD is the 
median to BC. Prove that ZABC = ! Lape. 
2 


A TE 
A = — bc sin А = —bc 
C b 2 2 
BL mac = e 
Fm eq > => ZA=90°. 

Since AD is the median and ZA = 90°, D, the mid-point of BC is the centre of the 

circumcircle of AABC. 
So, AD = BD = DC 

ZABC = 5 ZADC 

(Angle subtended by AC at the circumference = i angle subtended by AC at the centre.) 

Problem 16 Let, ABC be an acute angled triangle and CD be the altitude through C. If 

AB = 8 units and CD = 6 units, find the distance between the mid-points of AD and BC. 

Solution: Let P, be the mid-point of AD and Q be the mid-point of BC. 

C ў 
Draw QR perpendicular to AB. 
Q In ACDB and AQRB, CD and QR are both perpendicular to AB and hence, parallel. 
Since, О is the mid-point of CB, R is the mid-point of DB. 
(by the basic proportionality theorem, ACDB = A ORB) 
Ан B 
D R 1 1 Е 
Hoo : ~ QR- CD = 7x6 = 3units 


" PR- PD+DR= 5 (AD + DB) = Pu = 4 units 
So, in the right-angled A POR 
РО = М4? +3? = 5. 


Problem 17 ABCDE is a convex pentagon inscribed in a circle of radius 1 units with 
AE as diameter. It AB = a, BC = b, Ср = c, DE = d, then prove that 
a? b? c? + а + abc + bed « 4. 


Solution: Since, AE is the diameter ZACE = 90? and AC? + CE? = AE? = 2? = 4. By 
cosine formula (for AABC) 


АС = d? + b?’ — 2ab cos(180° — Ө) 


=a’ +02 +2ab cos 


Similarly, in ACED 
CE? = с^ + Ф — 2cd cos(90? + Ө) 
=c d? + 2са sin Ө 
AC + СЕ?” = а? +b + с + Ф 2ab соѕ0 + 2са sin 


Шш ААСЕ, а 
АЕ 
=> AC=2sin0>b (AE = 2) (1) 
and EE coat (AE = 2) 
AE 


=> СЕ = 2с050 >с (2) 

(Because, іп AABC апа ACDE, ZB and ZD are obtuse angles. Неге, AC is the 
greatest side of AABC, and CE is the greatest side of ACDE) 

AC + CE = d + Ь° + с + Ф + 2ab соз 0+ 2са cos0-4 

> а+Ь?+с +4 +ab-2cosh+cd-2sinb=4 

> а+Ь?+с +4 +abc+bcd<4 (by Eqs. (1) and (2)) 


Problem 18 O is the circumcentre of AABC and M is the mid-point of the median 
through A. Join OM and produce it to N so that OM = MN. Show that N lies on the 
altitude through A. 


Solution: Let AD be the median through A, and M be the mid-point of AD. Join OD. 
Since, D is the mid-point of BC and O is the circumcentre, OD is perpendicular to 
BC. 


In ADMO and AAMN, 
ЮМ = АМ (М is the mid-point of AD) 
OM = NM (Given) 
ZDMO = ZAMN (Vertically opposite angles) 
So, the triangles are congruent. 
ZMDO = ZMAN (Corresponding angles of congruent triangles) 


So, AN || OD (ZMDO and ZMAN are alternate interior angles and are equal) 
But, OD is perpendicular to BC and hence, AN produced is perpendicular to BC, 
i.e., N lies on the perpendicular through A to BC, i.e., N lies on the altitude through A). 


Problem 19 Prove in AABC, if one angle is equal to 120°, the triangle formed by the 
feet of the angle bisectors is right-angled. 
Solution: Produce 

BAto X я 


ZCAX = 180° – 120° = 60° 
Now, AC bisects ZDAX. 
So, in AABD, BE is 
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A 
2 


the internal bisector of ZABD and AE is the bisector of the exterior БАХ of ABAD 
and so, E is the centre of excribed circle of AABD, opposite to the vertex B. 
So, DE is the bisector of the exterior ZADC of AABD 


ZADE = ZCDE 


Similarly, AB is the bisector of the external ZDAY of AADC and CF is the internal 
bisector of ZC. So, F is the centre of the excribed circle of AADC, opposite to vertex 
C. 

So, DF is the bisector of the exterior ZADB of AADC 

So, ZADF = ZFDB 


1 1 
7 ZFDE=x+y= ge rea = E = 90° 
So, ДЕРЕ is a right-angled triangle at D. 


Problem 20 А rhombus has half the area of the square with the same side length. Find 
the ratio of the longer diagonal to that of the shorter one. 


"E А 
Solution: If a is the side of the rhombus, then area of the rhombus is "ud sin 20 x 2. 


-€-— А 1 
But, by hypothesis, this area is equal to 285 


ie, 5а? = а? sin20 


= 20=30° ог 150° 

=> 0= 15° ог 75°. 

[If the acute angle of the rhombus is 30°, the other angle which is obtuse is 150°.] 
BD AB 


By sine formula, — = — (In AABD) 
sin20  sin(90—0) 
=> BD- ax2sin@cosO — 2азїп@ 
cos 
. AC a 
Again, (In AABC) 


sin(180—20) sin 
AC: BD = cos0:sin 0 
[If 02 15°, then AC > BD and if 0 = 75°, BD > AC] 
АС: BD = cos 15?:sin 15? = cot 15°. 
Problem 21 Two vertical poles 20 m and 80 m high stand apart on a horizontal plane. 
The height of the point of intersection of the lines joining the top of each pole to the 


foot of the other is in metres. Find a. 
AABF and ACDF are similar 


Solution: ZAFB = ZDFC (Vertically opposite angles) 
ZFAB= ZFCD (Alternate interior angles) 
by angle-angle similarity triangles are similar. 

. АР AB 80 4 
` СЕ CD 20 1 


BP ы 
CF 1 


AF+FC 441 5 
FC 11 


= As 
FC 1 

AABC and AFEC are similar ("^ АВ and FE are ||) 

AB AC 

FE FC 

= 50 э 
ЕЕ 1 

or 5FE = 80 

=> FE=16 


Thus, a = 16 metres. 


Aliter: Using result of Problem 6, we get 
1 1 1 
=—+ 
a 20 80 


=> а = 16 metres. 


Problem 22 А ball of diameter 13 cm is floating so that the top of the ball is 4 ст 
above the smooth surface of the pond. What is the circumference in centimetres of the 
circle formed by the contact of the water surface with the ball. 


Solution: We should find the circumference of the circle on AB as diameter. 
CD = 4 cm 


OC - 0B - 2 - 65cm 


So, OD = 6.5 cm — 4 cm = 2.5 cm 


DB = (6.5? — (2.5)? = 6cm 


So, the circumference of the circle is 27 x 6 cm = 127 cm. 


Problem 23 OPQ is a quadrant of a circle, and semicircles are drawn on OP and OQ. 
Show that the shaded areas a and b are equal. 


Solution: Area of the quadrant = areas of the two semicircles + b — a [Since the sum 
of the areas of the two semicircles include the area shaded ‘a’ twice) 


1 
The area of quadrant = 5 лг? 


1 1 
=> -rr = tbta 


4 
=> b-a=0 
=> а=}. 


Problem 24 ABC is a right-angled triangle with ZB = 90°. M is the mid-point of AC 
and BM = 4117 cm. The sum of the lengths of sides AB and BC is 30 cm. Find the 
area of the triangle. 
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Solution: M is the centre of the circum-circle of the right angled AABC and hence, 
AM = СМ = ВМ = 4117 cm. 


AC? = а? +c? = (а+ cy? -2ac 

= 900 — 2ac 

But, AC 2 24117 

(^ АС= 2АМ = 2MC - 2BM) 

So, AC? = 4 x 117 = 900 — 2ac 

=> 2ac-900—4x 117 = 900 — 468 = 432 sq. cm. 


— | ас= uL 108cm? 
2 4 


Problem 25 /n a AABC, the incircle touches the sides BC, CA and AB at D, E and F 
respectively. If the radius of the incircle is 4 units and, if BD, CE and AF are consecu- 
tive integers, find the lengths of the sides of the triangle. 


Solution: The inradius of the triangle is given by the formula 


r=— 
5 


where A is the area of the triangle, s is the semi-perimeter. 
Lets take BD, CE and AF aren — 1, п + 1, n, 
so that the sides BC, CA and AB may be 
2n, (2n + 1) and (2n — 1) 


Area of the triangle — \/5(5 — а)(5 — Ь)(з— c) 
= J3n(n)(n —1)(п +1) 
\/3п? (п? —1) 4 


And hence, = = += 
5 Зп 


— 144r =3n (r – 1) 

= (2-1) = 48 

= п=7 (because —7 is not applicable.) 

Therefore, the sides of the triangle are (2 x 7 — 1), (2 x 7) and (2 x 7+ 1) or 13 cm, 
14 em, 15 cm or 15 cm, 14 cm and 13 cm 


Problem 26 AD is the internal bisector of ZA in AABC. Show that the line through 
D, drawn parallel to the tangent to the circumcircle at A, touches the inscribed circle. 


Solution: Let, EF be the tangent to the circumcircle through A. AD is the bisector of 
ZA and DH is parallel to EF meeting AC at H. 

Let the incircle touch the side BC at G. 

ZADH = 180? — ZDAF 


—180°-2-в 
2 


=С+ А 
2 
(Since, ZHAF = ZABC, being angles in alternate segments.) 
If the incircle touches BC at G, then 
ZADG = ZDAC + АСР 
(Exterior angle = Sum of the remote interior angles) 


x ug 
2 

i.e., ZIDG = ZIDH (1) 

Let the tangents through D to the incircle meet it at G and K. Where G and K lies on 
the opposite sides of /D (Since, the incircle touches the side BC at G, here GD is one 
tangent from D, the other is DK). 

So, ZIDG = ZIDK 

But, ZIDG = ZIDH (from Eq. (1)) 

Therefore, ZIDK = ZIDH 

But, both K and H are on the same side of /D and hence, K is a point of DH or DH 
is a tangent to the through D. 


Problem 27 Given two concentric circles of radii R and r. From a point P on the 
smaller circle, a straight line is drawn to intersect the larger circle at B and C. The 
perpendicular to BC at P intersects the smaller circle at A. Show that 


РА? + РВ? + РС? =R +°). 
Solution: Let, BC meet the smaller circle at Р апа М. 

Through P, draw PA perpendicular to BC meeting the smaller circle at A. 
Since, ZAPM = 90°, 
AM is the diameter of the smaller circle, 
or, АМ = 2r 
Let OK be the perpendicular from O to BC. 
OK = d units; BK = KC; PK = KM (1) 
Now, P4? + РВ? + РС? 

= PA? (PC — РВ) + 2PC. PB 

= PA?+(PC-MC)’+2PC-PB (by Eq. (1)) 

= РА? + РМ? + 2PC-PB 

= AM? + 2PC- PB 

= 4r? + 2PC- PB 


Now, R? = OB? = OK? + ВК? = а? (fac 


1 
r? = ОМ? = OK? + KM? = d? +7 PM? 


` R-r= : (BC? PM?)- (BC« PMYBC- PM) 


- 7(2BK +2PK)(2BK —2PK) 


= (ВК + PK)(BK — PK) 
= (CK + PK)(BP) 

= РС.ВР 

Or 2(R? - г?) = 2РС.РВ 

2. РА? + РВ? + РС? = A? + 2PC- PB 
=4 + UR – p 

= 282 + 2) = 2(Ё° +P’). 


[ov] 
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Problem 28 А circle of radius т touches a straight line at a point M. Two points A and B 
are chosen on this line on opposite sides of M, such that MA = MB = a. Find the radius 
of the circle passing through A and B and touching the given circles, respectively. 


Solution: Let, T and S be the centres of the smaller and the larger circles, respectively. 
TS = distance between the centres of the two circles 
=SC-TC 
=(К-г) 
In the first figure, 
SM = ТМ – TS 
=r—(R-?r) 
= (2r-— К) 
In the second figure, 
SM = SC - MC - (К - 2r) 
The radius of the larger circle $4 — R, and in the right Zd ASAM 
ЕК? = SA’ = ад + SM’ = а? -(R-2r = а + Re 4? —ARr 
=> ARr-d 44r 


Note that SM? = (В – 20} =(2r- RÝ and hence, we get the same value for R. 

In the third figure, there is yet another possibility. The larger circle may have AB as 
diameter still touching the smaller circle. In this special case, R = a = 2r. Since, M is 
the centre of the larger circle. 


Problem 29 A tangent at P to a circle with centre O, cuts two other parallel tangents 
AC and BD at A and B. The parallel tangents touch the circle at C and D. Show that 
AC- BD is a constant. 


Solution: AC || BD. 
OC and OD are the radii through the point of contact of the tangents. If OQ is a radius 
parallel to AC and BD, 

-. C, O and D are collinear. 

Join AO and BO. 

In A4CO and AAPO are congruent hypotenuse and leg congruence in right-angled 
triangles. 

2 ZAOP = ZAOC 

Similarly, ZBOD = ZPOB. 

But, COD is a straight line. 

Thus, ZAOB = ZAOP + ZPOB 


=F COA+ ZAOP + ZPOB + ZBOD) 


- 1 180° = 90° 
2 


Again, OP is the radius through P, the point of contact of the tangent AB and hence, 
OP is perpendicular to AB. 

Thus, AP: PB = ОР? = ? 

But, AP=AC, PB=BD 

<. AC-BD = AP-PB =? 

which is a constant for any given circle. 


Problem 30 AB, BC, AD, and DF are four straight lines as shown in the figure and 
their intersections A, B, C, D, E, F form four triangles, AADE ACDE, AEBF and 
AABC. Show that the circumcircle of these four triangles intersect at the same point. 


Solution: Without loss of generality let us take that the circumcircles of ADCE and 
AEFB meet at P. 

We should show that the circumcircles of AADF and А АВС, pass through P (i.e., 
ADPF and ABPC are cyclic quadrilaterals, and DCEP and FBPE are cyclic). 

ZDCP = ZDEP 

(In the circle through ЭСЕР, angles fall on the same segment.) = ZF BP (ЕВРЕ 15 
a cyclic quadrilateral and exterior angle = interior opposite angle). 

This implies, in the quadrilateral ABPC, exterior ZDCP = interior opp. ZABP. 

So, ABPC is a cyclic quadrilateral or the circumcircle of ABC passes through P. 

Again, considering quadrilateral ADPF 

ZADP = ZCDP = ZPEB (CDPE is a cyclic quadrilaterial and interior Z = exterior 
opposite angle) = ZPFB (in the circle through PEFB, РВ subtends equal angles at E 
and F or angles on the same segment). 

Thus, one interior Z of the quadrilateral ADPF = exterior opposite angle of the 
same quadrilateral. 

So, ADPE is a cyclic quadrilateral and hence, the result. 


Note: If you take any two triangles and consider their circumcircle, you will get the 
same result. 


Problem 31 А circle АОВ, passing through the centre О of another circle, cuts the 
latter circle at A and B. A straight line APQ is drawn meeting the circle AOB in P and 


the other circle in Q. 
Prove that PB = PQ. 


Solution: 


ZPOB = ZAQB 


= 1 2408 = 1 Lapp 
2 2 


= Z (ZPOB + ZPBQ) 


= ZPQB- > “РОВ = 5 2РВО 


= РОВ = /РВО 
= PQ-PB 


Problem 32 АВС is а triangle. AD, BE, and CF are the altitudes from the vertices А, 
B, and C, respectively. Show that the ADEC, ADBE and AAEF are similar. 


Solution: ADEF is called the pedal triangle. 
“О? is the orthocentre of the A. 
Quadrilaterals OECD, ODBF, OFAE, BCEF, ACDF and ABDE are cyclic. 


ZFCA- ZOCE- / ОРЕ = ZADE (From cyclic quadrilateral OECD) 
(С> ФАРС = 90°) 

But, ZFCA = 90° — A 

<. КАРЕ = 90° — A 


Geometry 


8.193 


8.194 


Chapter 8 


D 


- ZEDC=ZA_ (> ZADC=90°) 

ZDCE = ZC of AABC 

- ZDEC= ZB 

Similarly, in ABFD, 

ZFBD = ZB 

ZBFD=ZC and /ЕРВ= ZA 

and in AAFE 

ZFAE = ZA, ZAFE = ZC, and hence, ZAEF = ZB. 

Thus, AAFE, ABFD, and ACED are equiangular and hence, each being similar to 
AABC. 


Problem 33 Given the base and vertical angle of a triangle, find the locus of its ortho- 
centre and incentre. 


Solution: Let, ABC be a triangle on the given base BC having its vertical angle 
(a given angle). 

Let, BE and CF be the altitudes from В and C meeting at О which is the orthocentre. 

ZFOE = 180? — ZA 

(As O, E, A, and F are concyclic.) 

So, the locus of O is the circular arc on BC which contains an angle whose measure 
is 180? — A. 

To find the locus of the incentre, let the bisectors of ZB and ZC meet at Г. 


ZBIC - 180°-5(B+C) 


180? 1 180° A) 90044, 
2 2 
So, the locus is the arc of the circle on BC containing an angle whose measure is 
90? + А 
2 


Problem 34 Let, ABC be an arbitrary acute-angled triangle. For any point, Р lying 
within this triangle, let D, E, F denote the feet of the perpendiculars from P onto the 
sides AB, BC, and CA, respectively. Determine the set of all possible positions of the 
point P for which the ADEF is isosceles. For which positions of P will the ADEF 
become equilateral? 


Solution: Suppose, DE = DF. Since, APDB and APEB are right, angled. P, D, B, E are 
concyclic, and PB is the diameter of the circle through these points. 


DE 
.—- PB 
sin B 
(inany triangle, а E 2R by sine formula) 


sin4 sing sinC 
=> DE-PBsinB 
Similarly, DF = PA sin A 
Since, DE- DF 
=> PB sin B = PA sin A 
PA sinB b (ie ac) 


PB sind a BC 


This implies that P must lie on a circle, called Appolonius circle 


b 
The Apollonius circle corresponding to the points A, B and the constant —. 
a 
Since ADEF is isosceles, whenever any two of the three sides are equal, the locus of 


Pis the set of three Apollonius circles | A, B, 2) . The ADEF is equilateral, if and only 
a 


if, the point P lies on any two of these circles, i.e., it will be the set of points common 
to the above circles taken two by two. 


Notes: 


1. The locus is only that portion of the Apollonius circles that lie inside A as it is 
expected that the point to be inside the A. 

2. All the three circles are concurrent. The common point of concurrence lies inside 
AABC. Therefore, Only one point P exists, such that ADEF is equilateral. 


Apollonius circle theorem: 

A, B are two fixed points and P is a moving point, such that A is a constant. 
Then the locus of P is a circle. (Prove) 

Proof: Produce AP to Q. 


Divide AB, internally and externally in the ratio " — À at H and K, respectively. 


AH PA AK 
=A > —= Я 
НВ РВ ВК 
So, PH and PK are the internal and external bisectors of / АРВ and hence, ZHPK = 


90°. So, P lies on a circle on HK as diameter. 


Problem 35 4 square sheet of paper ABCD is so folded that B falls on the mid-point, 
M, of CD. Prove that the crease will divide BC in the ratio 5 : 3. 


Solution: When the square paper is folded, the vertex B touches the mid-point M of 
DC, the crease PQ, so formed, is the perpendicular bisector of MB. 

Thus, МО = ВО. 

If QC = x units and the side of the square is “а” is units, then the right АМСО, 


MO = QB - a - x, МС=5,С0=х 


2 2 


1 
= (a-xy = +х 


=> 2ах ->j 
4 


=> x=Žaasa#0 


Thus, СО:ОВ: аа-а) 
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Problem 36 Given are three non-collinear points A, H and G. Construct a triangle 
with A as vertex, H as orthocentre and G as the centroid. 


Solution: 


1 
1. Join AG, and produce it to D, such that GD = 7 АС 


2. Produce AH and draw DN perpendicular to AH produced to meet it at N. Extend 
DN on both the sides. 
Draw DS perpendicular to DN to meet HG produced at S. 
(H, G, S are colinear points. The line joining these points is called the Euler line. 
In a A, the circumcentre, the centroid, the orthocentre and nine-point centre lie on a 
line. This line is called the Euler line). On DN extended cut-off SB and SC, equal to SA 
on the opposite sides of D. Now, ABC is the required A with the given data (or draw a 
circle with centre S and radius SA, to cut DN extended at B and C). 
Problem 37 Jf ZA + ZB + ZC = m, then show that dip ud retains the 
sin B-sinC 

same value if any two of the angles A, B and C be interchanged. 
Solution: cot A+ E 3 
sin B-sinC 
sin[z - (B 4 C)] 

sin B-sinC 


=cot A+ 


sin(B + C) 
sin B-sinC 


=cot A+ 


sin B cos C + cos B sin C 
=cot A+ 


sin 8 -sin C 
= cot Á + cot C + cot B 


Thus, even when two of the three angles are interchanged, the value of the given 
expression remains the same. 
Problem 38 Show that sin 55° — sin 19° + sin 53° — sin 17° = cos 1° 
Solution: sin 55° — sin 19° + sin 53° — sin 17° 

= (sin 55° + sin 53°) — (sin 19° + sin 17°) 

=2sin cos 2sin 2 -COs 

2 2 2 2 

= 2cos 1°[sin 54? — sin 18°] 

gaol «8 = 
= 2cosl ъ ^а 


_ 4 


= жаш и = cos1? 
2 


Problem 39 Find x, y, z e R satisfying 


4x? +1  54y?41 6Vz241 
—— = = and xyz = 
x y 2 

x+y+z. 


=f 
Solution: Let, x = tan 0, y = tan В, z = tan у, P pec 
2 


A tan? atl) _ 5 (tan? pl 6 (tan? y*1) 
tana tan 3 tany 
4 5 6 
sina sinf  siny- 
Again, tan о tan В tan y= tan & + tan B+ tan у 
= tan a(tan D tan y — 1) = (tan B+ tan y) 
(tan B + tan y) 
1—tan В tany 
= tan(kr- o) = tan(B + y) 
> a+PBp+y=kn 
Taking k= 1, we get œ + B + y= which implies that there exists a triangle whose 
angles are a, D, and y and whose sides opposite to these angles are proportional to 4, 
5 and 6. 
Let the sides of such A be 4k, 5k and 6k. 


— 


= tan(f +y) 


=> -tana= 


s = semi-perimeter of the triangle = = 


тап © — (s-5k)s—6Kk) | 
2 s(s — 4k) 
1 
» An л 
x = tana 
-p I 3 
Г== 
7 


5/7 
Similarly, y = tan В = z , and = tan у= 34/7 


С В = = SS anh) and tan к= Gs 4k)(s -6k) | 
2 \ s(s—5k) 2 s(s — 6k) 


where o, D, and y are measures of the angles А, B, and C of AABC. 


Problem 40 //'а,+ a,cos x + a,cos 2x + азсоѕ 3x = 0 for all x e R, show that ay = a, 
=a,=a;=0. 


Solution: Let, f(x) = а + a,cos x + a,cos 2x + a4cos 3x 
f(0) =ay + a, +a, +а; = 0 (D 


(8) o. -0 => =m (2) 


л 1 1 
=ау+—а@ а — a, =0 
ie 04747727B 


zx da ad 0 
a а а. 
39794 8 


1 
> 8 7 +a) (3) 
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> at а-а) -0 
Shae = (4) 


Substituting in Eq. (1) the values obtained shown in Eqs. (2) and (3) 

2a, + а E ta) = 0 

=> 5a,+3a,=0 

or a =—a 5 
= (5) 

From Eqs. (4) and (5), we get: 

ы - 

ЕА 
Again, from Eqs. (3), (5), and (6), we get: 


Gs)" 


2 1 


1 2 
= —-—=x—a, = — a 
Эз 5° Sa 


= Е 3 jo 
43 5 J25)" 
[5342 -1) 


a NL 
(4-342) 
542 


“ a,=0 


л a3 =0 E 85-3) 


=> 


=O but + 0 


dy = a, = 0 


Thus, dy = a, = a) =a,=0. 


Problem 41 /f any straight line is drawn cutting three concurrent lines OA, OB, OP 
at A, B, P then 

AP _ AOsin AOP 

PB  BOsinPOB 


Solution: 


1 : 
AP AAOP | S renee 


PB APOB 5 BO-PO-sin BOP 


_ AOsin AOP 
BOsin BOP 
Lo4.PH 1 OA-OP-sin HOP 
AP AAOP 2 ee 


or = 
a OLOR 5 ВО-РК 5 04: OP-sin РОК 
_ OP sin AOP 
OP sin POB ` 
Problem 42 ABC is a triangle. O, I and H are its circumcentre, in-centre and ortho- 
centre. Show that LOAI = ZHAI. 


Solution: Let, AJ meet the circumcircle at О. 
OA = OO 
(radii of the circum circle) 
ZOAI - ZOOI 
O is the circumcentre and AQ bisects ZBAC 
-. arc BO = arc OC 
OQ is perpendicular to chord of arc BC 
OO || AH (both being perpendicular to the same line BC). 
- ZHAI- ZHAO = ZAQO = ZOAQ = ZOAI 
AI bisect ZHAO. 


Problem 43 /f'the altitude AD meets the circumcircle of the AABC at P and, if H is the 
orthocentre, show that HD = PD. 


Solution: 
ZCPD = ZCPA 
= ZCBA = ZCBF 
= 90° – ZFCB 
= 90° – ZHCD 
= ZDHC= ZCHD 
“CP = CH 
-. CD is the perpendicular bisector of PH (~ ZCDH = 90°) 
- DH-DP or HD=PD. 


Problem 44 ABC is a triangle. The altitudes from A, B, C meet the opposite sides BC, 
CA, AB at D, E, Е Here, Н is the orthocentre of AABC. Show that the bisectors of the 
angles of ADEF are concurrent at H. 


Solution: FHDB, EHDC and AFHE are cyclic quadrilaterals. 
-. In the cyclic quadrilateral FHDB 
ZHDF = ZFBH (angles in the same segment) 
= LABE 
=90°-A (1) 
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In the cyclic quadrilateral EHDC. 


ZEDH = ZECH (angles in the same segment) 
= ZACF 

= 90° – 4 (2) 
From Eqs. (1) and (2), we get ZHDF = ZHDE 

i.e., HD bisects ZFDE. 


Similarly, we can prove that FH and EH bisect angles ZDFE and ZDEF, which 
implies that the bisectors of 7D, ZE, and ZF of ADEF pass through H, the orthocen- 
tre of AABC (i.e., H is the in-centre of the pedal ADEF). 


Problem 45 ABC is a triangle that is inscribed in a circle. The angle bisectors of A, B, 
C meet the circle at D, E, Е Show that AD is perpendicular to EF 


Solution: Let AD intersect EF at M. 
Consider the AIMF 
ZMFI = ZEFC 
= ZEBC (Angles in the same segment) 


ZMIF = 180°—ZMIC 


= 180° [iso x | (In AAIC) 
2 2 
А C 
= — + — 
2 2 
- 180°- p) 
2 


-90°-2 
2 


<. ZIMF = 180°- [ZMFI + ZMIF] 
= 180° (290 3 |=90° 
2 2 


i.e., AD is perpendicular to EF. 
Similarly, we can prove that BE and CF are perpendiculars to FD and ED. 


Problem 46 Given a circle and two points A and B inside the circle. If possible, con- 
struct a right-angled triangle inscribed in the circle, such that one leg of the right- 
angled triangle contains A and another leg contains B. 


Solution: On AB as diameter, draw a semi-circle to cut the given circle at, say, C and 
C'. Join CA and CB. Extend them to meet the circle at P, Q. 

Then, АРСО is the required triangle. Since, ZACB = ZPCQ = 90°, РО will be the 
diameter. Similarly, if the other point C' is joined to A and B and extended to meet the 
given circle at P’, О', then AP'C'Q' is the A satisfying the given condition. 

The semi-circle on AB, as diameter, may cut the circle at two points or touch the 
circle, or the full circle itself may be in the interior of the given circle. Accordingly, 
there are two two right angled triangles, or one right angled triangle triangle, or no 
right angled triangle satisfying the hypothesis. 


Problem 47 Let, ABCD be a square, and k be the circle with centre B passing through 
A and C. Let, I be the semi-circle inside the square with diameter AB. Let, E be a point 
on I, and the extension of BE meet the circle k at E Prove that ZDAF = ZEAF 


Solution: 
(1) BA = BF (Radius of the circle k.) 
(п) ZAEB = 90° (Angle in the semi-circle.) 
(ш) ZEAF = 90? — ZAFE = 90? -ZAFB 
= 90° – ZBAF (BA = BF by Step (1)) 
= BAD -ZBAF 


=ZFAD or ZDAF. 


Problem 48 Let / be a given line. A and B are the given points on the plane. Choose 
a point P on l, so that the longer of the segments, AP or BP. is as short as possible. 
Uf AP = BB either segment may be taken as the longer segment). 


Solution: If A is further away from / than B, i.e., B is nearer to / than A is, draw AA, 
perpendicular to / (first figure). 


(i) If 4A, > BA, then A, = P. For any other point, О on /, ВО < AQ and AQ > AA, 
as AQ is the hypotenuse of the right angled AA4,Q. 

(ii) If АА, < BA, draw the perpendicular bisector /, of AB meeting / at P (second 
figure). 


Now, AP = BP. 

If О is a point on /, such that В and О are on the same half-plane determined by /j, 
then AQ > BQ. But, then AQ > AP, so the longer segment is not the least. 

Again, if R is a point on /, so that A and R lies on the same half-plane determined 
by /, then AR < BR. 

But, BR is not the shortest as ZBPR > 90° and hence, BR > BP. Thus, the point on 
1 with the required property is Р. 


Problem 49 Let, A and B be two points inside a given circle k. Prove that there exist 
infinitely many circles through A and B which lies entirely in k. 


Solution: Join 4 and B to the centre (O) of the circle k. 

If P is a point on OA, any circle with centre P and radius PA lies entirely inside Ж, 
since A is an interior point of k. 

Similarly, if Q is a point on OB and the circle with its centre Q and radius QB lies 
entirely inside K. 

Since, OA is less than the radius of the circle k, and the circle with O as centre and 
radius OA lies inside circle K. 

(It is the concentric circle with К) and circle with centre P and radius РА is a circle 
touching the concentric circle of k with radius OA internally, and hence, this circle lies 
entirely inside k. Similarly, for the point О on OB, the following explanation can be 
given. 

Let the perpendicular bisector of 4B meet OA at C (or, this perpendicular bisector 
may meet OB). 

Now, the set of centres of the set of circles passing through A and B are the points on 
this perpendicular bisector. 

Taking any point P on line segment DC as centre and radius PA = PB, an infinite 
number of circles can be constructed. All those would lie entirely on k. This is because 
there are infinite number of points as P on line segment DC. 
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Problem 50 Show that the radian measure of an acute angle is less than the harmonic 
mean of its sine and its tangent. 


Solution: Let the acute angle in the problem be o. The harmonic mean of sin о and 
tan 015 


4sin2. cos 2 
2 _ 2sina _ 


a 
= 2tan 
1 " 1 1+ соѕа 2 


sina tana 


2cos? Ž 
2 
So, we should prove a « 2tn7. 


In Fig. 3.79, mZAOB = а radians and the radius of the circle with centre О is 1 unit. 
i.e., ОА = ОВ = 1. 


Arc АВ = а < : sq. units 


Let the tangents at 4 and B intersect at C. 


Let OB produced meet the tangent at A at the point D and BE perpendicular to AD. 
(i) Area of the sector OAB 


1 a : 
= —xaxl=— sq.units 
2 2 


But the sector OAB is contained in the quadrilateral OACB. 
(п) <». Area of the sector < Area of the quadrilateral. 
= Area of the sector < 2 area of AOAC (С> AOAC = AOBC) 


Area of AO4C- O4 AC > Ixtan^ sq. units 


s Р 
2 


a А 
a < 2tan 2 as required 


Problem 51 Show that if о, В and y are angles of an arbitrary triangle, then 


ми ыы ur < 4 
2. 2 2 4 


Solution: œ + В + y = 180? and hence, = Гаа? < 90°. 


Since, а +В+у) = 90° 


1 1 1 
=> -0+- В +-у = 90° 
2 ;P 2” 


a 1 1 

= =90°——(3#+у)<90—-—/<90° 

J "Aa d 3^ 

du iu ed 90? 18 sin eee” tine 
2 2 2 2 2 2 


- 1 
= 50 fp < – 
2 j 2 
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(i) Suppose, yis the smallest of the 3 angles, then y < a — 60? and 2s 30°. 


(So, uin Сашзбе t. 
2 2 


From Steps (1) and (ii), we have sin? sin sin? « ; x 


> ae . 
2 2 2 4 


2 


Problem 52 A semi-circle is drawn outwardly on chord AB of the circle with centre 
O and unit radius. The perpendicular from O to AB meets the semi-circle on AB at C. 


(1) Show that if C' is any other point on the semi-circle, then OC > OC'. 
(п) Determine AB, so that OC has maximum length. 


Solution: 
(i) OC' < OD + DC = OD + DC = OC 
(п) Let, OD = Va units 
So that 
AD= Vl-a units 
- AD= BD = DC 
= 1-а units 
-. OC? = (Ор + DC? 


= (a+ may? 


=1+2,J/a(1—a) 
If OC is to be a maximum, then OC? should also be a maximum. 


For this, 1+ 2,/a(1—a) should be maximum. 


i.e., a (1 — a) should be maximum. 
1 ү 
a(1-a) -a- à? a 
a-a) (7) 
1 


2 : Р 
So, а — а is a maximum, when к= = i.e., a= 


1 

A 
I 4 

This implies that OD = Va = | = 21 


In AAOB, ОА = ОВ = 1 


42 


OD = — 
2 
л. АР=\ 1 П_\2 
2\2 3 
А AB- 24D - 42 


Thus, the sides of the A4BO are in the ratio 1:1: X2. So ZAOB = 90°. 
Thus, to determine AB, draw two radii OA, OB, inclined at an angle of 90? at O. 
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Problem 53 AB is a chord of a circle with centre О, and ON is a radius perpendicular 
to AB, meeting AB at M. P is any point on the major segment. Join PM and extend it to 
meet the circle at О. Join PN and let it intersect AB at К. Prove that RN > МО. 


Solution: Draw the diameter NON’. Let, P' be the reflection of P in the diameter 
NON'. N is its own image under this reflection (Since N lies on the axis of reflection 
NON’). 

Since, AB is perpendicular to NON’, R is reflected to the point R’, which is the inter- 
section of P'N and AB. [PN > P'N and since, R є PN and AB, R'e P'N and AB, as AB 
is reflected to AB, (but not point-wise) as АВ is perpendicular to N'N]. 

7 RN=R'N 

PP' and AB are parallel as both are perpendicular to NN’. 

2 ZNR'M = ZNP'P = ZNOP 

(NP subtends equal angles at P' and Q on the circle) 

= ZNOM 

i.e., NM subtends equal angles at A' and Q. 

-. Points N, О, R', M are concyclic 

ZR'MN = 90° (^- R'M || P'P and NM perpendicular to AB and P'P) 

-. R'N is the diameter of the circle through the points О, A', M, N and OM is a 
chord. 

—RN-OM 

(ZONM = ZQNN' < 90? as NN’ is a diameter of the given circle. 

OM cannot be the diameter of the circle through ОММА”). 


Problem 54 Suppose, two circles q and r intersect at A and B. P is a point on the 
arc of q which lies out side r. PA and PB are joined and produced to meet the second 
circle at C and D. Show that for all positions of P on the circle q, the length of CD is 
a constant. 


Solution: Let, P' be any other point on the arc of the circle q lying outside the circle r: 
Let, Р'А апа Р'В meet the circle, again, at C' and D'. 
We are required to show that CD = CD’. 


ZPAP' = ZP'BP (Angle in the same segment) 
Now, ZC'AC = Vertically opposite ZPAP’ 
= ZP'BP 


= Vertically opposite ZD'BD 

In the circle r, ZC'AC = ZD'BD 

-. arc C'C = arc D'D 

-. arc C'C + arc C'D' = arc D'D + arc D'C 
=> arc C'D' = агс CD 

-. Chord C'D' = Chord CD. 


Problem 55 Show how to construct a chord BPC in a given angle A, through a given 
1 1 
point Р, such that — + — is maximum, where P is in the interior of ZA. 
BP PC 


Solution: Draw PC’ || AB and P'C' || BC as shown in the figure. 
AAP'C' is similar to ЛАРС. 


[^ ZP'AC'- АРАС, КАСР = ZAC'P'] and APC'P' is similar to ЛАВР. 
[- ZC'PP-ZBPA; ZCPP' = ZBAP] 


. P'C' AP’ 
` PC AP 
P'C' P'P 
PB PA 
Adding Eqs. (1) and (2), we get: 
P'C' " P'C' _ АР'+Р'Р 
PC PB PA 


(1) 


Q) 


and 


If the quantity ES + E is a maximum, then P'C' should be minimum. 
PB PC 


But, C'P' is minimum if C'P' is Lr to AP. But, P'C' is parallel to BC and Р'С' 
perpendicular to AP implies BC should be perpendicular to AP. So, join the vertex 
A of the given angle to the given point P and draw perpendicular to AP through P, 
terminated by the arms of the given angle A at C and B. Now, we have the chord BPC 
satisfying the hypothesis. 


Problem 56 /f lines PB and PD outside a parallelogram ABCD make equal angles 
with the sides BC and DC respectively, then prove that ZCPB = Z DPA. 


Solution: Let, ZPBC = ZPDC=a 


“СРВ = В 

ZDPC=Y 

ZAPC=6 

A 

and, ZADC = ZABC= 0 

none ТЕ. (1) 
sin(y +ô) sina 

In ABCP, a = - (2) 
sinf sina 

From Eqs. (1) and (2), we get: 

CD Е sin(y +6) (3) 

BC sin f 

In AAPD a 4 (4) 


siny 7 sin(0 +a) 
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In AAPB — B. c - 8 (5) 
5106 +ô) sin(O+a) 

From Eqs. (4) and (5), we get: 

АВ sin(B +ò) (6) 

AD siny 

But, CD- АВ and 

AD = BC. 


-. From Eqs. (4) and (6), we get: 


sin(y +ô) _ sin(B +ô) 
sin f siny 

-. sin ysin (y+ б) = sin sin (B + б) 

cos ô — cos (2у+ ô) = cos ô — cos (2B + ô) 

2 cos (2B + ô) – cos (2y+ 6) = 0 

-. 2 sin (y+ B+ б) sin(y- B)-0 

But, B+ y+ 5 = 0 and it cannot be = л 

-. sin (у— p) = 0. 

~ B=7. 

Hence, the required result. 
Aliter: Choose a point Q, such that both ВСРО and ADPQ are parallelograms (О can 
be chosen to satisfy this condition as AD || BC and AD = BO). 


Now, ZBPO = ZBAQ = а 

{PD ||AQ and CD|AB -. ZPDC=ZQAB=a 

ZCBP = ZBPQ alternate angles for the parallel lines BC and OP} 
ВОРА is concyclic. 
ZAPB = B+ d= ZAQB = ZDPC 
DP|\|AQ and CP || BO=y+6 

ELLA 


hence, the result. 


Problem 57 Given an isosceles AABC with base angle 40°. Extend AB to D, such that 
AD - BC. Join DC. Find ZDCB. 


Solution: Through D, draw a line DE parallel to BC to meet the line through C parallel 
to AB at E. Join AE to meet BC in F. Through F draw a line parallel to BD to meet DE 
in G. Join CG and AG. Through D draw a line parallel to CG to meet BC in H. DE — 
BC = AD = а. ЛАРЕ is isosceles. ЛАВЕ 15 also isosceles. 
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-. ZDAE = ZDEA = 70° 
Now, AB = BF-c 

2 СЕ= BD-AD-AB-a-c 
Also, СЕ = BC- ВЕ =а- с 

2 СЕ = СЕ 

2. СЕСЕ is a rhombus. 

-. CG bisect ZECF 

2. ZGCB = 20°. 
Now, DGCH is a prallelogram with DG = BF = CH= ВА = с 
ADBH = AGEC 

("^ DH=CG,BD=CE and ZGCE-ZBDH) 
In AACG ZACG = ZACB + ZBCG = 40? + 20? = 60° 
Since, GECF is a rhombus, FE L GC, 

- AE L CG 

Also, EG = EC 

-. By symmetry, 
AAEG = AAEC 

<. ZGAC = ZGAE + ZEAC = 2ZEAC (by congruence) 
= 2[ZBAC —ZBAE] = 2[100? — 70°] = 60? 

-. ZACG is an equilateral A 
AC = CG=AG=b=c (^. AABC is isosceles) 
-. DGCH is a rhombus. 

-. DC bisects ZFCG 

2. ZDCB = 10°. 

Aliter 1: 
a  sinl0O? _ sin80° 
c  sin40?  sin40? 
a _ sin(40°—a@) | sin 80? 
a-c sina sin 80? — sin 40? 
7 cos10? 
2cos 60? -sin 20° 
cos10? _ 1 
2sin10° 


2.7 -2sin10°¢0s 10° 


1 
2sin10° 


sin40° cot o — cos 40° = 


. 2cos40°sin10°+1 _ sin50°—sin30°+1 
2sin 10° sin 40° 2sin10° sin 40? 


cota 
1 
NE 2cos40°+1 ^ 2cos40* 
251п 10° $10 40° 2(соѕ30° — cos 50?) B — 2 sin 40° 
. cos40°+cos60° 2cos50°cos10° _ 
sin 60? — sin 40° 2cos?sin10? 
for 10%: 


cot10 
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Aliter 2: 

Solution: Since 4B = AC 
ZABC = ZACB = 40° 
-. ZBAC = 100° 
Construct an ZADX = 60° 
Draw an arc DE on DX such that AD = DE. 
Join AE which cuts BC at M and DC at K. 
Now in AADE, ZADE = 60° and AD = DE 
-. AADE is an equilateral triangle 


AD = DE - AE (1) 
So ZDAE = 60°; ZEAC = 40° 

In AAMC, 

ZMAC = ZMCA = 40° 

= AM = МС 

Since BC = AD = AE 

МС= АМ 

=> ВС- МС= AE - AM 

= BM=ME (2) 
In AAMB and ACME 

АМ = СМ 

ZAMB = ZCME = 80° (УОА) 


МВ = ME (Proved above) 
By SAS Congruence 
AAMB = ACME 

= АВ = СЕ 

But AB = AC = AC = CE 
Also AD = DE 

-. ACED is a kite 

AE L CD 

-. AMKC, by ASP of triangle 
90? + 80° + ZMCK = 180° 
= ZMCK = 10° 

= ZDCB = ZMCK = 10° 


Problem 58 Let, ABC be a triangle of area A and A'B'C' be the triangle formed by the 
altitudes h,, hy, h, of AABC as its sides with area № and A" B" C" be the triangle formed 
by the altitudes of ^ A'B'C' as its sides with area A". If A! = 30 and A" = 20, find A. 


Solution: Let a, b, c be the sides of AABC. 
Let, h,, Ap, A, be the sides of A4'B'C. They are also the altitudes of AABC. 


» ѓа? 


Геї, h;,h;,h. be the sides of A4"B"C". They are also the altitudes of AA'B'C. 


_2А 
а 


ah, = Lu - La, =A .. А, 
2 2 


h 


a 


[н-м 


d n Rel p dread 
2 2 


y = 2A" _ 2A" aW 
a h, 2A A 
a 
д? o a thy the hu hy Аа hy tM h + I 
2 2 2 2 
1 [aA' | bA' ч aA ъл - E bA' c bA' cA' aN 
= +—+ + x 4 à 
2| ^ A АДА A afla A AJA A A 
A" A^ n 
cc ша LL EN 957 
N = 30, А” = 20 
" д2 А 305 _ 3* 10 mE да 
AU 20% -22x107 2 : 


| Check Your Understanding | Your Understanding 


1. 


10. 


11. 


12. 


Prove that, in AABC, whose sides AB, BC, CA have measures 4 cm, 3 cm and J5 

cm respectively, the medians AK and CL are mutually perpendicular. 

. Let D be an arbitrary point on side AB of a given triangle ABC and let E be the in- 
tersection point where CD intersects the external common tangent to the incircles 
of triangles ACD and BCD. As D assumes all positions between 4 and B, prove 
that the point E traces the arc of the circle. 

. InAABC, М is the mid-point of ВС. P is any point on AM; PE, PF are perpendic- 
ulars to AB, AC respectively. If EF || BC, prove the triangle is either right-angled 
or isosceles. 

. Let C, and C, be circles whose centres are 10 units apart, and whose radii are 1 
and 3. Find the locus of all points M for which there exists points X on C, and Y 
on C, such that M is the mid-point of the line segment XY. [Putnam, 1996] 

. Prove that the quadrilateral formed by the angle bisectors of a cyclic quadrilat- 
eral, is also cyclic. 

. AD, BE, CF are the altitudes of AABC. If P, О, R are the mid-points of DE, EF, 
FD, respectively, then show that the perpendicular from P, O, R to AB, BC, CA, 
respectively, are concurrent. 

. The larger base of an isosceles trapezoid equals a diagonal and the smaller base 
equals the altitude of the trapezoid. Find the ratio of the smaller base to the larger 
base of this trapezoid. 

. Suppose the angle formed by the two rays OX and OY, is the acute angle a and A 
is a given point on the ray OX. Consider all circles touching OX at A and intersect- 
ing OY at B, C. Show that, the centres of all triangles ABC lie on the same straight 
line. 

. Let / be the incentre of AABC. Let the incircle of AABC touch the sides BC, CA, 

AB at K, L, M respectively. The line through B parallel to MK meets the lines LM 

and LK at R and S respectively. Prove that Z RIS is acute. 

In a rhombus ABCD, ZA = 60°. Let K be a point on the diagonal AC; choose 

points L, M on AB, AC respectively, such that, KLBM is a parallelogram. Show 

that the triangle LMD is equilateral. 

Construct a triangle, given its perimeter, the angle opposite the base and the alti- 

tude to the base. Justify. 

Given AABC. Let line EF bisects ZBAC and AE - AF = AB · AC. 

Find the locus of the intersection P of lines BE and CF. 
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14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


The diameter AB ofa circle is divided into four equal parts at P, O, R in that order. 
CD is a chord of the circle through P, such that, 2PD = 3AP. Find the ratio of the 
area of quadrilateral ACBD to that of triangle CAP. 

In AABC, ZA = 75°; ZB = 60°; CF and AD are the altitudes from C and A respec- 
tively. H is the orthocentre and O is the circumcentre. Prove that O is the incentre 
of ACHD. 

In AABC, D is a point on BC, such that, AD is the internal bisector of ZA. Sup- 
pose ZB = 2ZC. Also suppose CD = AB. Prove that ZA = 72°. 

ABC is a scalene triangle. Equilateral triangles ABC, BCA, CAB, are drawn out- 
side the triangle ABC. Prove that 44|, BB,, CC, concur, say at a point K. Prove 
further that 44, = KA + KB + KC. 

Let ABCD be a cyclic quadrilateral. Prove that the incentres of the triangles ABC, 
BCD, CDA and DAB form a rectangle. 

A circle cuts the sides of AABC internally as follows: BC at D, D'; CA at E, E'; AB 
at F', F. If AD, BE, CF are concurrent, prove that, AD’, BE’, СЕ are also concurrent. 
The incircle of AABC has centre / and touches the side BC at D. Let the mid- 
points of AD and BC be M and N respectively. Prove that, M, 1, М are collinear. 
D, E, F are the feet of the altitudes of AABC and G, H, I are the points of contact 
of the incircle of ADEF with the sides of AABC. Prove that, AABC and AGHI 
have the same Euler’s line (.e., the line through the circumcentre and centroid). 
Perpendiculars from a point P on the circumcircle of AABC are drawn to lines AB, 
BC with feet at D, E, respectively. Find the locus of the circumcentre of APDE as 
P moves around the circle. 

The sum of two adjacent angles of a trapezium is 90°. The lengths of two parallel 
sides are ‘a’ and ‘b’ respectively. Show that the length of the line segment joining 


Я А ; 3. al 
the mid-points of the two parallel sides is 2 la — P|. 


Let ABC be an acute angled triangle and let D, E, F be the feet of the perpendicu- 
lars from A, B, C respectively to BC, CA, AB. Let the perpendiculars from F to 
CB, CA, AD, BE meet them at P, Q, R and N respectively. Prove that the points P, 
О, M, and М are collinear. 
Circles S, and 5, with centres O}, O, respectively intersect each other at points A 
and В. Кау ОВ intersects S, at point F and гау О,В intersects 5, at point Е. The 
line parallel to EF and passing through В intersects S, and 5, at points M and N, 
respectively. Prove that B is the incentre of AEAF and MN = AE + AF. 

[Russian MO, 1995] 
On the circumcircle of AABC, let A’ be the mid-point of arc. (Not containing A). 
Let I be the incentre of AABC. Prove the following results: 
(1) A, J, A’ are collinear. 
(ii) A’ 15 the circumcentre of ABIC. 
Given the base and the vertical angle of AABC, prove that the area and perimeter 
of AABC are maximum when the triangle is isosceles. 
Triangle ABC has a right angle at C. The internal bisectors of angles BAC and 
ABC meet BC and CA at P and Q respectively. The points M and N are the feet of 
the perpendiculars from P and Q to AB. Find angle MCN. [British MO, 1995] 
Let J be the incentre of AABC and let X, Y, Z be the feet of the perpendiculars 
from / on the sides BC, CA, AB respectively. If /X meets YZ as N, then prove that 
A, N and the mid-point A' of BC are collinear. 
AABC has incentre / and the incircle touches BC, CA at D and E respectively. Let 


BI meets DE at G. Prove that, AG is perpendicular to BG. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


ABCD is a cyclic quadrilateral; points C,, A,are marked on the rays BA, DC re- 
spectively, so that, DA = DA, and CB = C,B. Prove that the diagonal BD intersects 
the segment A, С, at its mid-point. 
In an acute angled triangle ABC, ZA is 30°, “Н” is ће orthocentre and “М? is the 
mid-point of BC. On the line HM, take a point 7, such that HM = MT. Prove that 
AT = 2ВС. 
Given any acute angled triangle ABC, let points х, у, z be located as follows: X is 
the point, where the altitude from A on BC meets the outward facing semicircle 
on BC as diameter. Points Y and Z are defined similarly. Prove the result: 
[BCXT + [CAYP + [ABZ] = [ABC], where the notation [POR] denotes the area 
of APOR. 
ABCD is a square. E is a point inside the square, such that ZEBA = ZEAB = 15°. 
Prove that ACED is equilateral. 
In AABC, suppose AB > AC. Let P and Q be the feet of the perpendiculars from B 
and C to the angle bisector of ZBAC, respectively. Let D be on line BC such that 
DA L AP. Prove that lines ВО, PC and AD are concurrent. 
Through a point on the hypotenuse of a right angled triangle, lines are drawn 
parallel to the other two sides, so that the triangle is divided into a square and two 
triangles. If the area of one of the two small right triangles 15 ‘K’ times the area of 
the square, prove that the ratio of the area of the other triangle to the area of the 
first triangle is given by 1 : 42. 
ABCD is а line segment, trisected by the points В апа С. Р is any point оп ће 
circle where BC is its diameter. If the angles ZAPB and ZCPD are respectively a 
and f, prove that, 4tan o: tanp = 1. 
Prove in any AABC, if one angle is equal to 120°, then the triangle formed by the 
feet of the angle bisectors, is right angled. 
Let M be a point on the side of AABC. Let rj, r;, r be the radii of the inscribed 
circles of triangles AMC, BMC and ABC respectively. Let q,, 45, q be the radii of 
the inscribed circles of the same triangles that lie, in the angle ZACB. Prove the 
following result: Ha ut, 

dq Ф Я 
There аге exactly 100 lattice points on the circumference of a circle with origin as 
the centre. Prove that the radius of this circle will either be an integer or V2 times 
an integer. 
ABC is a triangle with side lengths 13, 14, 15 units. If Z be its incentre and R its 


AI- BI-CI . 
—————— 15 ап integer. Is 


circumradius, prove that the value of the expression, 

it a square? 

Let BB' and CC’ be altitudes of triangle ABC. Assume that AB + AC. Let M be the 

mid-point of BC, H the orthocentre of ABC and D the intersection of B'C' and BC. 

Prove that DH L AM. 

Prove that if the internal and external bisectors of ZC of AABC are congruent, 

then, AC? + BC? = AR?, where R is the circumradius of AABC. 

Point P is inside AABC. Determine points D on side AB and E on side AC such 

that BD = CE and PD + PE is minimum. 

Given a triangle ABC, let J be its incentre. The internal bisectors of the angles 

meet the sides in D, E, and F respectively. Prove that the area of ADEF is given 
2abcs 


by , in the usual notation, S being the area of A4BC. 
(a * b)(b 4 c)(c-- a) 
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53. 


54. 


55. 


56. 


57. 
58. 


59. 


60. 


Diagonals AC and CE of the regular hexagon ABCDEF are divided by the inner 


Е А АМ 
points M and №, respectively, so that —— = SM =r 
AC CE 
Determine r if B, M and N are collinear. [IMO, 1982] 


ABCDEF is a hexagon inscribed in a circle. Show that the diagonals AD, BE, CF 
are concurrent if and only if АВ. CD: EF = BC: DE: FA. 

Let A = tana tan D + 5; B = tan B tan y+ 5; С = tan y tan æ + 5; where a, D, y are 
positive and a+ B + y= 7/2. Prove the inequality: VA -- B + JC < 44/3. 

Let AABC be a right triangle with ZA being the right angle. Prove the inequality: 


sin B sin C < 2 Find the condition for which the equality holds. 


In AABC, prove that, in the usual notation, 
3(bc + са + ab) < (ac b cy < 4(ab + bc + ca). 
If A is the area of AABC with sides a, b, c prove that, 


(i) A< 2 faba b+c). 


(ii) When does the equality hold? 

(iii) Also deduce the formula for the area of an equilateral triangle. 

Let A, B, C be an equilateral triangle. Let K, L, M be arbitrary points, chosen on 

the sides BC, CA, AB respectively. 

(i) Prove that the area of one of the triangles AML, BKM, CLK is less than or 
equal (ЛАВС). (That is a quarter of the area of AABC) 

(ii) When does the equality hold? 

Let ABCD be a convex quadrilateral with ACT BD ={E}. Let Р, F5, F 

be the area of AAED, АВЕС, and quadrilateral ABCD. Prove the inequality: 


АГА + JF; < УЕ. When does the equality occur? 


In an acute angled triangle ABC, prove the inequalities; 
(i) cot4 + cot B + cotC 2 3 
(1) ї{ап?А + tan’B + tan^C > 9 
(iii) sin? A + sin?B + sin?C < 9/4 
Prove that, in an acute angled triangle ABC, the following inequalities hold: 
(i) cosA соѕ В cosC < 1/8 
1+ cos 4+ cos В + cos C 


(ii) 210 
2cos Acos BcosC 


Prove that, а2рд + b’gr + с?р € 0, whenever a, b, c are the lengths of the sides of 
a triangle and p +q +r 0. (р, q,r eR) 
1 1 
In ЛАВС, show in the usual notation that, 7 +—>+— 2 : 
a^ b^ c^ abe 
Which regular polygons can be obtained (and how) by cutting a cube with a plane? 
The sides AB, BC and CA of a triangle are c, a, and b respectively. 


Ifa +b- 1993c, find the value of ЕЕ 
cot A+ cot B 


Given a circle, a point P on it and a line intersecting the circle in two points, construct 
all chords of the circle through P which are divided by the line in the ratio 1 : 2. 
Given an arbitrary triangle ABC, let P and Q be the centres of squares on AB and 
AC, respectively, as shown in the figure. If M is the mid-point of BC, show that 
triangle PMQ is an isosceles right-angled triangle. 
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61. Let, M be any point on AB. Squares АМСР and BMEF are constructed and the 
circumscribed circles of АМСР and BM BF intersect at M and N. Show that the 
lines AE and BC pass through N. 


62. The exterior and interior bisectors of the angle A of AABC meet the side BC at E 
and D as shown in the figure. If AD = AE, find ZBCA — ZCBA. 
63. АВС 15 a triangle with ZB = 120? and ВТ is the bisector of ZB meeting AC at T. 
Prove that BT is the Harmonic Mean between BC and BA. B D Cc Е 
64. ABC isa triangle. The internal and external bisectors AP and AQ of ZA meets the 
line BC at P and Q, respectively. Prove that BC is the Harmonic Mean between 
BP and BQ. 


65. ABCD is a cyclic quadrilateral. The chords AB and DC produced to meet at Q. AD 
and BC produced to meet at P. The bisectors of angles О and P meet the circle at 
U, V, T and S, respectively. Show that PV and QS intersect at right angles. 


66. ABCD and PORS are two squares circumscribed and inscribed about a circle with 
centre О and radius 1 unit and the diagonals PR and QS of PORS lie along the 
diagonals AC and BD. If K, L, M and N are the mid-points of РА, OB, RC and SD, 
show that KLMN is a square and compare the perimeter of this square to that of 
the circumference of the circle. 


67. AB is a directed line segment and is divided at C, so that BA · ВС = AC’. Prove 
that AB? — AC? = AB- AC. 

68. In an acute angled triangle ABC, ZA = 30°, O is the ortho-centre and M is the 
mid-point of BC on the line OM; T is the point, such that OM = MT. Show that AT 


=2BC. [INMO, 1995] 

69. Two right-angled triangles ABC and FDC are such that their hypotenuses AB = p D 
and FD = д intersect in Е as shown in the figure. Find x (the distance of the point 
E from the side FC) in terms of a= “ВАС, В = ZDFC and the length of the two B 
hypotenuses. а 90° 

70. Equilateral AADC is drawn externally on side AC of AABC. Point Р is taken оп A а Ё ft C 


BD. Find ZAPC if BD = PA + РВ + PC. 


Challenge Your Understanding 


1. Prove that the bisector of an angle of a triangle is equal to or less than half the sum 
of the arms of the angle. 
Apply this result to prove the following problem: 
In the figure, P is the mid-point of the line segment AB, ZBAC = 60° and ZABD 
= 120°. X is any point on AC such that, XP extended meets BD at Y. Prove that the 
length of XY is greater than or equal to the length of AB. 
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. Acircle passing through vertices B and C of triangle ABC intersects sides AB and 


AC at C' and B', respectively. Prove that BB’, CC' and HH' are concurrent, where 
Hand H' are the orthocentres of triangles ABC and AB’C’, respectively. 
[IMO shortlisted problem 1995] 


. Point C lies on the minor arc AB of the circle centreed at O. Suppose the tangent 


line at C cuts the perpendiculars to chord AB through A at E and through B at F. 
Let D be the intersection of chord AB and radius OC. Prove that CE - CF = AD · 
BD and CD? = АЕ · BF. 


. Two circles P, and Р, intersect in two points P and О. The common tangent of P, 


and P,, nearer P than Q, touches P, and P, at A and B respectively. The tangent to 
P, at P intersects P, at E (distinct from P). The tangent to P, at P meets P, at F 
(distinct from P). Let H and K be two points on the rays AF and BE respectively, 
such that, АН = AP, BK = BP. Prove that the points А, H, О, K, B are all concyclic. 

[AMTI, 2008] 


. Suppose А is a point inside a given circle and is different from the centre. Con- 


sider all chords (excluding the diameter) passing through A. What is the locus of 
the intersection of the tangent lines at the endpoints of these chords? 


. The circumference of the circle is divided into 8 arcs by a convex quadrilateral 


ABCD, with four arcs lying inside the quadrilateral and the remaining four arcs 
lying outside it. The lengths of the arcs lying inside the quadrilateral are denoted 
by p, q, r, s in counterclockwise direction, starting from some arc. Suppose p + r 
=q + s. Prove that the quadrilateral ABCD is cyclic. [RMO, 2002] 


- If A, B, C, D are four distinct points such that every circle through A and B inter- 


sects or coincides with every circle through C and D, prove that the four points 
are either collinear or concyclic. [Putnam MO, 1965] 


. The cyclic octagon ABCDEFGH has sides a, a, a, a, b, b, b, b respectively. 


Show that the radius of the circle circumscribing the octagon is given by, 


qve 4 Bab B). [RMO, 2002] 


. А circle intersects a triangle ABC at six points A,, 45, Bj, В, C1, С, where the or- 


der of appearance along the triangle is A, С, Сз, В, А), 45, С, В|, By, A. Suppose 
B,C, В,С, meets at X, C,A,, СА, meets at Y and A, В|, A,B, meets at Z. Show 
that AX, BY, CZ are concurrent. 
In AABC, let D be the mid-point of BC. If ZADB = 45? and ZACD = 30°, 
determine ZBAD. [RMO, 2005] 
Let ABC be a triangle and D the foot of the altitude from A. Let E and F be on a 
line passing through D such that АЕ is perpendicular to BE, AF is perpendicular 
to CF, and E and F are different from D. Let M and N be the mid-points of the 
line segments BC and EF, respectively. Prove that AN is perpendicular to NM. 
[APMO, 1998] 
Let ABC be a triangle. Let M and N be the points in which the median and the 
angle bisector, respectively, at 4 meet the side BC. Let Q and P be the points in 
which the perpendicular at N to NA meets MA and BA, respectively, and O the 
point in which the perpendicular at P to B4 meets AN produced. Prove that QO is 
perpendicular to BC. [APMO, 2000] 
Assume AABC is isosceles with ZABC = ZACB = 78?. Let D and E be points on the 
sides AB and AC respectively, so that, ZBCD = 24? and ZCBE = 51°. Find ZBED. 
Two circles with centres O, and O, intersect at points A and B. A line through A 
intersects the circles with centres O, and O, at points Y, Z, respectively. Let the 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


tangents at Y and Z intersect at X and lines YO, and ZO, intersect at P. Let the 
circumcircle of AO, O,B have centre at О and intersect line XB at B and Q. Prove 
that PQ is a diameter of the circumcircle of AO,O,B. 


Let D, E, F be points on the sides BC, CA, AB respectively of A4BC. Let R be the 
circumradius of the AABC. Prove that the geometrical inequality: 


A di е2 (DE + ЕЕ+ FD) » 25. 
AD BE CF R 
Where ‘s’ is the semi perimeter of the AABC. 


Let ABCDEF be a convex hexagon such that 


ZB + ZD + ZF = 360° and ni d ВЕ ү Prove that Be Bm ср 


BC DE ЕА CA EF DB 


[IMO Shortlisted Problem, 1998] 
AABC is scalene with ZA having a measure greater than 90°. Determine the set of 


points D which lie on the extended line BC for which |AD| = |BD| : [Ср where 
[Вр | refers to the (positive) distance between В and D. [INMO, 1989] 


Let ABCD be a cyclic quadrilateral. Let Е and F be variable points on the sides 
AB and CD, respectively, such that AE : EB = CF : FD. Let P be the point on the 
segment EF such that РЕ: PF = АВ : CD. Prove that the ratio between the areas 
of triangles APD and BPC does not depend on the choice of E and F. 
[IMO Shortlisted Problem, 1998] 
For three points P, Q, R in the plane, we define m(PQR) to be the minimum of the 
lengths of the altitudes of APOR (Note that m(POR) = 0, where Р, О, R are collinear). 
Let A, B, C be the given points in the plane. Prove that for any point X in the plane, 
m(ABC) € m(ABX) + m(ACX) + m(BCX). [IMO, 1993] 
In the convex quadrilateral ABCD, the diagonals AC and BD are perpendicular 
and the opposite sides AB and DC are not parallel. Suppose the point P, where the 
perpendicular bisectors of AB and DC meet, is inside ABCD. Prove that ABCD is 
a cyclic quadrilateral if and only if the triangles ABP and CDP have equal areas. 
[IMO, 1998] 


Circles С; and G, touch each other externally at a point W and are inscribed in a 
circle С. A, B, C are points on G such that A, С and С» are on the same side of chord 
BC, which is also tangent to G; and G,. Suppose AW is also tangent to С, and С. 
Prove that W is the incentre of triangle ABC. [IMO Shortlisted Problem, 1992] 
Four points are given in space, in general position (i.e., they are not coplanar and 
any three are not collinear). A plane 7 is called an equalizing plane if all four 
points have the same distance from z. Find the number of equalizing planes. 
[Israeli MO, 1995] 
Circles G, and G, touch each other externally at a point W and are inscribed in a 
circle G. A, B, C are points on G such that A, G, and G, are on the same side of 
chord BC, which is also tangent to G, and G,. Suppose AW is also tangent to G, 
and G,. Prove that W is the incentre of triangle ABC. 
Hexagon ABCDEF is inscribed in a circle so that AB = CD = EF. Let P, Q, R 
be the points of intersection of AC and BD, CE and DF, EA and FB respectively. 
Prove that triangles POR and BDF are similar. 
Given a non-equilateral triangle ABC and its circumcircle 5; let A’ denotes the 
point of intersection of the tangents to S at B and C; define likewise the points B’ 
and С. 
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(1) Show that the lines 44’, BB’, CC’ concur. 

(ii) Let the point of concurrence be K. Let G denotes the centroid of AABC. Prove 
that, KG || BC, iff 24 = № + C (where a, b, c are the lengths of the sides of 
AABC). 

In a disk with centre O, there are four points such that the distance between every 

pair of them is greater than the radius of the disk. Prove that there is a pair of 

perpendicular diameters such that exactly one of the four points lies in side each 
of the four quarter disks formed by the diameters. 

ABC is a triangle. On AB and AC as sides, two squares ABDE and ACFG are 

drawn outside the triangle. Prove that, CD, BF and the altitude through A of 

A ABC are concurrent. 

Two intersecting circles X, and X, have a common tangent, which touches Y, at 

P and È, at О. The two circles meet at M, and N, where N is nearer to РО than M. 

The line PN meets the circle У, again at R. Prove that MQ bisects ZPMR. 

In a non-equilateral triangle ABC, the sides a, b, c form an arithmetic progression. 

Let / and O denote the incentre and circumcentre of the triangle 

(1) Prove that /О L BI. 

(ii) Suppose BI extended meets AC in К and D, E are the mid-points of BC, BA 
respectively. Prove that I is the circumcentre of ADKE. 

Let a, b, c denote the measures of the sides of AABC, while their respective 


opposite angles be denoted by o, D and у. If a + b= tan (a tana + b tan D), 


prove that, the triangle is isosceles always. 
In AABC, ZA is a right angle. Squares ACDE and ABGF are described on AC and 
AB respectively, externally to the triangle. BD cuts AC in M and CG cuts AB in N. 
prove that АМ = AN. 
AABC has a right angle at 4. Among all points P, on the perimeter of the triangle 
find the position of P, such that AP + BP + CP is minimized. 
Let n be an integer 2 3. Prove that there is a set of ‘n’ points in the plane, such 
that, the distance between any two points is irrational and each set of three points 
determines, a non-degenerate triangle with rational area. 
2009 concentric circles are drawn with radii one unit to 2009 units. From a point 
on the outer most circles, tangents are drawn to the inner circles. Discover the 
number of tangents which will have integer measure in this problem. Also locate 
these tangents. 
Given a triangle ABC let / be its incentre. The internal bisectors of the angles A, 
B and C meet the opposite sides in A’, B’, C' respectively. Prove the inequality 
1 AI BI CI. 8 
"m AA’ BB’ CC' 27 
Let P be a point inside AABC and D, E, F be the feet of the perpendiculars from 
P to the lines BC, CA, and AB respectively. Find all P, which will minimize the 
BC CA, AB 

expression — + — + — 

PD PE PF ` 
In A ABC, r is the inradius and r , (similarly rg, мс) the radius of the circle, which 
touch the incircle and the sides emanating from the vertex A (similarly B and C). 
Prove the inequality: r < r4 rg * re. 
Let AABC and a point P in its interior be given. Show that at least one of the 
angles ZPAB, ZPBC, ZPCA is less than or equal to 30°. 
Let a, b, c denote the measures of the sides of a triangle, prove the following 
inequality aa +b+c)+ b(b +c+a)+ cc +a+ Б) < Зарс. 


[IMO, 1991] 


40. 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


In a triangle of base ‘a’, the ratio of the other two sides is ‘r’ where r < 1. Prove 


š $ А ar 
that the altitude to the triangle is less than or equal to f 3 
=F 


Let A, B, C be a triangle with sides a, b, c. Consider a triangle A,B,C, with sides 
lengths as a+ 6/2, b + c/2, c + a/2. Prove the inequality: [4,B,C,] > 9/4 [ABC] in 
the usual notation. 
In an acute angled triangle ABC, the internal bisector of ZA intersects BC at L 
and intersects the circumcircle of AABC at N. From the point L, perpendiculars 
are drawn to AB and AC, the feet of the perpendiculars being K and M respec- 
tively. Prove that the quadrilateral AKNM and triangle ABC have the same area. 
A Pythagorean triangle is a right angled triangle, in which all the three sides are 
of integer lengths. Let a, b be the legs of a Pythagorean triangle and h be the 
altitude to the hypotenuse c. Determine all such triangles, for which the relation 
1 1 1 ; 

—t—-—-]istrue. 

a bh 
If the perimeter of a triangle is given, prove the inequality, 


5 


Ае 
3 


(ii) r< 


2 
V3 
E 
343 
TES 
(ш) К> PE 
(iv) Hence deduce the inequality: R 2 2r 
(v) When does the equality hold (in iv)? 
In a quadrilateral ABCD, it is given that AB || CD. The diagonals AC and BD are 
perpendicular to each other. Prove the following inequalities: 
(i) AD- BC 2 AB: CD 
(ii) AD + ВС> AB + CD. 
Given two non-intersecting circles in a plane. They have two internal common 
tangents and two external common tangents. Show that the mid-points of these 
four tangents are collinear. 
Let rj, r5, F3, r4 be the radii of four mutually externally tangent circles. Prove that 


4 2 (3 L) 
2s 25 | 


Note: This result is known as Descartes’s circle theorem. 
In convex quadrilateral ABCD, the diagonals AC and BD are perpendicular and 
the opposite sides AB and DC are not parallel. Suppose that the point P, where the 
perpendicular bisectors of AB and DC meet, is inside ABCD. Prove that ABCD is 
a cyclic quadrilateral if and only if the triangles ABP and CDP have equal areas. 
[IMO, 1998] 
Let ABCD be a convex quadrilateral with perpendicular diagonals meeting at O. 
Prove that the reflections of O across AB, BC, CD, DA are concyclic. 
[USA MO, 1993] 
The incircle of triangle ABC touches BC, CA and AB at D, E and F respectively. 
X is a point inside triangle ABC such that the incircle of triangle XBC touches BC 
at D also, and touches CX and XB at Y and Z respectively. Prove that EFZY is a 
cyclic quadrilateral. [IMO Shortlisted Problem, 1995] 
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51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


ABC is a right-angled triangle with ZC = 90°. The centre and the radius of the 
inscribed circle is J and z. Show that 

AI x BI = 42 х ABxr. 

Let AB and CD be two perpendicular chords of a circle with its centre O and ra- 
dius к Let, X, Y, Z, W, in cyclical order, denote the four parts into which the disc 
А - f : $ed . E(X)- E(Z) 
is thus divided. Find the maximum and minimum of the quantity —————— ——-., 
Е(Ү)+ EW) 
where E(u) denotes the area of u. 

Let, ABCD be a rectangle and M, N and P, O be the points of intersection of 
line / with sides AB, CD, and AD, BC, respectively (or their extensions). Given 
the points, M, N, P and Q and the length p of side AB. Construct the rectangle. 
Under what conditions can this problem be solved and how many solutions does 
it have? 

Let A, B, C, D be the four given points on a line /. Construct a square, such that 
two of its parallel sides or their extensions go through A and P, and the other two 
sides (or their extensions) go through C and D. 


1 X X X X 
A B C D 


The diagonals AC, BD of the quadrilateral ABCD intersect at the interior point O. 
The areas of the AAOB and A COD are s, and s, respectively, and the area of the 
quadrilateral is s. Prove that Jsi + Jsa < Js. When does equality hold? 


M is the mid-point of the hypotenuse AC of a right angled AABC. The perpen- 
dicular MP to AC meets AB produced at P and intersects BC at N. If MN=3 cm 
and PN = 9 cm. Find the length of the hypotenuse. Also calculate the length of the 
sides AB and BC. 

In AABC, AB # AC. The bisectors of ZB and ZC meet their opposite sides AC 
and AB at B' and C'. The two bisectors intersect at /. Prove that, if JB’ = JC’ then 
ZBAC = 60°. 

Let ABCD be a rectangle with AB = a and BC = b. Suppose, r, is the radius of 
the circle passing through А and B and touching CD- r, is the radius of the circle 
passing through B and C and touching AD. 


Show that n +7 > 2644 b). 


Let AC and BD be two chords of a circle with centre O and AC and BD intersect at 

right angle at the point M, in the interior of the circle. K and L are the mid-points 

of the chord AB and CD, respectively. Prove that OKML is a parallelogram. 

Given a circle of radius 1 unit and AB is a chord of the circle with length 1 unit. 

If C is any point on the major segment, show that 

AC? + BC? x 224 43) 

From a point E on the median AD of AABC, the perpendicular EF is dropped to 

the side BC. From a point M on EF, perpendiculars MN and MP are drawn to the 

sides AC and AB, respectively. If N, E, P are collinear, show that M lies on the 

internal bisector of ZBAC. 

Prove that of all straight lines drawn through a point of intersection of two circles 

and terminated by them, the one which is parallel to the line of centres is the greatest. 

ABCD is a rectangle. Its diagonals AC and BD intersect at O. A straight line 

through B, intersects DC at E and DA at F Here, OE = OF 

Show that = = =d = pe 
AF EC BC 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


72. 


Let P be any point inside the parallelogram ABCD, and R be the radius of the 
circle through A, B and C. Show that the distance from P to the nearest vertex is 
not greater than R. 
P is a variable point on the arc of a circle cut off by the chord AB. Prove that the 
sum of the lengths of the chords AP and PB is maximum when P is at the mid- 
point of the arc AB. 
If A and В are two fixed points on a given circle and XY is a variable diameter of 
the same circle, then determine the locus of the point of intersection of lines AX 
and BY. You may assume that AB 1s not a diameter. 
Consider the two triangles ABC and POR shown in the figures. In AABC, ZADB 
ZBDC = ZCDA = 120°. Prove that x = u + v + w. 
A 


Let, OX and OY be two perpendicular lines meeting at O. A, C are points on OY 
such that OA = | unit and OC = b units and B is a point on OX, such that OB = a 
units. BD and CD are drawn perpendicular to OX and OY meeting at D. Circle on 
diameter AD, intersects OX at А, and R,. Show that OR, and OR, are the roots of 
the quadratic equation x^ — ax + b = 0. 
Let ABC be a right-angled triangle which is right angled at A. S be its circum- 
cirlce. Let, S, be the circle touching AB, AC and circle S internally. Let, 5, be the 
circle touching AB, AC and S externally. If r, and r, are the radii of circles S, and 
S5, show that rr, = 4 area (AABC). 
Let, D, E be points on the side BC of a AABC such that ZBAD = ZCAE. If the 
incircle of the AABD and AACE touch the side BC at M and N, show that 

1 1 1 1 

+ = + ; 

MB MD NC NE 
ABC is an equilateral triangle and Е is any point on AC produced and the equilat- 
eral AECD is drawn. If M and N are the mid-points of AD and EB, respectively, 
prove that ACMN is equilateral. 


E 


VAN 


Кү 
2 


А B 


Let, M be the centre of a circle and A, B are two points on the circle, not diametri- 
cally opposite. The tangents at А and В intersect at C. Let, CM intersect the circle 
in D, and suppose that the tangent through D intersects AC and BC at E and F, 
respectively, as in the adjoining figure. 
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73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


Show that (a) the area of the quadrilateral ADBM is the geometric mean of the 
areas of triangle ABM and quadrilateral ACBM. (b) The area of pentagon AEFBM 
is the harmonic mean of the areas of quadrilaterals ADBM and ACBM. 

The point P on the side BC of AABC divides BC in the ratio 1:2. i.e., BP: PC = 
1:2. ZABC = 45°, ZAPC = 60°. Calculate ZACB. [Without using trigonometry. | 


B 


A line cuts a rectangular region into two regions of equal area. Show that it passes 
through the intersection of the diagonals of the rectangle. 

Let A, B, C and D be non-coplanar point such that ABCD is a three-dimensional 
pyramid like solid. Given BA = BC = DB = АС = CD = AD = a unit, R and S are 
the mid-points of CD and AB, respectively. Prove that RS is perpendicular to both 
BA and CD. 

In the given figure, plane z and plane X intersect at the line AB. The angle be- 
tween the planes л and È, i.e., the dihedral angle Zz:4BX is formed. CG is per- 
pendicular to the plane zt (c on X and G on л) and DG is perpendicular to AB and 
CD is perpendicular to AB. D is the mid-point of AB, BC = AC. If AB = 44/6, АС 
= 6, ZCBG = 45° = САС, then find the length of CG and measurement of the 
dihedral angle ZXBAz. 

ABCD is a regular tetrahedron, that is, it is a solid with four faces, each of which 
is an equilateral triangle. N and M are the mid-points of the sides AB and CD, 


respectively. Show that NM = Bo If AH is drawn perpendicular to the plane of 


the base ABCD, show that АН = V2 AB. 

An equilateral triangle has one side in a given plane. The plane of the triangle is 
inclined to the given plane at an angle of 60°. What is the ratio of the area of the 
triangle to the area of its projection on the plane? 

ABCD is a square, and Е is a point on AB extended. CE is joined and F is a point 
on AD, such that ZFCE = 90°. If the ratio of the area of AFCE and the square 
ABCD is p/q, find BE in terms of side AB of the square. For what values of p/q, 
BE 1s of rational length? 

Problem on electricity: If we have an electrical circuit consisting of two wires 
in parallel with resistances R, and R,, then the resistance R of the circuit is given 


by the equation ^ = - 4 EM The following diagram helps in finding the values 


1 20 
of one of R, R|, and R, given the value of the other two. ZBOA = 120° and OC 


bisects ZBOA and OA, OB, and OC are marked with numbers (co-ordinated) at 


equal distances as shown in the figure. 


The segment joining the point marked 3(P) on OB and the point marked 6(Q) on 
OA cuts OC at the point 2(R) showing that the sum of the reciprocals of 6 and 3 
is the reciprocal of 2(R). 


Prove that this method works for all points. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


ABC is a triangle and a square PORS is inscribed in the AABC with the side PO 
lying along BC. AD is the altitude from A to BC of the triangle. Prove that 2PQ is 
the Harmonic Mean between BC and AD. 
The adjoining drawing shows how a sheet of ruled paper can be used to divide a 
line segment AO into n equal parts (here, into 5 equal parts). With O as centre, 
an arc of radius OA is drawn to intersect the (л + Ith line from AO at B. Explain, 
how OA can be divided into л equal parts. Prove your construction. Assume that 
the lines of paper are evenly spaced. 
ABC and A'B'C' are two triangles in the same plane, such that the lines AA', BB' 
and CC’ are mutually parallel. Let, [АВС] denote the area of triangle ABC, with 
appropriate J sign, etc. Prove that 
3[ABC] + [А'В' С] = [AB'C] + [ВСА] + [CA'B']- [4'BC] + [D'CA] + [C'AB]. 
ABCD and A'B'C'D' are square maps ofthe same region, drawn to different scales 
and super-imposed as shown in the figure. Prove that there is only one point O 
on the small map which lies directly over point O' of the large map, such that O 
and O' each represent the same place of the country. Also, give an Euclidean 
construction (Straight edge and compasses) for O. 

[USA MO, 1978] 
In a triangle ABC, choose any points Ke BC, Le AC, MeAB, Ne LM, Re MK 
and F € KL. If E, E», Ез, Ey, Е, E; and E denote the areas of the triangles AMR, 
СКК, BKF, ALF, BNM, CLN and ABC respectively, show that E 2 8 (E, - E; E4- 
E, E5 Ес). 
Let, ABC be an acute angled triangle. Three lines L}, Lg and Lc are constructed 
through the vertices A, B, and C, respectively, according to the following pre- 
scription. Let, H be the foot of the altitude drawn from the vertex A to the side 
BC. Let, S, be the circle with diameter AH; let SA meet the side AB and AC at M 
and N respectively, where M and N are distinct from A, then L; is the line through 
perpendicular to MN. The lines Lg and / are constructed, similarly. Prove that 
La, Lp, and Lç are concurrent. 
ABC is a right-angled triangle at A, and two circles with radii r; and r,, respec- 
tively, touches both AB and AC. One of them touches the circumcircle of ABC 
internally, and the other externally. Show that 4 AABC = гур). [INMO, 1993] 
Given any acute-angled AABC, let points X, Y and Z be located as follows: X 
is the point where the altitude from A on BC meets the outward facing semi- 
circle drawn on BC as diameter. Points Y and Z are located similarly, prove that 
[BCX] + [СА + [ABZP = [ABC]. [INMO, 1991] 
Let, C, and C, be two concentric circles in the plane with radii R and 3R. Show 
that the orthocentre of any triangle inscribed in circle С, lies in the interior of circle 
C». Conversely, show that every point in the interior of C, is the orthocentre of some 
triangle inscribed in C. 
In the figure ABCD is a rectangle, find the radius of all circles. 


D C 


100 


Geometry 


8.221 


This page is intentionally left blank 


Answer Keys 


Cl IET р! е (" Д POLYNOMIALS 


Build-up Your Understanding | 
1. x! 20x? + 16=0 
2. x —18x-110=0 
3. x! — 10x? + 32x" - 34x+7=0 
T 
2 
8. 1984 
9. kis a multiple of 3 
10. Р(х) = а(х – 2)(х – 4)(х – 8), ae К 


Build-up Your Understanding 2 


1. x=1,1,1,1 
2. x=-1,-2, -3, -4 
з х4 
2: 3 
4. x=-1 
1 1 
5. ta 25 where a = -4b, be Q 
6. a €(—ee, —6) U (2, оо), b = 2a 
8. 8x3-6x+1=0 
9. 64x° —96x^ 4 36x? -3-0 


10. (a) 64x —96x^ +36x? -3=0 
(b 8х? –6х-1= 0 

11. (а) 3х6 – 27х* +33x?-1=0 
(b) x6 —33x4+27x2-3=0 

12. 64x$ —96x* -36x? -1=0 

13. —3, 24 

14. 86 

Build-up Your Understanding 3 


а?" + bls rl = (a bc", neN 


2 
3. —5 
4 
5 


6. 


w WIN 


7. x! — 9x? + 26x — 24 = 0, 353 


9e 


—-—, 334 


9. (х, у,2) =(a,0,0),(0,a,0), (0,0, a) 


AK.2 Answer Keys 


11. (х,у) 2 (3,2), (2, 3), 
EL 2d Б zu 


2 2 2 ° 2 


12. 16,81 


Build-up Your Understanding 4 


1,23 
2.2.9 
4. =1 


Check Your Understanding 
1. V2 


2. 888883 

3. x €[3, о) 
4. -5 
6 
7 


. +V2 


13. a=3,k=17 
15. 3 
20. At most one positive root and at most three negative 
roots. 
22. 899 
2abc _ 2аЬс 
ab+be-ca’ r -ab- bc + ca’ 
2abc 
ce 
ab—bc+ca 
29. (х, у, 2) = (a,b, -a-b) where a,b eR 


30. (x, y, z) = (13, 2), (l, —3, - 2), 
(3 E 4 s eat: Ed 
413 413 1) (VB x13 ЛЗ 
dio. 4 
2 


33. (х, у, 2) (5 СА 2) 


36. —1970, 500 


37. 41 
40. n=1 


42. (i) z4 —2(x? + y? —2x? y”)z? +(x? - у?)? =0 
(ii) (x, y) = (0, +1), (£1, 0) or (+a, +a), where ae 
[—1, 1] 


28. х= 


44. 1996002 


48. x? z. 
2 


49. (a, b, c) = (-2, 0, 1), (2, 0, ы 1) 


Challenge Your Understanding 
1. P(x) = ах(х-1)(х- 2)(х- 3)...(х- 29), ae R 


2. Р(х) =0 
6. 5 


7. x? +2х2 42x42 


4 4 2 
12. min(a* +2) = =; (a, b -(- : | 
( ) 5 (а, Б) 2 3 

42k-1 _ 4k 


13. do = 4, а = 4", ay 3 , dyk =] 


16. a=b=c=d=e=0, mE. 
3 3 


17. (x, y) = (0, 0), (19, 95) 

18. (x, у) = (3, 4), (-3, -4) 

19. 8 

20. 105336 

21. 5,5,—13,5,5, 5, 13, 5, 5, -13, 5, 5, 5, -13, 5, 5 

(C; - A) By * (B, - Ci) 4 
B, — A, 


26. х= —2,1+4/5 
27. 2008! – 1 


1+(-1)” 
n+2 


28. 


n+1+(-1)"*! 
n+2 


29. 


33. +(x-1), +(х+1), +(x? +x-1), +(x? -x-1), 
t(x)-x?-x-1D) +(x -х2-х+1) 

37. No 

41. f(x)=0; f(x)=-x"(x-1)", ne Ngo; 
f(x) =-(x? +x4+1)", ne No 


42. f(x)=0; f(x) = (х2 +1)",п є No 
43. f(x)=0; f(x) s (х2 +1)",п є No 


Answer Keys | AK.3 


44, f(x) = 0; f(x) == (-x)"(1- x)” (x? +x+ D? 48. Only possible for n = 2 and 4 
where m,n, рє No for n=2, (а, а) = (a, a+2), a € Z; for n= 4, 


(a, 4, a3, a4)=(a,a-l,a+1,a+2)aczZ 


| Chapter 2 | INEQUALITIES 


Build-up Your Understanding | 24. Yes 
6. 2 33. a=b=c=d 
34 «.»)=[-3-5] 
Build-up Your Understanding 3 s.s 
8. (a) 8 (b) x Challenge Your Understanding 
3. P becomes incentre 
Build-up Your Understanding 6 5. Equality never holds 
1. 1 6. a=b=c 
18. Hypotenues = V30, Area = 34/6 
Check Your Understanding 26. a, b, c are negative 
27. a=b=c=d=3 
T 31. Se(l,2 
19. 96 forx=4,y=2,z=4. · Se(1, 2) 
32. 3 
| Chapter 4 | "E RECURRENCE RELATION 
Build-up Your Understanding | 11. x, =77(2"' +1), neN 
— 32.901 _ 2. 
dp aem 12. дет PR 
lié 44(_ 1)" a 
2. a, = Ее) ,neN 
SOSA A Build-up Your Understanding 2 
3. а =2,а, =2n-1, n22 jii 
2 2 l. a,= TTE, 
n п-1 + 
4 n > Уа – 2" 
п(п+1) 1 п+1 1 
2. a, 2 ————,neN 
2 1 2.37-1_] 
5. n^ БЕЛ — PE ne N 
n^ 2 E 
1 ү 3. a, -——— 
6. a,-(n-1) У 1+3 
kok! 
‘te 
y a (4-22) US CS 
2^ 
1+(-1) ub dd 
+ A n 
9. a, -2((n-1!)-L ne N 8. x, -1-(1-x)" , neN 
ced 
10. a : 9. a, = 3n(n+1),neN; У — = i 


n 7———,neN —— ——,ne 
n(n 41) i таа 3(n+1) 


AK.4 Answer Keys 


Build-up Your Understanding 3 2n 2n 
pus +(-1)" 9 1 14/5 025/5 
= Аа БЦ 2 2 
2. a,=2-3"-(-1)" " 
3. a, = (n 1) a 10. a, = | EE EE 
4. a, = (29n - 81) (3) 3, n > 0 m| A v5 a 
5. a,=6"+1 J5 n 
n 542) -1445 

иас КЕЗЕ j 


(b) а, = (3-1) 3"! 
7. а„=2 ( 1)"  2(n — 12". 
8. a,=at(b-a-1)n+n° 14. a, =9, а, =6п+1, n= 2; 


_ п 
11. x,—cos(2 arc cos xo) 


А : у 2 = 1203 +24п2 +1 2,n21. 
Build-up Your Understanding 4 24 лл, 


1. b,-2"!-n-LneN 1 
15. а =0, a, =———-, n22 
n n(n—1) 
2. а, = n2", ne N; > a, =(n-1)2" +1, neN 
2,5 -0-D A++ 


к 16. q-9,c, ‚п>2; 
3. a, =3" +2" 2n+5 
Е 2 1 = 2 
4. a, = 2"(2п2 –15п+11), ne N; M abe, = = ЖЕЕ S a,b,c, = 2 
І per 72 3'(n-2) 13 72 
тіпа, = а; = = —448 
, Р 17, 4,2529 
5. a, = п? – 2" +1, пєМ 
z (ss) 
6. а, 23" +n 18. a, =10\ 2 
7. a, 25. 3" «2n 3- 6.2" п(п-1) n- 1 (2п—1—К) 
n ч Ak 
8. 4,22: 9" + 7n 19.8, 22 2 +> 2 
9. a, = (п 2)2" +3, ne N . ко 
п 
20. а, = — 
10. a -— nN DPI 
И Zn-c 
11. Sequence is periodic with period 5. As 2017 2 2 mod 5 ота, = an — $n), where 5,(n) denote sum of the 
binary digits of n. 
= X9917 =X =2 
Check Your Understanding Challenge Your Understanding 
1. (a) a,23.2"-2. 4" 2. ios ed? 
(b) a,22.3" + i? + Зп – 1 3-3 


(c) а, = (5n— 9) 31 + 27? Е. 
2. аздт = 1 7 2 
4. a,=n-n! : 
5. 455, = 2905. 2018 = 22915, 1009 4. (a) п+2 (b)2n+3 (c) 7-2" -3 
1 n-i 
ü On aati) 5. тт п-1| VneN 
7. a =1, а, =(п—1)((л—1)!), n22 2 
л 
- 6. (b) — 
е a LET 


* 7. Т, = п 4 2" n 20 


— (a1) +(a-1)"" 
(a-- 1" -(a-1y" 
9. ауу 2017" 


8. a, 


10. a, -621S 5 у, WEES s yy 


459 ә 
11. p,=6—2",q,=2"'-2 
12. a, =—(1+2n)2", b, =(5+2n)2" 


Answer Keys 


13. 227" +1 


1 п-1 
14. х,= + I У k!, here for each term we can choose any 
Lm 


sign. 


x— 2017 
15. Р(х) = 2018)" -1 
Go T [oe 2018)" -1] 


AK.5 


[s hapter 5 | FUNCTIONAL EQUATIONS 


Build-up Your Understanding | 
1. f(x) 20 


x -x4l 
0095 2x(x—1) 


3. 6044 
4. f(x) 21 
5. f(x) = а cos x + b sinx 
6. jo 
x-1 
2x) +x? +5x-2 
24х(х-1) 


7. ЈО) = 


Build-up Your Understanding 2 


3. f(x) =x 
4. f(x) =0; fe) ox 


5. No such function exist! 


Build-up Your Understanding 3 


1. 21992 
4.27944 


6. fG)-x-5 
7. f(x) 2x *c 


& aec 


x4l 


Build-up Your Understanding 4 
1. f(x) = сха“ 
2. /(х)= Na? +b 


3. К) = 1; ДО) =a - 1 
4. f(x) =axIn|x| 


5. f) =0; f()2 a2" , where bc R* 
6. f(x) = tan(ax) 


Build-up Your Understanding 5 


1. Р(х) = х 
x 
2. f(x) =-—— 
х+1 
3. No such function exist! 


Check Your Understanding 


_13 
1. fae 


l-c 


ELLEN 
2012 


1173 


A nk N 


. (b) min(a) = 3 
n-i 
1 
2 
2 
п(п+1) 
9. 9 


12. уо) =; f= 


x 
13. Йи) = п 
14. f(x) = х; х) = х +1 
15. f(x) = х 


Challenge Your Understanding 


1. Р(х) = (x - 2)(x - 4)(x - 8)(x — 16) 


2. f(x) =ax+b+c; g(x) = ах+ b; (x) = ax c 


. cos((4k + 1)x) = f(cosx) = sin((4k +1)x) = f (sin x) 


AK.6 


Answer Keys 


2 
3. —— 
f(x) "NEN 


4. fe 0) (£) 


5. (х, у, z) = (0,0, o (221) 


6. fG)- 5x95 (x)= 2 Қ) ore 


7. No 
8. f(n)2n 


0, x=0 
9. f(x)- 1, 


Quee -2"3j 2" <x<2 n>] 


0<х<2 


10. 127 
п+ 3" 3" -n« 2x3" 
11. f(n)= : 
f ) ee 2x3” <n<3mtl 
f(2016) = 3861 
12. f(x) = 1-х 


92 
13. Ыы ы аст 


14. f(x) =0; f) - 5, fax 
15. f(n)=n 


Chapter 6 | Э NUMBER THEORY 


Build-up Your Understanding | 


4. ncanbe only 2, 5, 11, 29 and corresponding expression 
will have values: 1, 3, 6, 25 


Build-up Your Understanding 2 


8. 28 ata=23,b=5 
16. 42 

18. (a, b) - (1, 5), (14, 5) 
24. 3 


Build-up Your Understanding 3 


7. p=3,q=2 

8. 6 

9. 5 
11. (р, q) 3, 11), (11,3), (r, r) where r is a prime number 
12. (р, q,r) 2.3, 5), (3, 2, 5) 


Build-up Your Understanding 4 


1. 1999 
2. 256 
3. 661 
4. 25х32х5х7х 11 = 110880 


Build-up Your Understanding 5 
1. (a) x «14 (mod21) 
(b) x =1(mod8) 


(c) No solution 

(d) х = 99 (mod 105) 

69 

00 

4 

. Same as for 7 

- (a, b, c) = (тп, п, n), (n, mn, n), (n, n, тп); m, n € N 


9 гә 


- 


Build-up Your Understanding 6 


4. 1024 

5. 49 

6. 143 

7. 0. Also last five digits 03125 

9. n = odd or multiple of 8 

5. 29348, 29349, 29350, 29351; In general 44100 m + 
29348, 44100 m + 29349, 44100 m + 29350, 44100 m 
+ 29351, m e No 


16. х = 653 (mod 770) 
17. х= 25 (mod 60), Minimum number of students = 25. 


18. х = 3930 (mod 4080), Minimum number of coins 
= 3930. 

20. (а) 9 

21. 1 

24. (c) n=1, 23°; аєМ№, be No 


(b) 7 


Build-up Your Understanding 7 


1. 1 

3. 9x 98765432 = 888888888; 
V+E+X+A+T+I+O+N 
=9+8+7+6+5+4+3+2 = 44 

7. There exist no such b. 

8. (a) 625x10", ne N 


Build-up Your Understanding 8 


6. х= 100.15, y = 100.95, z = 99.05 
7. 2499 

8. x = 29/12, 19/6, 97/24 

12. 1500 

13. 330 

14. 250 

15. 1210, 1211, 1212, 1213, 1214 
16. 781 


20. 2* | a+ OE = maxk-2n-«l. But for first it 
depends on л even or odd. 


21. (i) ne N 
22. 43 


(ii) nz 2^, ke N, 


Build-up Your Understanding 9 


10. (a, b, c) = (0, 0, 0) 

12. 12, 16, 60, 144, 320, 588, 1936. 

13. n=3, 41,119 

14. n= 0,280 

15. 861, 168, 259 and 952 

18. 3 pages 

20. (x, y, 2) = (0, 0, 0) 

21. (x, n) = (59, 12), (-59, 12) 

22. (х,у, z) = (0, 1, 2), (3, 0, 3), (4, 2, 5), 

23. (x,y, 25 (1, 1, 18), Œ1, —1, 18), (2, 2, 3), 2, 23) 

24. No solution 

25. (x, y, 2) = (5, 8, 11), (5, 11, 8), (8, 5, 11), (8, 11, 5), 
(11, 5, 8), (11, 8, 5). 

26. (x, y) = C11, 0), (0, 11) 

28. Primitive solution set 
(х, у, z) = (la? — 224, 2ab, à? + 2b°), ged(a, b) = 1 


Check Your Understanding 
2. (a) 282-112, 322-192, 1122 —1092, 7742 — 773? 
(b) 432 -9?, 47? —21?, 222? - 2192, 443? - 4412 


AK.7 


Answer Keys 


4. (х,у) = (9, 4) 
9. n=12 
10. 1972 
12. (x, y) = (1, 0), (1, 22), (2, -3). 
13. 600 
16. 36 
18. No such number 
21. N=2x3x5=30 


27. 1995 
28. t = 2012, h = 5 = 25, 4 = T = 49, t, = 13^ = 169, 
t; = 16° = 256, ts = 13? = 169 and so on sum = 429211 


29. Number of medals is 30 and medals awarded on the 
successive days are 16, 8, 4, 2. 

30. (12, 16), (4, 48) 

31. (a,b,c, 0) = (1,1, 2, 6); (2, 2, 2, 5); (2, 2, 3, 3) 

32. No such number. 

36. 729 

38. 44 years 

39. x=y=z=lorx=y=z=—2 

40. (a, Б) = (9, 1), (8, 2) 

41. Smallest possible value of c is 675. 


42. There are no consecutive integers of this type. 

43. 86 

51. (x, y) = (20, 40); (8,44) 

52. 3 

57. (x, y) = (9, 11) 

58. Few such six digit numbers are 145690, 235780. 

59. (i) Min ab = 10 at (a, b) = (1, 10), (10, 1); (ii) Min ab 
= 20 at (a, b) = (4, 5),(5, 4) 


Challenge Your Understanding 


. The Funny Numbers' are 2, 3, 5, 7, 23, 37, 53, 73, 373 
(in all 9 numbers). 

4. (ii) 120 

6. 142857 x 5 = 714285 

7. 2013 

0. (b, c) = (30, 60), (35, 140), (36, 180), (38, 380), (39, 
780) 

12. 550, 803 

15. (a, b) - (18, 1) 

16. Т= 174, 175, 339, 505 

17. 1978, 1981, 1984, 2002 

18. The sequence which is square free is 

202, 291, 445, 581, 869, 949, 1207, 1273, 1403, 1711, 

1643, 1739, 1763 (13 terms) 


w 


AK.8 Answer Keys 


19. 1503? = 2259009 44. (a, b, c) =(2, 4, 13), (2, 5, 8), (3, 3, 7) 
20. n+1 45. (2, 2, 3), (1, 3, 8), (1, 4, 5), and their permutations. 
21. п= 1,3 47. B= {2,3,4,5, 6}, {2, 5, 8, 9}, (3,4, 6, 10} 
25. 1989 50. 1996002 
26. (i) Forevery n, there exits S„. Define LCM (1, 2, 3, ...,7) 
si 51. (тл) = (a. a, 20022) a 2), 
Now S, ={11, 21,3}, snl | | d 
(ii) No Е | Aes = | aez 
27. 337 
30. F,=3 54. n=1,2 
32. neN 57. Write each of the terms of these sequences in (mod 8) 
37. 2, 3,6 and use the proof by induction to show the result. 
38. 5,6, 7, 7, 8, 10, 12, 13, 14, 15 59. 12 
COMBINATORICS 
Build-up Your Understanding | 28. 91. 
29. п" – 1 
1. (а) 1296, (b) 360 30. 6 3" 
uU 31. 300 
3. 240 ` 
4. 376 32. 300 
5. (a) 60, (b) 107 33. 31 
6. 286 34. 15 
7. 15 35. 134055 
ү aepo 151515-1, 10 1687, 36, 1769580 
. Time require 2 60x60 360 BS | 37. 6399960 
38. 2239986 
1 z * 
&d hes 41 шїп, 10 Seconds >4— hrs. 39. Except 5k+ 1, for k 2 0, 1, 2, ..., 199, all numbers will 
2 be unmarked. 
9. 720 40. 180 
10. 18 
11. 64800 Build-up Your Understanding 2 
12. 505 : T 
13. 69760 " pue (1) n2 7 
14. 162 B 
3. ^€ 
15. 3x 4* 10 
16. 45 x 104 4. (a) 20 (b) 21 (c) 10 
17. 216 5. Cs, MC, 
18. 36 6. 10 
19. 108 7. 226 
20. 1620 8. 378 
21. 103 9. 16 
22. 154 10. 1512 
23. 1020 11. 124 
24. 4-7! 12. 292 
25. 17-8! 13. 135 
26. 8! 15. "65:2" 


27. 2" 16. (i) 243 (ii)1, 10, 40, 80, 80, 32 


17. 


18. 
19. 
20. 
21. 
22. 
23. 
24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 
33. 
34. 
35. 
36. n 
37. 
38. 
39. 
40. 


41. 
42. 


43. 


44. 
45. 
46. 
47. 
48. 


49. 


50. 
51. 


52. 
57. 
58. 
59. 
60. 


р= °С, : 2С 210, 42 °С, CC,) = 80 
ЕСО ГЕВ 

= 24 = 5r, 8р = q, and 2(р+ ғ) > 4 

6 

1023 

126 

бает 

P= бирг 

(т+ 1) 2" 1 

3150 


91 
"lo 
2 
mk 
22" 
gl 
"C: . 3"? 
(п+1)(л + 2)(2n 43) 


6 
23 
63х121х31=3°.7!.112.31 
84 


(m —1)!(n — 1)! 
5 


Total number of different tickets = 30 and number of 


А 30 
selection =~ Cio 
10 

C; 


Answer Keys 


Build-up Your Understanding 3 


30 
ш 8 
(2)? (2)? 


. 814! 
. (a) 7!, (b) 6!, (c) 5!, (d) 612! 

. 56, 4! 

. 719 

. 3600 

. 1800 

. Number of ways 2 n - n +- +n 


r 


r(4n—-r- _ r+ 
n' (n 1) ind” 1 
n-1 n-1 


2 
pU 

. 20 

. (nD? 

. 2-6! - 6! 
. 20 


10! 
2 


. 3n? — 2n 

. m(m — 1n — 5y"? 
. 1440 

. 172800 

, 528 

. 1620 

. 43200 
NECI 
. 24 

. 185 

. 2454 

. 758 

. 917 

. 89 

. 236 


AK.9 


AK.10 Answer Keys 


40. (a) 213564, (b) 267^ 6. 25200 
41. 24678 7. 2940 
42. Gy 729. ii) 51342 8. m =m 
© qu 9. 20°, 19? 
43. 3840 
10 ! 
44. 32 HN = 
45. 8 Md 
46. 6(7! — 4!) 11. 210 
12. 125, 60 
47. 8! n 
9! 13. n! "C, 
48. — 14. 5’ 
d 15. ПС, «C, МЕРС, 1C, x 21, NS PIC, 4С, = 
49. 36x55 L=M2=N 
50. "C; = 2L=M=2N 
Build-up Your Understanding 4 Build-up Your Understanding 6 
3. 205, 2-18! 2l 
ас 
3. (а) 240 (b) 480 De 
ác 
4. (а) 2-181 (b) 191—2-18! dii 
5. a 
5. (a) 2-18! (Ы) 19!—2.-18! ae 
(c) 18! (1/2)(191- 2-181} E 
6. (i) Qn-2) x2 (ii) (2n — 2)! 7. || 
Т. '°С,х2\х "o х8! 8. 210 
8. 288 9. 100 
9 24 10. 56 
' 25 11. 330 
10. 18 12. °С, 
12. 3 1з. C, 
13. 225 14. 685 
15. 30 15. 5с, . We AG . вс, +С, | yer ас, . ig 
16 (1—1)! 16. The possibilities are (0, 10, 0), (2, 7, 1), (4, 4, 2) and 
r! (6, 1, 3), where (r, b, g) denotes the number of red, blue 
Build-up Y Und dine 5 and green balls. 
uild-up Your Understanding (n+2)(n+1) 
17. ————— — 
15! 2 
81413! їй. буз 47 ee {б 
| (8!) . @ (ii) (iii) 2 
EDHO) 19. 110551 
tdi 20. °C, 
з. ——Àá————. 36 
(205 .(31)2 4! 22. 10 
k 23. 246 
ET 24. 15 
25. 27 
! 
5. 16! 26. 1875 


41517! 27. 64 


Answer Keys AK.11 


28. < еа а n. ()"C, G)"C, Gi)"C, wa 
(1512103 13. (a) 32 —3-25 «3, (Ы) 2250 
29. T eM a а 14. 11508 
15, "6. 2" 
зо. Y207 10) 99 16. (i) 150 (ii)6 (iii) 25 (iv)2 
=; r A9-r 17. 1275 
25! 
18. 5^ 
Build-up Your Understanding 7 e" "e 
nm 19. (а) 4 (b) 186480 (c) 4x (Сл) = 63504 
2. 134 ‚ 
Check Your Understanding 
34-33 
4. 6"—5"—5" +4" 8. 2x at 
5. 738 10. 27-1 
6. 99989526 11. (i) 11111111111 
7. (a) (1 +26 +26 + 26) - (1 +10+10°+ 10° +10-1 (ii) 999999999999 
(b) (1 + 26 + 262 + 26 – 85) - (1 10 + 10? + 10° | 15. 45x nx107- 
+10) -1 ED 
8. 5 , n=0(mod 2) 
9, 24x134 16. f(n)=4 2 | 
10. 2301 nt.  nal(mod2) 
11. 7!—5!—5!+3! 2 
12. 169194 18. Fora-2" +а,0<0 €2",b-2^ - B,0« B x2", 
ж a c=2P +y, 0< у < 22, minmum number of cuts 
15. 485 =m+n+ p+3 
16. 540 19. 462 
17. e^ .360 + "Gs .540 = 58320 26. First player has the advantage if he start with 8. 
20. 5400 28-227 : 
22. 191 29. 35, 37, 40, 8, 0 for m — 0, 1, 2, 3, 4 respectively. 
23. 101 30. 2047 
24. 233 ы 
25. 144 32. 4351 
26. 44 33. 840 
` 34. 715 
А А 35. 171700 
РИЧЕ your ОНЕГЕ ав в 36. The equal score сап be either 4 ог 8 according as the 
1. 2"-2 number of participants of std. XII is either 7 or 14. 
2. 21-1 37. Each ofthe smaller triangles can cover only one vertex 
3. 771 of the larger triangle. 
4. 540 43. 1405 
5. 141 46. 450 
6. 462 48. т?п? 
49. 12 
! 
А 12 50. 36 
4 51. 32 
8. °C; 52. 7 


9. 7000 53. (n+ 1) 


AK.12 Answer Keys 


54. 56 9. 262 
55. 147 29. 60 
56. 57 n n 
58. 473 30. Mev(De-ov | 
59. 8 = 
60. 12 35. a, = 202-0" +(2+ V3)! e (2-3!) 
Challenge Your Understanding 38. EDACB 
з. (i)3 (ii) 3 39. 315 
5. Consider the following 18 subsets: {1}, {4, 100}, {7, 41. 6 
97}, ..., (49, 55}, {52}. Now from each subset pick 42. 6 days and 36 medals 
one element. 46. n-il(mod3) 
iz n 
7. 8-151 : 
8. (i) m", (ii) "C, x n, (iii) "C,, (iv) "С, 
е: GEOMETRY 
Build-up Your Understanding | Build-up Your Understanding 3 
1. 30°, 60°, 90° 1. 6 
2. No 2. 7 
3. 50°, 70°, 60° 3. 35 
Е vs 5. Point of intersection of diagonals AC and BD 
7. 10 8. Pis the point of intersection of perpendicular bisector 
8. 30 of AB with the line in both cases. 
9. 9 11. Take reflection of A in both arms of the angle and Join 


10. 15 and excluded angle 130? 
11. 13 


12. 3 14. 


13. 540* 

18. 12, 12,3; 5, 5,10 

19. (a, b, c) = 3, 7, 42), (3, 8, 24), (3, 9,18), (3, 10, 15), 
(3, 12, 12), (4, 5, 20), (4, 6, 12), (4, 8, 8), (5, 4, 20), 
(5, 5, 10), (6, 4, 12), (6, 6, 6) 

20. ZBCA = 60°, ZDBC = 10°. 


Build-up Your Understanding 2 
4. 30°. 


reflections. Let this line meets arms of the angle at B 
and C respectively. Now make the triangle ABC. 
Open the cube as shown in the following figure. 


A’ D’ 
A" A D D" A" 
B" B C C" B" 
B' C' 


This is a flat diagram of a cube net, such that you 
could cut it out and fold it to make the cube. In the fig- 
ure there are two acceptable routes, we can easily see 
that there are in total six such routes. Through each 
root we will travel V5 units assuming side of the cube 
1 unit. 


Answer Keys AK.13 


15. Open the surface so that glass become flat as shown in 
the figure. 


Inner surface — 


Outer surface A 


16. Cut the cone through a generatrix passing through the 
vertex and make it flat as shown: 


(i) For 0 < 30° (ii) О 
OSL 
1 
А А! 
2nlsin8 
(iii) О 
L 
2л1 sino A B 
(iii) о Let AL be perpendicular to OA’ at L. 
Then AL = Isina =/sin(2z sin) < l, for 0 «sin! B 
M AL will be the shortest path. 
19. P will be at the vertex of the triangle containing small- 
est angle. 
A B Build-up Your Understanding 4 
_ ar — 2zlsinO | 2r sin 1. 2 F 
radius І a=“) 
а А ; 2. 19 
=> АА = 2АМ = 215іп 2 = 2/sin(z 5100) E 
Shortest path is 4A’ = 2/sin(z sin0) < 2/, for Ө < 30°. 3. 315 
Shortest path is AOA’ = 21 > 2Isin(zsin0), ford 2309. | 4, 4 
13 


17. Cut the cone through a generatrix passing through the 
vertex and make it flat as shown: 6. 4500. 


AK.14 


Answer Keys 


AR 2u-1 BS 22-1 


8. (i 
© RD 24-1 CS 2и-1 


9 
9. == 
5 


11. [ABCDE] = (V5 + 5)/2 


27 
13. — 
160 
14. 441 
7 
15. 5 
17. Equality holds when AP | BP CP 
PD PE PF 


Build-up Your Understanding 5 


1. 


юш Blo 


10. PO=4, XY=2 

11. 45?-45?—90? triangle and quadrisected angle is right. 
20. 12 ст 

25. 20° 


Build-up Your Understanding 6 


1. 542 
. a2d5 


3 

4. 108 
5. 15 
6 


. 742,642 


л. 4413. 126 
5-35 


8. (ii) oc - |е -@ +b? +c?) 


Build-up Your Understanding 7 
& 1 
5 


7. 1 unit square 
140 . 
8. ES unit square 


11. 20 unit square 
12. Equality holds if and only if L coincides with А, i.e., 
АВ = AC. 


Build-up Your Understanding 9 


2 AX  n(m«l) 
` XD m 
7. №. 

3 


Build-up Your Understanding 10 


5. 44345 
6. 609 


EG 
п. === 


t 
EF 1-1 


Build-up Your Understanding 11 


Build-up Your Understanding 12 


9. 11 units 


12. 2nn (Jr +n+h ei) 


(5 +n) 


Build-up Your Understanding 14 


2843 
24343 


9. Equality for C being the mid-point of the major 
segment. 


Build-up Your Understanding 15 


313 
S 
338 


8. (5, 5, 6), (5; 6, 5), (6, 5, 5) 
Build-up Your Understanding 16 


6. Shortest side is 10 units and area is 84 sq. units. 
7. Pisthe centroid of A4BC. 


Build-up Your Understanding 17 


6. a=13,b=15,c=14 
18. 42 (ii) 65/8 


32. Gyro E pe (ETUDES) 
Ber ue od 


Build-up Your Understanding 18 


3. 


9. 


Let ‘a’ be the measure of a side, 5 the shortest diagonal 
and d the longest diagonal of a regular nonagon, then 
at b = а. 

7 


Check Your Understanding 


4. 


70. 


The locus is the solid annulus centered at P with inner 
radius 1 and outer radius 2. 


3 


5 


. Locus of P is a circle passing through A, Е, С. 


28 
3 


. Locus is a circle with OB as a diameter. 
. 45°. 
. The minimum is attained when ADPE is a cyclic 


quadrilateral. 
1 


45 


. Equality holds when b = c, i.e., when the right AABC 15 


isosceles also. 


. Equality holds when a = b = c, i.e., when the A is equi- 


lateral. 


. Equality holds when K, L, M are the mid-points of the 


sides BC, CA, AB respectively. 


. ABCD is a rhombus. 

. Regular polygon with 3, 4, or 6 sides are possible. 

. 996 

. 90° 

. Perimeter of KLMN =2(2+ 42 ) > 2л = Circumfer- 


ence of the circle. 


psin2a sin B — qsina sin2f 
2sin(a — В) 


120? 


Challenge Your Understanding 


5. 


10. 
13. 


Locus is a line perpendicular to OA, at A’ where A' be the 
point on OA extended beyond A such that ОА x O4' = г, 
О be the center of ће given circle and r be the radius. 
30° 

12° 


22. 
32. 
34. 


36. 
43. 


52. 


56. 


53. 


73. 
76. 
78. 


90. 


AK.15 


Answer Keys 


There are exactly 7 equalizing planes. 
PA + PB + PC is minimized when P coincides A. 


There are only two tangents with integer length, i.e., 
441, and 1960. 


When P is the incentre of AABC. 


The only triplet forming a right triangle according to 
the given condition is the 3 — 4 — 5 triangle. 


; : л a 
If O be in Z part then maximum and minimum 
m- 


1. If O be in Y part then maximum 1 and minimum 
л-2 
л+2` 


_ 12. _ 24 

45 V5 
Construct a right APSO (by constructing a semi-circle 
on PQ, we get ZPSQ = 90°) with ZPSO = 90? and PS 
=p. 

Through M and N draw lines MX and NY paral- 
lel to PS and through P and Q draw lines PR and QZ 
perpendicular to MX and NY meeting them at ABCD. 
ABCD is the required rectangle. 


AB BC ;CA=12 


In the right angled APQS, РО is the hypotenuse hence 
РО > PS = p. Thus, the construction of APSQ is pos- 
sible only if PO > p. 

By constructing the semicircle on the other half 
plane determined by /, we get a rectangle say A'B'C'D 
which is the reflection of ABCD about the line /. Thus 
there are two solutions. 


75° 

60° 

2s] 

36, 16, uH 
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* Comprehensive solutions to all exercises are available on the companion website. 
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|A| 
[a, b] 
Ja, b[ or (a, b) 
a|b 
atb 
(a, b) 
X 
{x} 
a=b (mod c) 
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GLossary OF NOTATION 


The set of natural numbers 

The set of all non-negative integers. 

The set of all prime numbers which are 2, 3, 5, 7, 11, 13, 17,... 
Note that 1 е P. We call 1 a ‘unit’, it is neither prime nor composite. 
The collection of all remainders of any integer divided by ‘n’ which 
are0,1,2, 3, ...,n- 1 

The set of integers 

The set of rational numbers 

The set of real numbers 

The set of complex numbers 

Cardinality of a set A or the number of elements in A 

All x such that a € x < b (closed interval) 

All x such that a « x « b (open interval) 

a divides b or b is a multiple of a 

a does not divide 5 

Greatest common divisor (gcd) 

Integer part of x or the largest integer less than or equal to x 
Fractional part of x 

“с? divides (a — b) 

If and only if (iff) 

Approximately equal to 

Identically equal to 

Sum a; +a, +аз + +а, 

n factorial, i.e., 1-2 · 3:-:и 
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("Jo "C The binomial coefficient; the number of combinations of m things 
n 
! 
taken ‘n’ at a time, i.e., Mha M 
n n!(m-n)! 

fog Composition of the functions f and g; fo g(x) = f(e(x)) 
[ABC] Area of AABC 
AB The segment AB; also the length of segment AB 
AB The vector AB 
A.2 GLossary or SYMBOLS 
a alpha B beta 
y gamma ô delta 
£ epsilon 0 theta 
1 iota K kappa 
A lamda u mu 
V nu T pi 
p rho С sigma 
T tau y psi 
0) отера Фф phi 


А.З GLossary or DEFINITIONS 


Trigonometry 


1. Trigonometric ratios of the sum and difference of two angles: 
e sin(4 + B) = sinA cos В + cos A sin В 
* sin(A — B) = sin A cos B — cos A sin В 
e cos(A + B) = cos А cos B — sin A sinB 
e cos(A — B) = cos А cos B + sin A sinB 


- tan(d +B) = tan Á+ tan В 
1—tan Atan B 
+ tan(d — B) = tan A—tan B 
1+tan Atan B 


2. Product to sum formulae: 
e 2sinA cosB= sin(A + В) + sin(A — B) 
e 2cosA sin B = sin(A + B) — sin(A — B) 
e 2cos A cos B = cos(A + B) + соѕ(А — B) 
e 2sin A sin B = cos(A — B) — cos(A + B) 
3. Product to sum formulae: 


*sinC+sinD= 2sin = cos <> 


2 
e sinC— sinD = yer EP 
2 2 
e cos C + cos D = 20s" oos C2 
e cos C — cos D = К aa 


2 
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. Trigonometric ratios of multiple angles: 


• sin 2A = 2sinA cosA = _2tan A 
1+tan? A 
2 | 1— tan? А 
* cos 24 = соѕ24 — sin?A 22cos4 — 1 = 1 2 sin?A = c 
2tan A 1+ tan? A 
* tan24 — ee 
1— tan? A 


* sin ЗА = 3sinA — 4sin’A = 4sin(60° — A) sin A sin(60° + A) 
* cos ЗА = 4соз°А — 3cosA = 4cos(60° — A) cos A cos(60? + A) 


tan A- tan? А 
iuda ы. Р and tan QOO ea 
1—3tan? A 
. Maximum and minimum values of some trigonometric functions: 
e Minimum value of aà^tan? Ө + b’cot” 0— 2ab. 


e Maximum and minimum value ofa cos 0-- sin Oare Ja? +b? and —/a? + b? 
respectively. 


* If a,pe (2) and o + В = с (constant) then the maximum values of ће 


expression cos 0 cos В, cos œ + cos D, sina sin В and sin с + sin В occurs when 


а= В =. 


* If о, В 9 and а + В = с (constant) then ће minimum values of the 


. c 

expression sec 0+ sec B, cosec 0+ cosec p, tan œ+ tan B occurs when a = f = a 

* If A, B, C are the angles of a triangle then maximum value of sind + sinB + 
sin C and sin A sinB sin C occurs when A = B= С = 60°. 

e [n case a quadratic in cos Ө or sin is given then the maximum or minimum 
values can be interpreted by making a perfect square. 

Trigonometric ratios of the sum of three angles: 

e sin(A +B + С) 
= sind cos B cos C + cos A sin B cos C + cos А cos В sin C — sin A sinB sin C 

* со5(4+В + С) 


=cosA cos В cos С — sin A sin B cos С — cosA sin B sinC — sinA cos B sin C 
tan А+ tan В + tan C — tan A tan B tan С 
e tan(A +B + С) = 


] — tan Atan B — tan B tan C — tan C tan A 
. Sum of sines or cosines of n angles: 
* sina + sin(a@+ В) + sin(o + 2B) + --- + sin(a+ (n — 1)B) 


a eat 
EN 


* cos @ + соѕ(0 + D) + сов(о + 2B) + --- + cos(æ + (n — 1)B) 


EN a«(n-92. |. 
“age 
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. Conditional identities: 


In a triangle ABC we have following: 


e sind + sinB+sinC= 4cos 2 cos В cos 
2 2 2 


* соѕ А + cos В + cos С = jeden un sne 
• sin 2A sin 2B sin 2C = 4 sin A sin P sin C 


* tan A + tan В + tan C = tan A tan B tan C 


A B B C C A 
• tan—tan — + tan — tan — + tan — tan — = 1 
2 2 2 2 2 2 


GEOMETRY 


1. 


Pythagoras’s theorem and its converse: 

Given any AABC, with sides a, b, c and angles ZA, ZB, ZC, we have: 
d D» © ZCis acute, 

a +b = с” © ZCisarightangle, 

a +h’ «c © ZCisobtuse. 


. Apollonius theorem: 


If D is the mid-point of the side BC of AABC, then, AB? + AC? = 2(AD? + BD”) 
An important consequence: 

ДАГ? = 2АВ? + 24C? — BC’ or ДАГ? = 2c? + 20? — а? (where D is the mid-point 
of side BC) 


. For problem solving following are very useful facts: 


If G is the centroid of AABC then 


‚ AG = - (2AB? + 24C? — ВС?) 

: BG? = р (2ВС” + 2АВ? – АС?) 

e C@ = QBC? + 24C? — АВ?) 

* m +m? +m = 2 (dd + b? +c’); where ть ть, m, are medians to sides а, b, c. 
СА + СВ? + СС? = TELETA 


* PA? + PB’ PC = GA’ + СВ? + GC’ + 3PG’; where P is any point in the plane 
of AABC 


. Stewart’s theorem: 


Let D be a point on side BC of AABC, and let BD = m, DC = п, AD = d. Then: 
a(d^4- mn) = b^m + с?п (ог mb? + nc) = ad! + атп) 

If D is the mid-point of BC, this reduces to Apollonius theorem. 

Another form of Stewart’s theorem: 

Let BD : DC =p : q. Then (p + 4) AD! + p DC’ + q BD = p AC’ + д АВ? 
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5. SAS inequality: 
In AABC, let the lengths of sides AB, AC be fixed, but let ZA vary. Then the length 
a of the third side BC is an increasing function of ZA. That 15, the larger the angle 
A, the larger the side a, and conversely. 
6. Angle bisector theorems: 
* In AABC, let the internal bisector of ZA meet the opposite side BC at D. Then 
BD: DC=AB: AC. 
e If D is a point on side BC of AABC such that BD : DC = AB : AC, then AD 
bisects ZA. 
* AD, BE, CF are the angle bisectors of ZA, ZB, ZC respectively meeting the 
opposite sides at D, E, F, then 


BD- € DC = ab 
b+e b+c 

CE = ab oe bc 
a+c a+c 
be ac 


AF = 


;FB- 
a+b a+b 


* The internal and external bisectors of ZA meets the circumcircle at X and Y, 
then XY is the circum-diameter and is perpendicular to BC. 

e The internal and external bisectors of the vertical angles of a triangle divide the 
base in the ratio of the sides containing the angle. These points of division on 
the base are said to be conjugates of each other. The line (base) itself is said to 
be divided harmonically. 

7. Cevian: 
Any segment joining the vertex of a triangle to a point on the opposite side. 


8. Ceva’s theorem and its converse: 
Let ABC be a triangle and X, Y, Z points on lines BC, CA, AB respectively, distinct 


from A, B, C. 

Then the lines AX, BY, CZ are concurrent, iff 

BX CY AZ ; sin BAX -sin ZCBY -sin ZACZ 
——:——.—— = +1 or equivalently — - - = +1 

ХС ҮА ZB sin ZXAC-sin ZYBA-sin ZZCB 

Second form of Ceva’s theorem is known as the Trigonometric Form of the Ceva’s 
theorem. 


Sometimes it will be useful to know Ceva’s theorem as 
BX. CY: AZ- CX. АҮ. BZ. 
Let X, Y, Z be points on the side lines BC, CA, AB of AABC. Suppose that the 
following equality holds: ao ne =1 (Condition for concurrency) 
XC YA ZB 

Then the lines 4X, BY, CZ meet in a point. 
Note: The following concurrences are true for any triangle: 

* The perpendicular bisectors of the sides of a triangle concur (at the 

circumcentre). 

* The internal angle bisectors of a triangle concur (at the incentre). 

* The medians of a triangle concur (at the centroid). 

* The altitudes of a triangle concur (at the orthocentre). 
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13. 


14. 


15. 


16. 


17. 


18. 


Carnot’s theorem: 
Let Points X, Y and Z be located on the sides BC, CA and AB respectively of 
AABC. The perpendiculars to the sides of the triangle at points X, Y and Z are 
concurrent if 

-XC CY — YA e AZ ZB =0 (In AABC) 


Menelaus theorem and its converse: 
Let a straight line / cut the sidelines BC, CA, AB of AABC in the points D, E, F, 
BD CE AF _ 
respectively. Then the following equality holds: ——.—.—=-l. 
DC EA FB 


(As earlier, the lengths are signed lengths.) 
Let D, E, F be points on the sidelines BC, CA, AB of AABC. Suppose that the 


following equality holds: 20 EE BP e --]. 


DC EA FB 


Then the points D, E, F lie in a straight line. 

Thales theorem: 

Let lines AA’, BB’ intersect at the point О, 4' + O, В+ O, then 

AB || A'B' = OA/OA' = ОВ/ОВ' (Here a/b denotes the ratio of two non-zero 
collinear vectors) 

Bramhagupta's Theorem: 

If AD is the altitude through 4 of AABC, and if R is the circumradius of AABC, 
then, АВ · AC=(2R)- AD 

Napolean triangles: 

Construct equilateral triangles on sides of triangle ABC either all inwardly or all 
outwardly. Then the centres X, Y, Z of these triangles themselves form the vertices 
of an equilateral triangle called inner or outer Napoleon triangle. 

Medial triangle: 

A triangle having vertices at mid-point of sides of a given triangle is called medial 
triangle. 

* Centroid of the triangle and its medial triangle is same. 

* Circumcentre of the triangle is the orthocentre of the medial triangle. 

Pedal triangle and orthic triangle: 

Let ABC be a triangle, P a point and X, Y, Z respectively the feet of the perpen- 
diculars from P to BC, CA, AB respectively. Now AXYZ is called a pedal triangle 
of AABC corresponding to the point P. 

* The pedal triangle formed by the feet of the altitudes is called *orthic triangle’. 
* Perimeter of orthic triangle = 2A/R (where A is the area and R is the circum- 
radius of AABC). It is least among all triangles inscribed in the triangle ABC. 

The nine point circle: 

The feet ofthe altitudes from A, B, C and the mid-points of AB, BC, CA as well as 

mid-points of AH, BH, CH lie on a circle called the nine point circle. Sometimes 

it is known as mid-point circle. Where H is the orthocentre of the AABC. 

Feuerbach's theorem: 

The nine point circle of a triangle is tangent to the in-circle and all three excircles 

of the triangle. 

Euler's formula: 

* If O and I are the circumcentre and in-centre of AABC, then, ОР = R-2Rr 
where А and r respectively the circumradius and in-radius of AABC. 

e Also R 2 2r or R/r2 2 


19. 


20. 


21. 


22. 


23. 


24, 


25. 


26. 


27. 


28. 
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Euler's line: 

The orthocentre H, centroid G, the circumcentre S of an arbitrary triangle, lie on 
a line called Euler's line and satisfy HG = 2GS. 

Simson-Wallace line (or pedal line): 

If a point lies on the circumcircle, then the pedal triangle of P gets degenerated 
into a straight line, known as the Simson- Wallace line of P or the pedal line. 
Converse is also true, i.e., if the feet of the perpendiculars from a point to the 
sides of a triangle are collinear, then the point lies on the circumcircle of the 
triangle. 

Fermat point (or Torricelli's point): 

If no angle of AABC is greater than or equal to 120° and equilateral triangles 
AC'B, BA'C, CB'A are constructed outwardly on the sides AB, BC, CA of AABC 
then, the lines 4A’, BB’, CC’ concur at a point, say P such that AA’ = BB’ = СС"; 
such a point P is called Fermat point or Torricelli’s point of ABC. 

Gergonne point: 

Let the in-circle of AABC touch the sides BC, CA, AB at points P, O, R, respectively. 
Then AP, ВО, CR meet in a point K called the Gergonne point. 

Nagell point: 

Let the excircles of AABC opposite to vertices А, B, C touch the sides BC, CA, 
AB at points U, V, W, respectively. Then AU, BV, CW meet in a point J called the 
Nagell point. 

Symmedian point: 

If the median of AABC through vertex A is reflected in the bisector of ZA, the 
resulting line is called the symmedian through A. There are three such lines, one 
through each vertex of the triangle, and they meet in a point called the symmedian 
point. 

Brocard point: 

Given any triangle ABC, points W, W' may be found within it such that 

ZWAB = ZWBC = ZWCA, and ZW'BA = ZW'CB = ZW'AC. These are the 
Brocard points of AABC. Let ZWAB = 0, ZW'BA = 0'. Then: 

*0-0' 

e cot@= cotA+ cot B + cot C 

e csc^0 = csc^A + csc?B  csc?C 

* sin 0 = sin(A — 0) - sin(B — Ө) - sin(C — Ө) 

For arbitrary points A, B, C, D in space, AC perpendicular to BD iff 

АВ? + CD? = BC + AD? 

Newton’s theorem: 

Let ABCD be a quadrilateral; Ар A ВС = {Е}; ABA CD = {Е}. Such points А, 
B, C, D, E, F form a complete quadrilateral. Then, the mid-points of AC, BD and 
EF are collinear. 

If ABCD circumscribes a circle (called in-circle), then in-centre also lies on this line. 


Brocard’s theorem: 
Let ABCD be a quadrilateral, inscribed in a circle with centre ‘O°’ and Let 
ABCD = {Р}, АР BC = {О}, АСс\СР = {R}. Then ‘O’ is the orthocentre 


of APOR. 
Here ‘O’ is also called Brocard point. 
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Cyclic quadrilateral: 
A quadrilateral ABCD is a cyclic (i.e., there exists a circumcircle of ABCD) iff 
ZACB = ZADB and ZADC + ZABC = 180° 
Ptolemy’s theorem: 
A convex quadrilateral ABCD is a cyclic iff AC - BD = АВ. CD + Ар. BC 
Condition for an in-circle of a quadrilateral ABCD: 
A convex quadrilateral ABCD is a tangent (i.e., there exists an in-circle of ABCD) 
iff 
AB + СР = АР + BC (Pitot's theorem) 

Area of ABCD 


Semi-perimeter of ABCD 


If this condition is satisfied, then it’s in radius r = 


Alternate angle theorem: 

In any circle, the angle between a tangent and a chord through the point of contact 

of the tangent is equal to the angle in the alternate segment (formed by the chord) 

A common tangent to two circles divides a straight line segment joining the cen- 

tres, externally or internally in the ratio of their radii. 

The point S and 5 dividing the line segment of the centres of two circles in the 

ratio of their radii are known as the centres of similitude of the two circles. The 

two common tangents from the external centre of similitude are the direct com- 

mon tangents and two common tangents from internal centre of similitude are the 

transverse common tangents. 

Power of a point: 

Let C(O, r) be a circle (the notation means that its centre is O, and its radius is r), 

and let P be a point. Consider any line / through P. Suppose it cuts C(O, r) at A, 

B. Then the product PA - PB does not depend on /, and so is the same no matter 

which line is drawn (so it depends only on P, О, r). In fact: РА · PB = ОР? — ү. 

As in Сеуа% and Menelaus’s theorems, the lengths here аге signed lengths. 

Hence, if РА and РВ are oriented in opposite directions, then РА · PB < 0. (which 

will be the case if P lies within the circle) 

The quantity ОР? — 1? is called the power of P with respect to circle C. 

* If P lies on C, then its power wrt C is O. 

* If P lies outside C, then its power wrt C 1s the square of the length of the tangent 
from P to C. 

* If P lies within C, then its power wrt C is negative. 


Two very useful consequence of power of a point: 

* If AB and CD are any two chords of a circle intersecting at P, then 
РА · PB = РС · PD (secant property of a circle). 

Intersection point may be internal or external. 

* If two straight line segments АВ and CD (or both being produced) intersect at 
P such that PA - PB = PC - CD, then the four points А, B, C, D are concyclic 
(Condition for concyclicity). 

Radical axis of two circles: 

Let C, and C, be two given circles. Consider the locus of points P for which the 

power of P wrt С, is the same as the power of P wrt C,. This locus is a straight 

line; it is called the radical axis of C}, C). 

* If C,, C, intersect at points А, B, then the radical axis is line AB. 

* If Cj, C, touch each other at a point P, then the radical axis is the line tangent 
to both circles at P. 

* If Cj, C, are concentric, then the locus is empty. 


36. 
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38. 
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Given the base and the ratio of the other two sides of triangle, locus of its vertex 
is a circle called Apollonius circle. 

Area of a triangle: 

There are several formulas for the area of a given AABC: 


* [ABC] = 5 (Base) x (Height) 


e [ABC] = (i bc sinA = B ca sinB — B ab sinC 
2 2 2 


* [ABC] = Js(s —a)(s—b)(s—c) where s is the semi-perimeter of the triangle; 
e [ABC] = rs, where r is the radius of the in-circle of the triangle 
abc 

BC] - ар 
(where a, b, c are sides, R is the circumradius and r in radius and s the semi 
perimeter of AABC) 
Area of a quadrilateral: 
The area 5 of a quadrilateral ABCD with semi perimeter р and angles о, y at 
vertices A, C respectively is 


s= do aXp-bXp-cXp-d) одоо 37) 


* If ABCD is a cyclic quadrilateral, the above formula reduces to 


5 = (p-a ip - Бр - Xp - 4) 

* Area of a bicentric quadrilateral: A bicentric quadrilateral is one which has 
both a circumcircle and an in-circle. If ABCD 1s such a quadrilateral, then: 
Area (quadrilateral ABCD) = Vabcd . 

For AABC, in the usual notation (O = Circumcentre, H = Ortho-centre, N = 

Centre of nine point circle, / = In-centre, /, = Ex-centre opposite to angle A, 1, = 

Ex-centre opposite to angle B, J, = Ex-center opposite to angle C, r, = Ex-radius 

opposite to angle A, r, = Ex-radius opposite to angle B, r, = Ex-radius opposite 

to angle C, etc.) 


e Al=rcosec ; ; BI = rcosec E ; CI 2 rcosec E 


• А 
2 2 2 
• ОГ? = В? —2rR, OF? = В? +2Rr,, OI} = R? +2Rr,, OI? = R? +2Rr, 


. (HI. = АЁ? cos A cos B cos C 
ОН = Rm — 8 соѕ А cos B cos C) = 9 =й” a =e 


etc. 


a? 


. Nl af wr x 
2 2 


. ОС? = Р2 a? +b? + с? 


: АН + ВН? + СН? = ЗЕ? 

* ОГ +012 + O17 + ОГ? = 122 

• For the orthic triangle, the sides are асоѕ А ог Rsin2A, bcosB ог Rsin 2B апа 
c cos C or Rsin 2C. Its angles are zt — 24, zt — 2B, x — 2C. 
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4r? 


* I4-IB- IC = ARP? afe 


$ ISi aun = ерун <6 айй =й ai da 
s 2 2 2 2 2 2 


A C 
* r,—stan—,r,-stan—,r,-stan 
2 2 


.A В A. B A В. 
ку SARN cos соз un E anta cdi d cos mc. 
2 2 2 2 2 2 2 2 2 


Lo 
* rry 


42, 
е ti ap T —S 


nom mn hea fh һҺ r 
* [f X, Y, Z are points of contact of the in-circle of A4BC with its sides, then, 


(a) The sides of XYZ are 2r cos - ‚ 2r COS Z and 2r cos 2 


-A z-B л- 
(b) Its angles are E E: = E 
2 2 2 


(c) Its area is z or Rr sin A sinB sin C 


Cosine rule: 

а? =b + с? – 2Ьс cos А 

№ = с + а? – 2са соѕВ 

c = а? +b’ – 2аЬ соѕС 

Sine rule: Let the radius of the circumcircle of AABC be А. Then: 


a b [s 


sin sing sinC 


Projection rule: 
a=b cos C + c cos В 
b = с со5А + а cos C 
c=acosB+bcosA 
Napier’s rule: 


B-C b-c A 
n = cot 


ta 


2 b+c 2 
C-A с-а В 
tan = cot 
2 cta 2 
A-B a-b C 
tan = cot 
2 a+b 2 


Half angle ratios: 


sin = (s-bXs-e) ind- (s-o-a) nE- |(s—a)(s—b) 
2 be 2 ca 2 ab 
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A 
= os 
2 2 2 
tan » "ш а ad _ ((s-eXs-a) nE | [(s-ays- b) 
2 s(s—a) 2 s(s— b) 2 s(s—c) 


INEQUALITIES 


1. Trivial inequality: 

If x is any real number, we have: x? > 0. 

This seems ‘trivial’ but is the basis for every other inequality! 
. Mean inequality: 

Let a), а,,..., a, be n positive numbers. Then 42 G2 H 


Where 4 = 23 Dee (AM); G= а га азса, (GM); 


N 


H= 2 (HM) 
1 1 1 1 
+++ 
а а) 05 а, 


(Also equality holds if all numbers аге equal) 


2 2 
Mawio а ab < 22? < [2 P < Max(a,b) 
a+b 2 2 


e More generally, let a,, а,,..., a, be n positive numbers; then 


А i n Е а +а tF a 
minía;,a»,...,a,]) < Т її. T < Маа)... ар << —— ——— — —— 


n 
S or d Ee дысы. 
aq 9 а, 
dag 2 
af +a + +a 
1 2 n 
< ,/——>———— < тах{а,а,...,а,) 
n 
with equality if and only ifa, =a, =---=a,. 


The following inequalities derived from AM = GM 2 HM, will be very useful 

for problem solving. 
e xX? +y +xy 2 (х + у) (Sophie inequality) 

2.2 
ex +y —xy2xy 
. roy > xy(x + y) 
. ab gat b 

a+b 4 


. a? +b? ath а +b +с? 5 atbte 
a+b 2° а+р+с 3 


2 
: Е 


3. Quadratic inequality: 
Ifx e R, and Ax? + Bx + C=0, then D 2 0 or B? — 44C > 0 
If A> 0, D <0 or 44C — B? > 0 and x is real, then Ax? + Bx + C 20 
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. Triangle inequality: 


e If a, b, c are the measures of the sides of triangle, then, 
b—-c«a«b-*c;c-a«b«ccta;a-b«c«acb 

* The lengths a, b, c can represent the sides of a triangle iff, a + b» c, bt c» a, 
cta» b. 

• [f a, b are real numbers, then |a + b| < |a| + |b|, |a — b| > ||a| — |||. 


. Weirstras's inequality: 


For positive numbers ay, ау, d5,..., a, 
(1+a,)(1+a,)1+a3)---d+a,)>1l+q +a, +a, + +а, 
If a, are fractions (i.e., less than unity), then, 


(1-a)(1-a5)0—43):-:(0—a,) > 1- (a +a, +ау++а,) 


. Cauchy-Schwarz inequality: (C-S Inequality) 


If a, b, c, x, y, z are real numbers (positive, zero, or negative) 

Then, (d? +b? + c)? + у + 22) > (ax + by + cz)’; With equality iff 
a:biceux:iy:z 

In general, let a,, a5, ..., a, and Бу, b», ..., b, be any 2n real numbers; then 


БУРР 


with equality precisely when there exist constants u, A, not both zero, such that 
Ha; = Ab, for all i. 


. Tchebycheff’s inequality: 


Ех Sx, SX S Sx, andy, S yy <); € Sy, then 


Xy t у; ++ Хь Уһ sfat +23 em (ath + уз eA 


n n n 


If one of the sequences is increasing and the other decreasing, then, the direction 
of the inequality changes. 


. Holders inequality: 
1 1 
(а? +аў fear) (bf tb] +е+ > (ab, ab +++ a,b, ) 
1 1 . 
where — + — = 1 and a, b are non-negative real numbers. 
. Ptolemy's inequality: 


For any four points А, B, C, D; AB- CD + АР. BC2 АС · BD 

Equality occurs if and only if ABCD is cyclic. 

The parallelogram inequality: 

For any four points 4, B, C, D we have АВ” + BC" + CD? + РА? > АС” + BD’. 
Equality occurs if and only if ABCD is a parallelogram. 


Toricelli’s (or Fermat’s) point for maxima/minima: 

For a given triangle ABC, the point X for which AX + BX + CX is minimal is Tor- 
ricelli's point, when all angles of AABC are less than 120? and is the vertex of the 
obtuse angle otherwise. 

Let P be a point in the plane of the triangle. Then point P for which АР? + ВР? + 
СР? is minimal is ће centroid of the triangle. (Leibniz’s theorem) 
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13. The Erodos—Mordell inequality: 
Let P be a point in the interior of AABC and X, Y, Z projections of P onto BC, CA, 
AB respectively. Then PA + PB + PC 2 2(PX + PY + PZ) 
Equality holds iff AABC is equilateral and P is its centroid. 
14. Jensen's inequality: 
If f(x) is open down (or concave) for all x € [a, 5] then we have following 
inequality: 
wif Qa) + Wo f x5) + из (з) wS On) 


Wi + И) +з етек, 


<f Wx, + WX, + W3X3 +++ Wy Xp 
Wi Wa + Из +++ Wy, 


for all x1, x5, X3, ..., x, € [а, b] and where wj, wz, ws, ..., w, € R* called weights. 
Equality will holds when x, =x, = x3 = + = x, 
In case of function is open up (or convex) inequality will be reverse. 


ALGEBRA 


1. Ya" =|а |, if n is even and Ya" = a, if nis odd. 
2. Difference of two squares: 
This is of use more often than one would expect: 
a —b’ = (a — b) (a+b). 
3. Two simple and useful factorizations: 
ху+х+у+1=(х+1)(у+1),ху—-х—у+ 1 = (х= 0)(у = 1). 
4. Sophie Germain identity: 
a + Ab* = (à? + 2b" + 2aby(d) + 2b" —2ab) = ((a + Б) + Б2)((а — Б)? + b’). 
5. Important identities and concepts (Useful for problem solving): 
. а? + D + с -3abe = (а + b cya) +b + c? — ab — be- са) 
• (а2 + py + у) = (ах + byy + (ау – bx) 
e (x" — y^) is always divisible by (x — y). 
e (x" +y”) is divisible by (x + y) when ‘n’ is odd. 
e œb * ab? + Ь°с + be) + с°а + са = (а + БО + с)(с + a) - 2abc 
e (а + b)(b + с)(с + a) + abc = (a + b + с)(аБ + bc + ca) 
e (x+y + 2)(ху + yz + zx) = (x + у)(у + z)G + x) + xyz 
. (x y 4 zy =x +y tz 368 y + xy? yz yz t Zx 2x’) + 6xyz 
e (x y zy — +y +23) = 3(x + у)(у + 2)(2 + х) 
e (х+у)(у+ 2)(2 + х) = Ey + 2xyz 
‘eG —2) 4 ¥E—-D 476 уреа y- y ty z- y+- тх” 
--(-J)9-2- x) 
e a^ Б + adb = (а + ab 22а? — ab + D?) 
ex +y +ху= 2 к+»*+ 16-7»! 
6. If a-- bc c2 0, а + DP + с? = Зас 
7. If u, v are given numbers, then the quadratic equation whose roots аге и, v is 
(х= и)(х — v) = 0. 
8. Let a, b, c be real numbers, а # 0. Then the roots of the quadratic equation 
ax? + bx + c = 0 are real if and only if D2 0 or b? — 4ac > 0. 
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9. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Relations between the roots and coefficients: 
b 
° If æ, B are the roots of ax? + bx + c = 0, then at p--—;ap =E 
a a 
* If a, B, yare the roots of ax? + bx? + cx + d = 0, then 
b 
a+ B y- —2; of By+ ya= <; apy= -© 
a a a 
* If a, В, yand б are the roots of the equation ax^ + bx? + cx? + dx + e = 0, then 
с 


а+В+у+ӧ= É. opt ayt aô + Вү+ В+ үб= —; 
a a 


оВу+ aBd+ оуб + Byô = E ; аВүё = = 
а а 
Polynomials: 
* Every polynomial equation of degree n 2 1, has exactly ‘n’ roots. 
* If a polynomial equation with real coefficients has a complex root (p + iq). 
Where р, q are real numbers, q 7 0, then, it also has a complex root (p — iq). 
* If a polynomial equation with rational coefficients has an irrational root 


(p + Ja). (p, q rational, q > 0, q not the square of any rational number), then, it 
also has an irrational root (p — Ja ). 


Remainder/factor theorem: 
If f(x) is a polynomial in x, and c is any real number, then the remainder in the 
division of f(x) by (x — c) is f(c). 
If f(c) = 0 then x — c is called a factor of f(x). 
A number @ is a common root of the polynomial equations f(x) = 0 and g(x) = 0 
iff, it is a root of h(x) = 0, where A(x) is ће GCD of f(x) and g(x). 
A number @ is repeated root of a polynomial equation f(x) = 0 iff it is a common 
root of f(x) = 0 and f'(x) = 0. 
Rational root theorem: 
If the rational number p/q (where p, q are integers q # 0, (p, q) = 1) is a root of 
the equation apx” +ax""!+---+a, = 0 where ag, a), а),..., а, are integers and 
dy * 0, then p is a divisor of a, and q ia a divisor of aj. 
Integral root theorem: 
Let x" + ах”! ay" ? +++ a, ax + a, = 0, represent a polynomial equation that 
has leading coefficient of 1, all coefficients and constant integer. Any rational root 
of this equation must be an integer and divisor of a,. 
Descarte's rule of signs: 
Suppose P(x) be a polynomial whose terms are arranged in descending powers of 
x of the variable. Thus, the number of positive real zeros of P(x) is the same as the 
number of changes in sign of the coefficients of the terms or less than this by an 
even number. 
The number of negative real zeros of P(x) is the same as the number of changes 
in sign of the coefficients of the terms of P(—x) or 1s less than this number by an 
even number. 
The sum of a n-term arithmetic progression a, a + d, a + 2d, ..., a + (n — l)d 15 
Li n(2a+(n—-1)d) | те (First term + Last term) 

2 


У (at kd) = 2 


k=0 


Examples:1 +2+3+4+-:-+n= Br 1),1+3+5 + ::: + (2и – =. 
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А . = à r” -] 
18. Thesumofan-term geometric progression a, ar, ar’, „ат KG + 1)15 4 1 | 
yc: 


for r Z1, sum is na. 1 
Examples: 1 +2 + 22+ 42"! = 2" – 1,14 3€ 32.43"! = B (3* — T). 
19. We have: 2 


1+2+3+:--+и = BL 1). 


12 +22+ 32 4.477 = B n(n + 1)(2n + 1). 


1 
15 +22 +3? +... п (1) пп + ly. 
. 1 1 . 
20. The harmonic series 1+ 2 + 3 + 2 +--+. does not converge to a finite number. There 


is no simple formula for the sum Deme. Rather: lebe ал+, 
n n 


where Inn is the ‘natural logarithm’ of n, and y = 0.577216 is the ‘Euler— 
Mascheroni constant’. 


NUMBER THEORY 


1. Notation: a|b means: ‘a is a divisor of b’. We read it as: “а divides b’. 
Example: 4| 12, but 4113. 
2. Ifa|b and a|c then a|(pb + qc) 
3. Greatest common divisor (GCD): 
Let a and b two non zero integers. Then the ged of a and b exists and is written as 
(a, b) and it is unique also. Examples: GCD(10, 15) = 5, GCD (8, 9) = 1. 
• The осі of a, b can be represented as a linear function of a, b, i.e., there exists 
integers m, n for (a, b) such that (a, b) = am + bn. (Linearity property) 
* [f (a, b) = 1, then a and b are said to be relatively primes or co-primes of each 
other. 
Example:15 and 22 are co-prime. 
* Two consecutive integers are always co-prime. 
4. Congruencies: 
а = b (mod c) means: ‘a — b is divisible by с’. We read it as: ‘a is congruent to b 
modulo c’. 
Example: 19 = 4 (mod 5). 
(а) The congruence relation modulo и for a fixed non-zero integer n is reflexive, 
symmetric, and transitive. Thus: if a = b (mod n), and b = c (mod n), then 
a = c (mod п). 
(b) Let a = b (mod m) and c = d (mod m); then 
* a+c= (b+ а) (mod m) 
e a— c= (b -— d) (mod m) 
* ac = bd(mod m) 
* pa + qc S pb + qd(mod m) V integers р, q 
* à" = b" (mod m) V integers n e N 
* f(a) = f(b)(mod m) for every polynomial with integer coefficients 
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10. 


11. 


An integer xo, satisfying the linear congruence ax = b (mod m) has a solution. 
Further, if x, is a solution, then the set of solutions is precisely (x) + km) where k 
is an integer. 


. Some extremely useful and far reaching results: For any n € Z, we have: 


* Either л” = 0 (mod 3) or n? = 1 (mod 3). That is, all squares are of the form 3k 
or 3k + 1; a square cannot be of the form 3k + 2. 

* Either n? = 0 (mod 4) or п = 1 (mod 4). That is, all squares аге of the form 4k 
or 4k + 1; a square cannot be of the form 4k + 2 or 4k + 3. 

• If p is a prime number, and p |ab, then p|a or p|b. 


Note: this claim is not true for composite number. That is, if n is composite, 
and л |ab, we cannot conclude that n |a огл |Р. 

* [f a, b are co-prime positive integers, and ab 1s a square, then both a and 5 are 
squares. 

e [f a, b are co-prime integers, and ab is a cube, then both a and b are cubes. 

e Suppose that a, b, c, d are positive integers, and ab = cd. Further, suppose that a, 
b are co-prime, and c, d are co-prime. Then either a = c and b = d, or a = d and 
b = c. In any case, (a, bj = {с, d}. 


. Multiplicative inverse: 


If n is a number, and a is co-prime to n, then an integer b can be found such that 
ab = | (mod n). We call ‘b’ the multiplicative inverse of ‘a’ modulo n. 

Example: Let л = 11. The multiplicative inverses of 2, 3, 4, 5 are 6, 4, 3, 9, re- 
spectively. 


. Fermat’s little theorem: 


If p is a prime number, and a is co-prime to p, then а?! = (mod p). 
Example: 2° = 1 (mod 7), and 3^ = 1 (mod 5). 


. Another form of the Fermat little theorem: 


If p is a prime number, and a is any integer, then a” = a (mod p). 

Wilson's theorem: 

If p is a prime number, then (p —1)! +1 = (mod p) 

Example: 6! + 1 = 721 =0 (mod 7). 

Euler's totient function: 

Let n be any positive integer. The number of all positive integers less than or equal 
to n and prime to it is denoted by $(n); the function ф is called Euler's totient 
function. 

Example: ¢(1) = 1, ф(2) = 1, $(3) = 2, (10) = 4. Note that: 

e nis a prime number e (n) = n -1. 


e nis a power of 2 < ф(п) = B n. 


* The Euler phi function is multiplicative. This means that if m, n are co-prime, 
then (mn) = ф (т). ф(и). 
Example: ф(12) = $(3) - (4). 

e Here is a quick way of computing $(n): List the distinct primes p which divide 


-1 
n, then multiply n by the product of P— forall such p. 
P 


That is, if n = a^ - b? - c” ....where a, b, c are distinct primes and p, q, r are 


1 
positive integers, then ф(л) a ane 3t Js 
a b с 
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13. 


14. 
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17. 
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19. 


20. 
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Example: Take n = 20. The distinct primes dividing 20 are 2 and 5, so 
1 4 
20) =20x—x—=8. 
(20) 2х5 
Example: Таке и = 350. The distinct primes dividing 350 аге 2, 5, 7, so 


1 4 6 
350) =350х—х—х-— = 
ф(350) 22 


120. 


Euler's theorem: 

If x be any positive integer prime to n, then x®” = 1 (mod n) 

eg: 3* = 1 (mod 10), 15? = 1 (mod 22). 

Infinitude of primes: 

* There are infinitely many prime numbers. 

* There are infinitely many prime numbers of each of the types 1 (mod 4) and 3 
(mod 4): 
1 (mod 4) : (5, 13, 17, 29, 37, 41, 53, 61, 73, 89, 97, 101, 109, 113,...}, 
3 (mod 4) : (3, 7, 11, 19, 23, 31, 43, 47, 59, 67, 71, 79, 83, 103, 107, . . .). 

* There are infinitely many prime numbers of each of the types 1 (mod 3) and 2 
(mod 3): 
1 (mod 3) : (7, 13, 19, 31, 37, 43, 61, 67, 73, 79, 97, 103, 109, 127,...}, 
2 (mod 3): (2, 5, 11, 17, 23, 29, 41, 47, 53, 59, 71, 83, 89, 101, 107, . . .). 

If n = 3 (mod 4), then n has at least one prime factor of the form 3 (mod 4). 

If p 1s a prime number of the type 3 (mod 4), then it cannot be expressed as 

х2 + у”, where x, y are integers. 

If p is a prime number of the type 1 (mod 4), then it can be expressed as x? + y^, 

where x, y are integers. Moreover, this representation is unique. 

Example: 13 = 22 + 3°, 89 = 52 + 8°. 

If a positive integer n can be expressed as x? + у^ where x, y are integers, then: 

* n has at least one prime factor p of the form 1 (mod 4). 

* the number of primes p which divide n and which are of the form 3 (mod 4) is 
even. 
Example: Take n = 2205. It can be expressed as 21? + 427, and its prime 
factorization is 2205 = 3? x 5 x 7°. Note that it has a prime factor of the type 1 
(mod 4), and the number of primes p which divide n and which are of the form 
3 (mod 4) is 4 (two 3's and two 7's). 

Pythagorean triples: 

The equation x + y = г has infinitely many ‘primitive solutions’ (i.e., with x, y, 

z co-prime). They may be found as follows: Choose any two positive integers u, v 

of opposite parity, with u > v. Put x = i ed, y= 2иу, z= w+. 

(We can switch the roles of x and y: put x = 2uv, y = i? — y?) This generates the 

entire set of primitive solutions. 

Example: Put и = 5, v = 2; we get (x, y, 2) = (21, 20, 29). 

Let N be a positive integer, greater than 1, say = а? - Б. c” ....; where a, b, c are 

distinct primes and p, q, r are positive integers. The number of ways in which N 


- . 1 
can be resolved into two positive factors is 5 (p+ 1)(9 + D(r- 1).... 


Number of ways in which a composite number can be resolved into two positive 
factors which are prime to each other is given by 2" !, where п is the number of 
distinct prime factors of n. 
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22. 


23. 


r 


Let N be a positive integer greater than 1 and let N= а? - b? - c’.... where a, b, c, 
... are distinct primes and p, q,r ... are integers (positive), then the sum of all the 


p. 4+1 rel. 
positive divisors in the product is equal to E а ЕЁ l ius 
a-l b-1 c-l 


The greatest integer function: 

The greatest integer written symbolically as | |], is defined by setting | x | = the 
greatest integer not exceeding x for every real x, i.e., Lx] € x. 

The highest power of prime p which is contained in n! 15 


ШЕН 


COMBINATORICS 


1. 


Two laws of enumeration: 

e Law of addition. If A, B are two sets, then |A U В| = |A| + |B|- |4 A В|. 

e Law of multiplication. If A, В are two sets, then |А x B| = |A| |B|. Here, A x B is 
the Cartesian product of the sets A, B. 


. One-to-one correspondence: 


If the elements of two finite sets A, B can be placed into one-to-one mapping, then 
|A| = |BI. 


. Properties of binomial coefficient "C, : 


"C E" C, S1 
CSIC, 

* If"C, = "Су, thenr=korn-r=k 
KC ato ete 


f 
er. "Can Ca 

. . n . : . 
* [f п is even, "C, is greatest for r = 3 and if n is odd, "C, is greatest for 


n-l n+l 
re. 


2 2 


. Combinations: 


From a set containing n distinct elements, a subset with k elements can be chosen 


in Ө distinct ways. 


Number of points of intersection between n non-concurrent and non-parallel 

lines is "C). 

Number of lines, joining any two points out of n points ( no three are collinear), 

is "C). 

Number of triangles formed using n points in which no three of them are 

collinear is "C3. 

Number of diagonals that can be drawn in a ‘n’ sided polygon is "C, — n. 

* The number of ways of selecting one or more items from 7 distinct items is 
2" — ]. 

* The number of subsets of п elements is 2”; the number of non-empty subsets 
is 2" — 1. 
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* The number of ways to select r objects from n distinct objects where p particu- 
lar objects should always be included in the selection = "7C, ,. 

* The number of ways to select r objects from n distinct objects where p particu- 
lar objects should never be included in the selection =""C.. 

* Number of ways to select r objects from n distinct objects where each object can 
be selected any number of times is "C, 

* The number of ways to select at least one object from n identical objects = n. 

e The number of ways to select one or more objects from (p + q + r +--+ n) 
objects where p objects are alike of one kind, q are alike of second kind, r 
are alike of third kind, ... and remaining n are distinct from each other 
= [(р +1) (q+ D(r- 1)...2"] - 1. 


. Permutations: 


Number of permutations of n distinct objects taken r objects at a time 1s 


n 
a Jr 
r 


* The number of 1-1 function from a set of m elements to a set of п elements 


(m € n) is "P, = = n(n — l)(n — 2)...(n — m * 1). 


n! 
(n— m)! 
* Total number of ways to permutate (arrange, order) n distinct objects in a row 
=n!. 

* The number of bijections from a n-set on to itself is л!. 

e Number of ways to permuate (arrange) n objects out of which p are identical of 
one kind, q are identical of another kind, r are identical of third kind and rest all 


are distinct is І 
р!!! 

* Total number of ways to permutate л distinct things taken r at a time when 
objects can be repeated any number of times is n”. 

* The number of functions from an r-set to an n-set is n”. 

* The number of ways to select and arrange (permutate) r objects from л dis- 
tinct objects such that arrangement should always included p particular objects 
UTC QE. 

• The number of ways to select and arrange r objects from n distinct objects such 
that p particular objects are always excluded in the selection = "C, · rt. 

* The number of ways to arrange n distinct objects such that p particular objects 
remain together in the arrangement = (n + 1 — p)!p!. 

* The number of ways to arrange n distinct objects such that out of p particular 
objects no two are together = (n — p)! "С n 

. Circular permutations: 

Number of ways to arrange n distinct objects in a circle = (n — 1)!. 

Number of circular permutations of n distinct objects such that clockwise and 


(n—1)! 
3 


anticlockwise arrangements of objects are same — ,n23. 


. Derangement formulae (or no fix point formulae): 
If n distinct objects are to be arranged in a line such that no object occupies 
its original place, then it is called derangement. Number of ways to derange is 


1 
nfl Eid — 1)” | 
n! 


П 2! 3! 
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. Distribution Problems: 


Number of objects is predefined in each group or box: 


Number of ways in which a + b + c distinct objects (out of a, b, c no two num- 
bers are equal) can be divided into 3 unnumbered groups containing a, b, c 
objects respectively 


а+Ь+с\(БЬ+с\(с\ (a+b+c)! 
- а | b ү ~ alb!c! 
Number of ways in which a+ b+ c distinct objects (out of a, b, c no two 
numbers are equal) can be divided into 3 numbered groups containing a, b, c 
objects 
= Number of ways to divide a+ b + c objects (out of a, b, c no two numbers are 
(a* b4 c) x3! 
alb!c! 
Number of ways to divide mn distinct objects equally in m unnumbered groups 
(mn)! 
п!" m! 


equal) in 3 unnumbered groups x (Number of groups)! = 


(each group gets n objects) — 


Number of ways to divide and distribute mn distinct objects equally in m 


(mn)! M (mn)! 


numbered groups (each group gets n objects) — ! ; 
n!” m! n!” 


Number of ways to divide ma + nb + pc distinct objects (out of a, b, c no two 
numbers are equal) in m + n + p unnumbered groups such that m groups 
contains a objects each, n groups contains b objects each, p groups contains c 
(ma+nb+ pc)! 
(a!)"(b!)"(c!)? m!n! p! 
Number of ways to divide and distribute ma + nb + pc distinct objects (out of 
a, b, c no two numbers are equal) in m + n + p numbered groups such that m 
groups contains a objects each, n groups contains b objects each, p groups con- 
tains c objects each = UPC RU TERME x(m+n+ p)!. 
(a!)" (b)" (cV)? m!n! p! 
Number of objects is not predefined in each group or box: 
The number of ways to divide n identical objects into r numbered groups such 
that each group gets 0 or more objects (empty groups are allowed) = dug ca 
The number of ways to divide n identical objects into r numbered groups such 
that each group receives at least one object (empty groups are not allowed) 
= п-1 p | 
The number of ways to divide л identical objects in r numbered groups such 
that each groups gets minimum т objects and maximum Ё objects = Coefficient 
орана aee x5. 
Number of ways to divide n non-identical objects in r numbered groups such 
that each groups gets 0 or more number of objects (empty groups are allowed) 
n 
=. 
Number of ways to divide n non-identical objects in r numbered groups 
such that each group gets at least one object (empty groups are not allowed) 
=” "С r- 1) +"C, 7-2)" "Сз (и - 3)" +- se "Ga 1. 


objects each — 


. Principle of inclusion-exclusion (PIE): 


This is a far reaching generalization of the law of addition. 
If A, B, C are three finite sets, then 


10. 


11. 


12. 


13. 


14. 


15. 
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AU B|=|4|+|B|-|AN B| 


AUBUC|=|4|+|B]+|C|-|An B|-| Be C|-|C 6 4|» |an B C]| 
Let A,, Ay, Аз, ..., A, be n sets, then in general: 


n n 


UA -XIA1- MIA Ale У 144,04 |+ CDA... Al 


i=l i=l i<j i<j<k 


Pigeon hole principle: (PHP or Dirichlets’s principle) 

If more than ‘n’ objects are distributed in ‘n’ boxes, then, at least, one box has 
more than one object in it. 

Recursion: 

Sometimes a sequence is defined recursively. This means that we compute each 
element in terms of the elements preceding it, using some fixed rule. This applies 
to all elements except for a few initial terms which are fixed independently. 

• Powers of 2: Leta, = 2" forn e N. Then: a, 22, à, = 2a, , forn>1. 


* Squares: Let a, = п? forne N. Then: a, = 1, a,— a, у +2п — 1 forn» 1. 
e Factorials: Leta, =n! forn e N. Then: q; = 1, a, = na, forn > 1. 
Compositions: 


Forn e N, let a, be the number of ways of writing п as a sum of one or more posi- 

tive integers, with order being taken into account (so, 1 + 2 is counted separately 

from 2 + 1). These expressions are called the compositions of n. So the composi- 

tions of 2 are 2, 1 + 1, and the compositions of 3 are 3,2 + 1, 13-2, 1 - 1 +1. 
We may show that: a, = 2". 

Fibonacci numbers: 

The Fibonacci numbers F, for п є N are defined thus: F, = 1, = 1, F,- Е, + 

Emo. 


Here are the first few Fibonacci numbers: 
H/T 23456 7 8 9 10 11 12 13 14 15 


F,|1123 5 8 13 21 34 55 89 144 233 377 610 


n 


These numbers are ubiquitous. For example: 
* The number of compositions of n in which all the summands exceed 1 is a 
Fibonacci number; in fact it is F, |. 
Example: For n = 6 we get the compositions 6, 4 +2,3 +3,2 +4,2+2+2. 
• The number of compositions of n in which the summands are only 1% and 255 is 
a Fibonacci number; in fact it is F, |. 
Example: For n = 4 we get the compositions 1-- 1-- 1 -1,2- 1-1, 1+2 +1, 
] 4142,24 2. 
* The number of subsets of the n-element set (1, 2, ..., п} in which no two con- 
secutive numbers occur is a Fibonacci number; in fact it is Г, ,,. 
Example: For л = 3 we get the 5 subsets: {},{1}, {2}, {3}, (1, 3}. 
For n = 4 we get the 8 subsets:(), {1}, {2}, {3}, {4}, {1, 3}, {1,4}, (2, 4}. 
Taxicab paths: 
If we have to walk on the coordinate plane from the initial point O(0, 0) to the 
terminal point P(m, n) where m, n € Np, so that our path consists of steps one unit 


m+n 
‘North’ or one unit ‘East’, then the number of possible paths is | | 
п 
Catalan numbers: 
If we have to walk on the coordinate plane from the initial point O(0, 0) to the 
terminal point P(n, n) where n є N, so that our path consists of steps one unit 


AP.21 


AP.22 


Appendix A 


‘North’ or one unit ‘East’ and never goes above the line y = x, then the number 
of possible paths is defined to be the nth Catalan number, C,. We may show that 


1 “ 
C, ee aa 
п+1\ п 


They тау be recursively defined: р 
Co = 1. and Ca = СоС,+ Ci C, qt CC,» eem У С.С, 
k-0 


Here are the first few Catalan numbers: 
n | 123 4 5 6 7 8 9 10 11 
С„|1 2 5 14 42 132 429 1430 4862 16796 58786 


Like the Fibonacci numbers, the Catalan numbers too are ubiquitous: 

* The number of ways a convex n-sided polygon can be triangulated is a Catalan 
number; in fact it is C, ». 

• The number of correctly matched strings of n pairs of parenthesis is С,. 


Example: л = 3: ((( ))), OG). OOO; (ОО, (OO): 


A.4 GLossary or RECOMMENDED Books 


1. 


Gems Primary, Junior and Inter Levels (Published by the Association of Math- 
ematics Teachers of India, Chennai) 


. Mathematical Circles by Dimtri Fomin, Sergey Genkin and Ilia Itenberg (Univer- 


sity Press). 


. Problem Primer for the Olympiads by C. R. Pranesachar, B. J. Venkatachala and 


C. S. Yogananda (Prism Books Pvt. Ltd., Bangalore) 


. An Excursion in Mathematics Editors: M. R. Modak, S. A. Katre and V. V. Acharya 


and V. M. Sholapurkar (Bhaskaracharya Pratishthana, Pune). 


. Challenge and Thrill of Pre-College Mathematics by V. Krishnamurthy, С. К. 


Pranesachar, K. N. Ranganathan, and B. J. Venkatachala (New Age International 
Publications, New Delhi). 


. Functional Equations by B. J. Venkatachala (Prism Books Pvt. Ltd., Bangalore) 
. Inequalities an approach through problems (texts and readings in mathematics) 


by B. J. Venkatachala (Hindustan Book Agency). 


. Problems in Plane Geometry by I. F. Sharygin (MIR Publishers, Moscow) 

. Elementary Number Theory by David M. Burton (UBS) 

. Introduction to the Theory of Numbers by Niven and Zuckerman (Wiley). 

. Higher Algebra by Hall and Knight (Macmillan). 

. Higher Algebra by Barnard and Child (Macmillan). 

. Applied Combinatorics by A. Tucker (Wiley). 

. Introduction to Graph Theory by R. J. Wilson (Pearson Education India) 

. Problem Solving Strategies by Arthur Engel; Edited by K. Bencsath, P. R. Halmos. 


(Springer). 


. Mathematical Olympiad Challenges by Titu Andreesu, Razvan Gelca (Springer) 
. Mathematical Olympiad Treasures by Titu Andreesu, Bogdan Enescu (Springer) 
. The IMO Compendium by Dusan Djukic, Vladimir Jankovic, Ivan Matic, Nikola 


Petrovic. 


LT.1 Logarithms Table 


Logarithms Table 


N 0 1 2 3 4 5 6 7 8 9 3141516171819 
10 | 0000 | 0043 | 0086 | 0128 | 0170 13 | 17 | 21 | 26 | 30 | 34 | 38 
0212 | 0253 | 0294 | 0334 | 0374 12 | 16 | 20 | 24 | 28 | 32 | 36 

11 | 0414 | 0453 | 0492 | 0531 | 0569 12 | 16 | 20 | 23 | 27 | 31 | 35 
0607 | 0645 | 0682 | 0719 | 0755 15 | 18 | 22 | 26 | 29 | 33 

12 | 0792 | 0828 | 0864 | 0899 | 0934 14 | 18 | 21 | 25 | 28 | 32 
0969 | 1004 | 1038 | 1072 | 1106 14 | 17 | 20 | 24 | 27 | 31 

13 | 1139 | 1173 | 1206 | 1239 | 1271 13 | 16 | 19 | 23 | 26 | 29 
1303 | 1335 | 1367 | 1399 | 1430 13 | 16 | 19 | 22 | 25 | 29 

14 | 1461 | 1492 | 1523 | 1553 | 1584 12 | 15 | 19 | 22 | 25 | 28 
1614 | 1644 | 1673 | 1703 | 1732 12 | 14 | 17 | 20 | 23 | 26 

15 | 1761 | 1790 | 1818 | 1847 | 1875 14 | 17 | 20 | 23 | 26 
1903 | 1931 | 1959 | 1987 | 2014 14 | 17 | 19 | 22 | 25 

16 | 2041 | 2068 | 2095 | 2122 | 2148 14 | 16 | 19 | 22 | 24 
2175 | 2201 | 2227 | 2253 | 2279 13 | 16 | 18 | 21 | 23 

17 | 2304 | 2330 | 2355 | 2380 | 2405 13 | 15 | 18 | 20 | 23 
2430 | 2455 | 2480 | 2504 | 2529 12 | 15 | 17 | 20 | 22 

18 | 2553 | 2577 | 2601 | 2625 | 2648 12 | 14 | 17 | 19 | 21 
2672 | 2695 | 2718 | 2742 | 2765 14 | 16 | 18 | 21 

19 | 2788 | 2810 | 2833 | 2856 | 2878 13 | 16 | 18 | 20 
2900 | 2923 | 2945 | 2967 | 2989 13 115 | 17 | 19 

13 | 15 | 17 | 19 

21 | 3222 | 3243 | 3263 | 3284 | 3304 | 3324 | 3345 | 3365 | 3385 | 3404 12 | 14 | 16 | 18 
22 | 3424 | 3444 | 3464 | 3483 | 3502 | 3522 | 3541 | 3560 | 3579 | 3598 12 | 14 | 15 | 17 
23 | 3617 | 3636 | 3655 | 3674 | 3692 | 3711 | 3729 | 3747 | 3766 | 3784 13 | 15 | 17 
24 | 3802 | 3820 | 3838 | 3856 | 3874 | 3892 | 3909 | 3927 | 3945 | 3962 12 | 14 | 16 
25 | 3979 | 3997 | 4014 | 4031 | 4048 | 4065 | 4082 | 4099 | 4116 | 4133 12 | 14 | 15 
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Logarithms Table LT.2 


Logarithms Table 
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